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EDITORS PREFACE. 



The present edition of Keith's Trigonometry 
has undergone several important changes, and the 
work is now given in a form more in accordance 
with the modern state of the science. Various 
investigations and demonstrations have been pruned 
and remodelled, some important errors corrected, 
and the notation and enunciations throughout im- 
proved. The astronomical problems have been 
made to depend for their data on the Nautical 
Almanac for 1840. Some alteration has also been 
made in the Tables at the end of the volume, the 
logarithms, &c. being given in full, instead of having 
their leading figures suppressed, as in former editions* 
This arrangement gives to the computer a greater 
facility and confidence in the use of tables, and has 
in consequence been adopted. The examples and 
numerical operations have all been carefully exa- 
mined, so that few errors of consequence are likely 
to have escaped. 

Samuel Maynard. 

8. EarVs Court, Cranbourne Street, 
Leicester Square, February 20. 1839. 
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PREFACE. 



TRIGONOMETRY is an important branch of the mathe, 
matical sciences: the speculative parts, like the Elements of 
Euclid, habituate the mind to close and demonstrative rea-i 
soning; and the practical parts are of extensive use in the 
common concerns of life. 

By Trigonometry we determine the magnitudes of the earth 
and planets, and the positions of the fixed stars with respect 
to each other, by which we are enabled to depict the appear- 
ance of the heavens in a small conipass. 

The distances of the planets from the sun, their motions, 
eclipses, and other phenomena, are calculated by Trigono- 
metry ; as are likewise the distances and positions of places 
on the earth, with their latitudes and longitudes: it may, 
therefore, justly be considered as the basis of Astronomy and 
Geography. 

Navigation, with all its modern improvements, depends 
entirely on Trigonometry, which is likewise the foundation of 
maritime surveying, and of almost every branch of practical 
mathematics; accordingly, we find this subject has been studied 
in the earliest ages of mathematical learning. Among the 
ancients were Hipparchus, TTieodosius, Menelaus, Ptolemy, &c, 
who contributed to the advancement of this science. 

The improvements in Astronomy, Navigation, and Tr 
nometry nearly kept pace with each other. The inventioi 
Logarithms by Baron Napier was an invaluable acquisitioi 
these sciences ; and the improvements made by this illustr 
person, in Spherical Trigonometry, will be a lasting monum 
of his penetration and judgment. From this period the 
tory of Logarithms and that of Trigonometry are closely c 
nected, and there is scarcely a writer on one of these subjc 
who has not likewise introduced the pther. 
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VI PREFACE. 

The first authors of note, after the invention of Logarithms, 
were Briggs and GeUibrand. — Dr. Charles Hutton, in the 
Introduction to his Logarithms, has given a very complete 
account of the different writers on that subject, which likewise 
includes the principal authors on Trigonometry; to this 
valuable work the Reader is, therefore, referred for further 
information in the history of the science. 

The authors on Trigonometry may be divided into two 
classes, theoretical and practical ; for none of them have com- 
bined the theory with the practice, in such a manner as to 
render the subject plain and intelligible to a learner : the most 
valuable and scientifical are, in general, too abstruse, and the 
practical scarcely furnish the student with the rationale of a 
single rule or operation. 

The object of the ensuing treatise is to simplify the theory, 
yet to retain a methodical and accurate mode of investigation, 
and to exemplify this theory by a variety of important and 
useful examples. 

The demonstrations are frequently founded on principles 
strictly Geometrical, especially where those principles can be 
rendered very plain and perspicuous by the assistance of simple 
diagrams; and sometimes the process of demonstration is con- 
ducted by algebraical signs, particularly where the Geometrical 
method would require a complicated figure, or a long and 
tedious process. 

In the construction of various formulae, the algebraical mode 
of deduction tends greatly to simplify the subject; yet the 
definitions and the elementary parts of the science must be 
acquired from Geometrical principles illustrated by diagrams ; 
otherwise a student will never obtain a clear and satisfactory 
knowledge of the subject. Should any person attempt to teach 
the elementary principles of the science by the assistance of 
algebraical characters, and algebraical formulae alone, without 
the aid of Geometry, he would most assuredly deceive both 
himself and his pupils. 

It appears, then, if the above observations be correct, that 
Trigonometry cannot be learnt expeditiously and completely, 
either from principles purely geometrical, or purely algebraical, 
without sacrificing utility to the uniformity of system* 
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PREFACE. Vll 

By way of illustration, let us compare some parts of the 
Trigonometry at the end of Dr. Simson's Euclid, with similar 
parts of the Trigonometry at the end of Legendre's Geometry, 

First, Where the three sides of a spherical triangle are given, 
to find an angle. 

In Prop, xxviii. of Dr. Simson's work, the process is con- 
ducted from principles purely Geometrical, and the demon- 
stration is long and tedious ; whereas in Legend™'* Geometry, 
article lxxviii, page 389, 6th edition (where the demonstra- 
tion is similar to that given at page 185. of the ensuing treatise), 
it is short and perspicuous. 

Secondly. In article lxxvii, page 387. of Legendre's Geo- 
metry, where he has shown that the sines of the sides of a 
spherical triangle are directly proportional to the sines of their 
opposite angles ; the demonstration, which is purely algebraical, 
is complicated, unnatural, and almost incomprehensible to a 
young student ; whilst that given by Dr. Simson in Prop, xxiii, 
from Geometrical principles, is simple and obvious.* See like- 
wise page 176. of the ensuing work, where the rule is deduced 
from Baron Napier. 

These remarks are not introduced with a design to criticise 
the works of either of these eminent authors, but to show the 
insufficiency of the Geometrical and of the Algebraical mode 
of demonstration independent of each other. 

The following work may, perhaps, at first view, appear to be 
too much extended for an introductory treatise ; but a little 
attention to the subject will soon correct this supposition. The 
student is here supplied with three distinct treatises, which 
are all essential towards his future progress in the science. 
Firstly, A treatise on Logarithms, and the necessary tables. 
Secondly, A treatise on Practical Trigonometry ; and, thirdly, 
A theoretical treatise on the subject. A work which is de- 
ficient in any one of these three dependent parts, will oblige 
the student to have recourse to different authors ; whereby 
the want of uniformity of reference, and of regularity of com- 



* It may be proper to remark, that Legendrt has given a Geometrical demon- 
stration, at page 385. of his treatise, which is equally as plain as that given by 
Dr. Simson, 
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VKI PREFACE. 

position, will considerably retard his progress at the com- 
mencement of his studies. 

* Art Introduction " (says Lord Bacon) " ought to have two 
properties ; the one, that of a perspicuous and clear method ; 
the other, that of an universal latitude and comprehension ; 
where the student may have a little pre-notion of every thing, 
like a model towards a great building." 

Convinced of the propriety of these remarks, the author has 
employed much time and attention in the arrangement and 
execution of the subject; bearing constantly in mind the 
purpose for which he was writing, viz. the Instruction of young 
Students. 

The Work is divided into Four Books. 

Book I. contains the nature and use of Logarithms, the 
explanation of the Tables, the construction and use of Gunter'a 
Scale, and some preparatory Geometrical Problems. 

Book II. comprises the principles and practice of Plane 
Trigonometry, illustrated by a variety of useful examples in 
the mensuration of distances, heights, &c. 

The substance of this book is the same as that of Book I. of 
the first edition, with the exception of some additions, and an 
alteration in the arrangement of the several chapters. The 
easy parts are here placed together, and the demonstrations of 
the rules are separated from their practical applications ; so 
that the student who wishes to acquire the practical parts only, 
may omit the demonstrations, and proceed regularly with those 
parts which are the sole object of his pursuit ; whilst the theo- 
retical reader may, if he thinks proper, omit the practical 
parts, and continue the theory without interruption. 

The greater part of the fourth Chapter was added to the 
second edition, and will be found to contain information which 
will be useful on several occasions. 

The fifth Chapter is nearly the same as Chap. I. Book I. of 
the first edition, except that the formulae have been somewhat 
extended. The substance of the two general Scholia from 
pages 6th and 11th of the second edition of Mr. Emerson's 
Trigonometry (which were noticed in the 1 1th page of the first 
edition of this work,) has been introduced and commodiously 
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PREFACE. IX 

arranged according to the notation of Mauduit, Legendre, &c„ 
This chapter likewise contains a variety of formulae, exclusive 
of those already mentioned, together with series for finding 
the sines, cosines, &c. of arcs, and the construction of a table 
of sines by the continual bisection of an arc. This method of 
construction was made use of on account of its simple and 
obvious principles, and is similar to that given in the Trigo- 
nometry of Nikitin and Souvoroff, inspectors of the Imperial 
Academy at Cronstadt, and to the method used by the late Dr. 
Horsley, Bishop of St. Asaph, at page 137. of his treatise. 

Book III. comprehends the Theory and Practice of Sphe- 
rical Trigonometry, and the Stereographic Projection of the 
Sphere. 

The first Chapter contains Spherical Geometry, including 
various properties of Spherical Angles, Arcs, and Triangles, 
demonstrated in a plain and easy manner. 

The second Chapter is wholly occupied with the Stereogra- 
phical Projection of the Sphere, which was placed at the end 
of Spherical Trigonometry in the first edition : it has been 
brought forward, in this edition, in order that the constructions 
of the different practical cases of spherical triangles may appear 
with the calculations. The only alteration here is in the 
arrangement. 

The third Chapter contains the investigation of general 
rules for calculating the sides and angles of right-angled 
Spherical Triangles. The xxnid proposition, page 167, 
which is partly derived from the general figure page 151, is 
very extensive in its application. The original construction 
of this figure is ascribed, by Dr. Horsley, to Corpernicus^ the 
celebrated astronomer. The demonstration of Baron Napier's 
rule is derived from the xxnid proposition. This rule is the most 
simple and comprehensive that ever was invented, for solving 
the different cases of right-angled spherical triangles, but has 
generally been explained in a confused and unintelligible man- 
ner. Valuable as this rule is, it has been censured as " too 
artificial and restricted to be generally employed in the present 
advanced state of the science." It is, notwithstanding this 
aspersion, susceptible of general application, and the species 
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X PREFACE. 

of the different cases may be as accurately ascertained from it. 
equations, as from any rules, or formulae, hitherto invented ; 
in consequence of which, it will, undoubtedly, continue to be 
used, by those who know how to appreciate its merit, when the 
works of the author who has presumed to censure it shall be 
forgotten. 

'The fourth Chapter shows the manner of applying Baron 
Napier's rule to the solutions of the different cases of oblique- 
angled spherical triangles, from which several useful rules are 
derived. 

The fifth Chapter is, in substance, the same as the IVth 
Chapter of Book II. in the first edition, but the mode of de- 
monstration has been varied. In this edition the method used 
by Lagrange and Legendre has been adopted, as being more 
simple than that used in the first edition. This chapter con- 
tains the whole of the formulae given by Legendre, from 
page 386. to 399. of his Geometry, besides several others. 
These formulae, however, are not copied from Legendre, each 
succeeding step being regularly deduced from the preceding* 
or from different propositions, to which references are given. 
These particulars, so essential to a learner, are entirely disre- 
garded by Legendre: for illustration, compare article lxxxviii. 
page 398. of Legendre'* Geometry, with U. 192. and W. 192. 
of the succeeding work, &c. At page 193, &c. the various 
formulae relating to Spherical Trigonometry are concentrated, 
and classed under their appropriate heads. Some of these 
formulae are the same with those given by Delambre in his 
preface to Borda's trigonometrical tables. 

The formulae, where auxiliary angles are introduced (Q. 190, 
&c.) are, in effect, analogous to those which may be deduced 
from Baron Napier's rule, by drawing a perpendicular from 
the vertical angle of a spherical triangle upon the base, as in 
proposition xxv, page 173, &c. 

The sixth, seventh, eighth, and ninth Chapters contain the 
logarithmical solutions of the various cases of Spherical Tri- 
gonometry. 

The tenth, eleventh, and twelfth Chapters include the sub- 
stance of Book III. of the first edition, though the matter has 
undergone a considerable change : the original examples were 
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PREFACE. XI 

all adapted to the year 1796, but in this edition those which 
depend on the Nautical Almanac are carried forward to the 
year 1822. The Nautical Almanac for that year can easily be 
procured. The necessary alteration has been attended with 
considerable labour, and, it is presumed, will be of much 
advantage to the young student. The method of finding the 
correct distance between the sun and the moon, or between 
the moon and a star, by having the apparent distance and the 
apparent altitudes of these objects given, is shorter than any 
that has hitherto appeared, where the common tables only are 
used, besides having the advantage of being perfectly correct ; 
for it is not liable to those inaccuracies which frequently arise 
from taking the logarithm ical, or natural, sines and cosines 
out of the tables ; as the observed distance is never very small, 
nor ever near 180 degrees. 

The Nautical Almanac was first published in the year 1767 ; 
from which time, no treatise on Trigonometry had appeared, 
containing astronomical examples adapted to that work, until 
the first edition of the following treatise; wherein the author,, 
with great labour and attention, suited all his examples to the 
year 1796, and corrected the situations of all the stars to the 
same year : the whole of these examples, with the rules and 
observations upon them, were copied* and republished, without 
a single acknowledgment, in less than five years after their 
first appearance. 

The thirteenth Chapter contains the fluxional analogies of 
spherical triangles, with a few examples showing their use. 
This subject was first considered by Mr. Cotes, of Trinity Col- 
lege, Cambridge, in a treatise entitled De w3Estimatione Erro- 
rum in Mixta Mathesi, which was published by Dr. Robert 
Smith, in the year 1722, six years after the author's decease. 

• In a second edition of the work into which these subjects were copied, it is 
stated that " nearly all the practical questions before given, many of which had 
" passed, in the same state, from one work to another, for more than a century past, 
" are here reproposed with new data" &c. This insinuation will not have the 
effect intended, with those who are capable of examining the matter. However, 
in consequence thereof, I think it proper to state, that several of the rules, and 
likewise examples, stand in that second edition without alteration ; they are, of 
course, precisely the same as those in the Jirst edition of my work, and some of 
them are incorrect* The data will show how long they have been in use. 
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This branch of the science has hitherto received very little 
improvement, either from the English or foreign mathema- 
ticians, although a century has nearly elapsed since the first 
publication of Mr. Cotes's Treatise. 

The substance of all the differential equations given by 
Cat/noli, La Lande, Delambre, &c. is included in the Xlllth 
Chapter ; these differential equations may readily be deduced 
from Simpson's Fluxions. 

The fourteenth Chapter consists of Miscellaneous Proposi- 
tions, which could not easily be classed under different heads. 
The first comprehends the French division of the circle. 
The sexagesimal division of the circle, which is ascribed to the 
Egyptians, has often been objected to by mathematicians, as 
by Oughtred) Wattis, &c. who recommend a decimal or cen- 
tesimal division. Several tables have been constructed cen- 
tesimally, particularly one by Dr. John Newton. Dr. Charles 
Hutton 9 in a memoir published in the Philosophical Trans- 
actions for 1783, proposed to divide the quadrant into equal 
decimal parts of the radius ; by which means the degrees, or 
the divisions of the arc, would be the real lengths of the arcs, 
in terms of the radius. 

The French have lately adopted the centesimal division of 
the circle in their calculations ; and tables of greater extent 
than those by Dr. Newton have been published, as the Tables 
of Hobert and Ideler, printed at Berlin, in the year 1799 ; the 
tables of Borda, printed at Paris, an IX, with a preface by 
Delambre, &c. 

The advantages of this new division of the circle, should it 
be generally adopted in practical calculations, are few and 
trifling, when compared with the confusion and perplexity it 
would occasion. It is true that degrees, &c. would be more 
readily turned into minutes or seconds, et vice versa, and some 
other advantages of minor importance would be obtained, were 
the new division to be universally adopted : at the same time, 
all our valuable tables would be rendered useless ; the many 
well-established trigonometrical and astronomical works, which 
from time to time have been published, would be little better 
than waste paper; the most valuable mathematical instru- 
mentsj which have been constructed by celebrated artists, must 
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be considered as lumber in the different observatories of Eu- 
rope; the latitudes and longitudes of places must be changed, 
which change would render all the different works on Geo* 
graphy useless; or otherwise the Astronomers, and these in 
the habit of making trigonometrical calculations, must be per- 
petually turning the old division of the circle into the new, or 
the new into the old. 

The best instruments in the observatories of Paris, Palermo, 
and of the different capitals of Europe, have been constructed 
by British artists, viz, by Ramsden, Trovghton, &c« and are 
graduated according to the sexagesimal division of the circle: 
it is plain, therefore, that all observations made with these 
instruments must he reduced to the centesimal division of the 
circle before they can be used in calculation. Again, The log- 
arithmical tables of sines, tangents, &c which ware originally 
constructed by the British mathematicians, have passed through 
so many hands, and have been so often examined, that they 
may be depended upon as correct; whilst the new tables 
would require great caution in using them. 

In devising short methods of constructing the new tables, 
foreign mathematicians have, however, discovered Beveral for- 
mulae, which may be useful in examining or extending the old 
tables, and in some astronomical calculations. These formulae 
comprehend the most beneficial parts of their labours, as their 
new division of the circle will doubtless, ere long, share the 
same fate as their new calendar; unless die works, which may 
hereafter be framed according to that model, should possess 
extraordinary and continued merit. 

From an attentive investigation of this subject, it will ap- 
pear, that, if any merit can be attached to the new division of 
the circle, the invention cannot, with any degree of justice, be 
ascribed to the French mathematicians, and that their anxious 
desire for its universal adoption is the natural result of the 
French revolution, the general tendency of which has inva- 
riably been to depreciate the merit of every subject which has 
not the glory of the French nation or the praise of Frenchmen 
for its basis. 

The improvements made by the French in the various 
branches of mathematics, though highly extolled, will be found, 
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in many cases, to be more specious than real ; the modern 
analysis so universally adopted (and which in some instances is 
certainly illogical, if not unscientifical) has contributed greatly 
to vitiate the taste and explode that solid and accurate method 
of reasoning which is so conspicuous in the writings of the an- 
cients. A flimsy yiode of demonstration, grounded on a dex- 
terous management of algebraical characters, has frequently 
been substituted for perspicuity and logical exactness. By 
making these remarks, the author does not mean to insinuate 
that the French have made no improvements in the mathe- 
matical sciences ; he is convinced that they have made several, 
and that in a variety of instances their method of demonstration 
is neat and perspicuous ; but his opinion is, that the value of 
those improvements has been greatly over-rated. 

After considering the French division of the circle, the re- 
mainder of the fourteenth Chapter is occupied with problems 
which have been frequently applied in extensive trigonome- 
trical surveys. 

Book IV. treats of the Theory of Navigation ; a subject 
intimately connected with Trigonometry, and immediately 
derived from the sphere. 

The work concludes with a table of the logarithms of all 
numbers from an unit to ten thousand; a table of natural sines ; 
a table of logarithmical sines and tangents to every degree and 
minute of the quadrant; with some other tables useful in the 
solutions of the different astronomical problems. These tables 
occupy only fifty pages, and will be found a valuable acquisi- 
tion both to the teacher and the learner, as they will save the 
expense of a large set of tables, and answer every purpose of 
instruction with equal advantage. 
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ADVERTISEMENT 



TO 



THE FOURTH EDITION. 



This edition of the ensuing work has been carefully revised. 
All the astronomical examples which depend on the Nautical 
Almanac are adapted to the year 1822, and they may be 
solved either with or without the Almanac ; because the several 
articles necessary to be taken from that work are given at the 
end of the different examples. By these means the students 
will readily learn the use of the Nautical Almanac, and in a 
school where several are studying the same subject, their pro- 
gress will not be retarded by waiting for the Almanac The 
examples will be found sufficiently numerous and appropriate 
for the purpose of instruction. They might easily have been 
extended, with different dates, by a selection from various 
authors ; but such examples are perfectly useless to a student, 
who has not in his possession a Nautical Almanac correspond- 
ing with each date. 

No. 1. Fork-buildings, New-road, 
St. Mary-le-bone, London, October, 1820. 
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MEMOIR 

OF 

THOMAS KEITH, ESQ. 



Thomas Keith, Esquire, the subject of the present brief 
Memoir, professor of Mathematics, and Author of many 
distinguished works, was born in 1759, at Brandsburton, near 
Beverley, in the county of York. 

His parents bestowed on him a respectable education ; but 
by the death of his father he was thrown on the world with 
but slender pecuniary means, and left to make his way in it 
by his talents and industry. 

He first engaged himself in a family, as private tutor ; and 
after spending a few years in this employ, he was induced, 
from the precarious and scanty subsistence which was to be 
obtained in the country, as well as from the favourable opinion 
which his friends entertained of his abilities and acquirements, 
to seek his fortune in London, 

He arrived in the metropolis in the year 1781, where he 
soon became known, and his merits as a mathematician duly 
appreciated, from the many works which his indefatigable 
industry produced. 

In 1789 he published "The Complete Practical Arith- 
metician," to which " A Key" was added in 1790, for the use 
of students. In 1791, an Abridgement of " The Complete 
Practical Arithmetician *," for the use of young students, 
appeared; but after passing through one edition, it was 
suppressed. Shortly afterwards he published an " In- 

• In an advertisement at the end of this work Mr. Keith announced for 
publication, " The New Universal Spelling Book, or Young Gentlemen and 
Ladies* Preceptor." But whether it appeared in print or not we have not been 
able to ascertain. 
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traduction to the Science of Geography." Besides these 
works, Mr. Keith published, in 1801, " An Introduction to 
the Theory and Practice of Plane and Spherical Trigo- 
nometry ; " "A Treatise on the Use of the Globes," in 1805 ; 
and " The Elements of Geometry," in 1814. He likewise 
sent many contributions to the various mathematical pe- 
riodicals which were published towards the end of the latter, 
and at the commencement of the present, century. 

Mr. Keith superintended several editions of " Hawney's 
Complete Measurer *," " Paterson's Roads," " Geography 
and History, by a Lady, for the Use of her Pupils," &c. 

The mathematical works of Mr. Keith have been long 
known and esteemed in this country. His great experience 
as a mathematical teacher, and his persevering habits of 
mind, well qualified him for the task of supplying our schools 
with a good practical course of mathematical instruction. 
All his works bear incontestable marks of having been pro- 
duced with much care and considerable labour. Not, 
indeed, that he developed fresh discoveries, or even laid 
out new views with old materials, for his productions have 
little or no pretensions to this kind of originality. But 
the labour displayed in his writings consists in the fulness 
and completeness with which he has discussed every subject 
to which he directed his mind, never evading any topic legiti- 
mately connected with the matter of inquiry merely on 
the score of its difficulty. His work on the Globes, his 



* The first edition of Mr. William Hawney's " Complete Measurer " was pub- 
lished in London in the year 1717; and was recommended to the public as a 
very useful work by Dr. John Harris, secretary and vice-president of the Royal 
Society, an eminent mathematician, and author of several mathematical works. 
(The " Lexicon Technician, or a Universal Dictionary of Arts and Sciences, 
2 vols, folio, 1708," afterwards augmented to S vols, folio, was Dr. Harris's prin- 
cipal literary labour : this work was the foundation of aU our Cyclopaedias.) It 
appears, from an advertisement which is printed on the fly-leaf at the com- 
mencement of the first edition of the " Complete Measurer," that Mr. W. Hawney 
kept a school, and was private teacher of the mathematics at Lydd, or Lidd, in 
the county of Kent. The last edition of this work, which Mr. Keith superin- 
tended, was published in January, 1824; and since the editor's decease, two edi- 
tions of it, and also two editions of his own " Arithmetic " and " Key " have 
appeared, considerably enlarged, by Samuel MaynarcL 
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Arithmetic, his Trigonometry, &c, are all examples of this 
comprehensiveness of plan, and together form a body of 
information which cannot be too strongly recommended to 
the study of those who value science more for its practical 
utility than for its merely speculative beauties. Although 
we cannot claim for Mr. Keith the merit of originality, yet 
he has praise of another kind, that of usefulness, which those 
who tread the same path of science will not fail to accord to 
him. And this is a distinction which, if not the most eminent, 
is certainly among the most honourable; for it will be 
readily acknowledged, that those who smooth the road to 
science or literature, and facilitate to others the attainment 
of knowledge, are often more permanently useful than such 
as are endowed with original genius. The greatest personal 
or mental acquirements die with their possessors; but they 
who labour that others may be wise benefit all posterity. 
The writers of good introductory treatises] on the sciences 
are therefore entitled to no mean praise ; and their fame 
deserves to live in the genius which they have excited, and 
in the facilities which they have afforded to the acquisition 
of knowledge. 

Mr. Keith's reputation as an accountant led to his being 
appointed by George III., in 1804, to the situation of Secre- 
tary to the Master of his Majesty's Household. 

As a teacher, too, Mr. Keith was very successful, being 
engaged in families of the first distinction, as well as in some 
of the most respectable ladies' establishments in the vicinity 
of the metropolis. 

As a proof of his eminence in this department, and the 
estimation in which he was held, it is only necessary to men- 
tion his appointment, in 1810, to the Professorship of 
Geography and the Sciences to her Royal Highness the 
Princess Charlotte of Wales ; from whom, as well as from her 
Royal Highness the Princess Sophia Matilda, (who, with 
many other distinguished personages, had the benefit of his 
instruction,) he received the most flattering marks of attention 
and respect. 

In 1814 he was nominated by the Speaker of the House 
of Commons, the Right Honourable C. Abbot, afterwards 
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Lord Colchester, to the then vacant situation of Accountant 
to the British Museum, the duties of which he performed to 
the time of his death. 

In the month of November, 1822, he was afflicted with an 
internal disorder, which ultimately caused his death, on the 
29th of June, 1824, at No. 1. York Buildings, New Road, 
St. Mary-le-bone, London, in his 65th year. 
< He ended his life with perfect composure and resignation, 
and retained almost to his last hour the exercise of those 
strong mental faculties, and of those kind and gentle manners, 
which had so much endeared him to his family and friends, 
Mr. Keith left behind him, nearly completed, a new work on 
the science of Geography, intended for the use of schools, 
which was published in 1826. 

Such is a short account of this useful and valuable man. 
Though the incidents of his life, like those of most other la- 
borious students, afford very scanty materials for biography, 
being little more than a journal of studies and a catalogue 
of publications, curiosity may find ample compensation by 
surveying in his works the character of his mind. And to 
such of our readers as ardently desire to be useful in their 
day and generation, we would say, that though they may feel 
the impossibility of immortalising their names by great or 
splendid achievements, they may at least imitate the in- 
dustry and perseverance of Mr. Keith, and emulate his 
usefulness. 
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XXIX 



EXPLANATION of the CHARACTERS or MARKS 

USED IN THE FOLLOWING WORKk 



+ , Plus or more, the sign of addition ; as ad + dc, signifies 
that the line ad is to be increased by the 
line dc ; and 4 + 3 signifies that the number 
4 is to be increased by the number 3. 

— , Minus or less, the sign of subtraction, and shows that 
the second quantity is to be taken from the 
first ; as cb— gb shows that the line cb is to 
be diminished by the line gb. 

X , Into or by, the sign of multiplication ; as ed x dc sig- 
nifies the rectangle formed by the lines ed 
and dc, and a x b expresses the product of 
the quantity a by the quantity J. Also a.b 
or ab signifies the same thing. 

-*-, Divide by, as pb-*-cs, or — signifies that pb is to be 

cs 

divided by cs. 
ab 2 , ab 3 , signify the square and the cube of ab; also 

(14)1 signifies that 14 is to be involved to 
the third power, and then the fourth root 
is to be extracted. 

*/a or a*, \/k or a 7 , express the square and cube root of a, 
=, Equal to, as ab=cd, shows that ab is equal to cd. 
*», Difference, as a~b, shows that the difference be- 
tween a and b is to be taken. 
A vinculum, or parenthesis, serves to link two or more quan- 
tities together, as a + bxwi, or jw(a + b), 
signifies that a and b are first to be added 
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together, and then to be multiplied by the 
quantity m. 

{1 Proportion, a : b : : c : D signifies that A has 
> to b the same ratio which c has to d, and 
is to as is to} is usually read a is to b as c is to d, 
•\ Therefore. 

L Angle, as L a, signifies the angle a. 
> Greater than, as a >b, shows that a is greater than b. 
< Less than, as a<b, shows a to be less than b. 

The other characters are explained among the definitions 
in the work. 
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AN 

INTRODUCTION 

TO 



PLANE AND SPHERICAL 

TRIGONOMETRY. 



BOOK I. 
CHAPTER I. 

THE NATURE AND PROPERTIES OF LOGARITHMS. 

Article (1). LOGARITHMS are a series of numbers con- 
trived to facilitate arithmetical calculations ; the operation of 
multiplication being performed by addition, division by sub- 
traction, involution by multiplication, and the extraction of 
roots by division. 

Logarithms may therefore be considered as indices to a 
series of numbers in geometrical progression, where the 
first term is unity, or its symbolical equivalent r°. Let 
^9 r \ r 2 * ** J" 4 * *» r< *> & c - be such a series, increasing from 

r°=l; or r° —, _,_,-_,_.,_-, &c. decreasing from 
> r r 1 r* r* r> r° 

r°zil ; which last series, agreeably to the established notation 

_ l _* — 3 _* 

m algebra, may be thus expressed, r°, r~ , r , r , r , 

r y r , &c. Here the common ratio is r, and the indices 
0, 1, 2, 3, &cor0, — 1, — 2, — 3, &c. are logarithms. Hence 
it is obvious, that if a series of numbers be in geometrical 
progression, their logarithms will constitute a series in arith- 
metical progression. And, where the series is increasing, the 
terms of the geometrical progression are obtained by multipli- 

B 
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cation, and those of the arithmetical progression, or logarithms, 
by addition ; on the contrary, if the series be decreasing, the 
terms of the geometrical progression are obtained by division, 
and those of the arithmetical progression by subtraction. 
The same observations apply to logarithms when they are 
I j. 

fractions; thus if r" denote any number, then will r°, r", 

L 1 £ L 2 
r", r", r", r", r", &c. constitute an increasing series of 
numbers in geometrical progression, of which the indices 

n 1 2 3 4 5 6 Q - , . , 

, y __,.^.,_,__, — y &c. are the logarithms; or 

n n n n n n 

r° 9 _ , — 9 — > ~ 5 5 9 — 9 &c. will constitute a de- 

i 2 

creasing series which may be thus expressed, r°, r ", r * 
_ 3 _ _± 11 __£ 12' 

r » r n m n g^ ^J Q f w hJ c h Q j , 

WW 

3 4 5 6 

3 , y £ c# are ^ Warithms. 

7i n n n ° 

(2) Considering logarithms as indices to a series of num- 
bers in geometrical progression, where r and n may represent 
any numbers whatever, it follows that there may be as many 
different kinds of logarithms as there can be taken different 
sorts of geometrical series : numbers in very different pro- 
gressions may likewise have the same logarithms, and on the 
contrary, the same geometrical series may have different series 
of logarithms corresponding to them, but in every case the 
logarithm of 1 is 0. 

(3) The tables of logarithms, in common use are constructed 
upon a supposition that r = 10; hence it appears that the. 
logarithm of any number whatever is the index of some 
power of 10. 

Thus, the logarithm of 10 is 1, being the index of 10 1 ; the 
logarithm of 100 is 2, being the index of 10 2 ; the logarithm 
of 1000 k 3, being the index of 10 3 ; the logarithm of 10000 
is 4, being the index of 10 4 , &c. Hence the logarithms of 
all number* between 1 and 10 will be greater than and less 
than 1, that is, they will be decimals; between 10 and 100 
they will be greater than 1 and less than 2, that is, they will 
be expressed by 1 with decimals annexed; between 100 and 
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1000 the logarithms are expressed by 2 with decimals an- 
nexed; between 1000 and 10000 they are expressed by 3 with 
decimals annexed. 

Again, the logarithm of --=— ,is — 1, being the index 
of 10"* 1 ; the logarithm of — =— ^is — 2, being the index 

2 1 I 

of 10 ; the logarithm of — =— - is — 3, being the index 

' ° 1000 10 s ^ 

— s 
of 10 , &c Hence the logarithms of all numbers decreas- 
ing from I to -1 will be expressed by — 1, with decimals an- 
nexed; decreasing from •! to '01, they will be expressed by 
—2, with decimals annexed; decreasing from '01 to '001, by 
—3, with decimals annexed, &c. 

And, universally, if 10* = a, then x is the logarithm of a ; 
where a may be any number from 1 to 101000, the extent 
of our best modern tables. 

If 10 x *=2, then ar=0'30103 the log. of 2. 

If 10* =3, then x=0-47712 the log. ofS. 

If 10* =4, then ar=0-60206 the log. of 4. 

If 10* =50, then xzz 1-69897 the log. of 50. 

If 10* =94261, then *=4-97433 the log. of 94261. r . 

The logarithm of 9*4261 = -97433 = x, viz. 10 = 

•974S3 

10 =9-4261. 
Multiply by 10, 

* + I 1*97433 

then 10 =10 =94-261. 

Multiply again by 10, 

and 10 =10 =942-61. 

Multiply a third time by 10, 

Then 10* +3 = 10 3 ' 97433 =9426-1. 
Multiply once more by 10, 

a* + 4 4 *974S3 

Then 10 =10 =94261, and so on. If instead of 

multiplying by 10, we divide by 10 in the equation 

10*^9-4261, then will 

*~*~ l '97433-1 , -1-97433 ^ Ae% „- 

10 nlO =10 =-94261, 

* The design of this chapter is to show the nature and properties of logarithms, 
and not the different methods of constructing them. 

B 2 
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4 THE USE OF THE TABLE BOOK 1. 

Divide again by 10, 

*— 2 -1-97433-1 , -2-97433 ^ A ^ m 

then 10 =10 =10 =-094261. 

Divide a third time by 10, 

,~*-3 ,-2-97433-1 m -397433 ^^^^ « 

then 10 =10 =10 =-0094261, &c. 

as far as you please. 

(4) Hence it appears that all numbers whatever, whether 
they be whole numbers, mixed numbers, or decimals, have 
the decimal part of their logarithms the same, the only differ- 
ence being in the index or whole number ; and that the index 
to the logarithm of a whole number is affirmative, and the 
index to the logarithm of a pure decimal is negative ; but, in 
every case, the decimal part of the logarithm is affirmative. 



CHAP. II. 

THE USE OF THE TABLE OF LOGARITHMS. 
PROPOSITION I. 

(5) To Jind the logarithm of any whole number, or mixed 
decimal, consisting of one, two, three, or four figures. 

This proposition will appear plain from the following ex- 
amples, observing that the decimal parts only of the logarithms 
are put down in the tables ; because the index, or whole num- 
ber, of the logarithm is always a unit less than the number of 
figures contained in the natural whole number to which it 
belongs. (3) 

Required the logarithm ofh. 

Look in the table in the column marked No. for 5, and 
against it in the colum log. Stands '69897. The natural num- 
ber containing but one figure, the index is 0. 

Required the logarithm of 74. 

Look for 74 in the column marked No. and against it stands 
•86923. The natural number containing two figures, the 
index is 1, therefore the logarithm of 74 is 1*86923. 

Required the logarithm a/* 743. 

Look for 743 in the column marked No. and against it 
stands '87099. The natural number containing three figures, 
the index is 2, therefore the logarithm of 743 is 2-87099. 

Required the logarithm of 7438. 

Look for 743 in the column marked No. as before, and 
directing your eye to the numbers in the top column of the 
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table, find the remaining figure 8, guide your hand down that 
column till you come in the same line with 743, against which 
you will find '87146. The natural number containing four 
figures, the index is 3. Hence the logarithm of 7438 is 



3-87146. 

No. Log. 

Examp. 37 = 1-56820 

4=0-60206 

91-6 = 1-96190 

9-16=0-96190 



No. Log. 
3754 =3-57449 
375-4=2-57449 
37-54 = 1-57449 
3-754=0-57449 



'©• 



No. Loj 
4980=3-69723 
7986=3-90233 
3700=3-5)6820 
4000=3-60206 



PROPOSITION II. 

(6) To find the logarithm of any whole number, or mixed 
decimal, to five or six places of figures. 

Rule. Find the logarithm to the first four figures as above, 
then take the difference between this logarithm and the next 
greater in the table. Multiply this difference by the figures 
you have above four, and cut off" so many figures from the 
right hand of the product as you multiply by, the rest must 
be added to the logarithm first taken out of the table. 

Required the logarithm of 59684. 

Logarithm of5968 is 77583 n 7 diff. 
The next greater is 77590 | 4 remaining figure 



DifF. 7 II 2-8 product =3 nearly. 

Then 77583 + 3 =77586. The natural number consisting 
of five figures, the index is 4, therefore the logarithm of 59684 
is 4-77586. 



Examples. No. Log. 

59-684 = 1-77586 
94268 = 4-97436 
785920 = 5-89538 



No. Log. 

65-439 = 1-81583 

27863 = 4-44503 

131755 = 51 1977 



PROPOSITION III. 

(7) To find the logarithm of a pure decimal. 
Rule. Find the logarithm corresponding to the significant 
figures, as if they were whole numbers. Then, if the first sig- 
nificant figure be in the place of tenths, the index will be— 1; 
if in the place of hundredths it will be— 2 ; if in the place of 
thousandths it will be— 3, and so on. 

Thus, the logarithm of -3754 is — 1-57449 
The logarithm of -03754 = - 2-57449 
The logarithm of -003754 = r* 3-57449 
The logarithm of '0003754 = - 4-57449, &c, 
b 3 
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6 THE USE OF THE TABLE BOOK I. 

PROPOSITION IV. 

(8) To find the logarithm of a vulgar fraction. 

Rule. Reduce compound fractions, mixed fractions, &c 
to simple fractions. Then subtract the logarithm of the de- 
nominator from the logarithm of the numerator; if you carry 
1, add it to the index of the logarithm of the denominator; 
then take the difference of the indices for the index of the 
logarithm of the fraction. For a proper fraction this index 
wOl be—, for an improper fraction it will be + . 

Required the logarithm of T s ^. 

The logarithm of 5=0*69897 
The logarithm of 18 = 1-25527 

The logarithm of T 5 B = — 1-44370 

In the same manner the logarithm of ff = — 1-99535; the 
log. of f| = - 1-88303; the log. of J = - 1-77815; the log. 
of Vitf = + 0-72870, &c 

PROPOSITION V. 

(9) To find the number answering to any logarithm to four 
places of fUtures* 

Rule. Look in the column of logarithms marked Q at the 
top of the table ; if you do not find your logarithm there, take 
the next less to it which you can find in that column ; the 
first three figures in the natural number will stand in the co- 
lumn marked No., and looking in the same line from the left 
hand towards the right, you wul either find your logarithm or 
the nearest to it in tne table; the fourth figure of the natural 
number will stand at the top of the table. 

Required the natural number answering to the logarithm 
3-90233. 

Rejecting the index 3, I look in the column 0, where the 
first three figures of the logarithm are 902, and against 90200 
I find the natural number 798, and looking along that line, 
under 6, I find 90233 the given logarithm; therefore the 
natural number is 7986, and the index being three, the na- 
tural number is a whole number. 
Examples. Log. No. n Log. No. 

1-76343 = 58 I 2-85776 sz 720-7 
2-77056 = 589-6 J 386681 = 7359 

PROPOSITION VI. 

(10) To find the number answering to any logarithm, to five 
or six places of figures. 
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Rule. Find the next less logarithm in the tables to the 
given one, and take out the four figures answering to it as 
before. Take the difference between this logarithm and the 
next greater in the tables, and also between this logarithm 
and the given one; divide the latter difference, with ciphers 
annexed to it, by the former, and place the quotient to the 
right hand of the natural number already found. 

Required the natural number answering to the log. 4*59859. 
Given log. 59859 I next less log. 59857 

Next less 59857 nat* no. 3968 | next greater 59868 

diff. 2 annex ciphers. diff. 11. 



then 200, &c. -*• 11 = 18, &c. the natural number is therefore 
39681-8, the index being 4, the integral part must have five 
figures. 
Examples. Log. No. | Log. No. 

4.97436 = 94267 | 250181 = 317-55 
2-97436 = 942-67 4*81584 = 65440 
4-89538 = 78592 II 5*37081 = 234861 

PROPOSITION VII. 

(11) To multiply numbers together. * 

Rule. Add the logarithms of the numbers together, the 
natural number answering to the sum will be the product re- 
quired. 

When some of the numbers are less than a unit, add the 
logarithms of the numbers together; when you come to the 
indices, add the affirmative indices and what you carry into 
one sum, and the negative indices into another. Take the 
difference between these sums for the index of the product, 
prefixing the sign of the greater sum. 

Required the product of$A and 56. 

Logarithm of 84 = 1*92428 
Logarithm of 56 = 1*74819 



Product 4704 

Required the product of76'5 a 
Logarithm of 76*5 
Logarithm of 5*5 

Product 420-75 


Log. = 
nd 5*5. 

Log. = 


367247 

1-88366 
0-74036 

2-62402 








• Let 10*=a; 10~~*=&; 10"~" y «c; 
abed. Where v is the logarithm of a ; 
rithm of c ; z the logarithm of d. And 
(J) am* (3). 

B 


10*= d. Then 10* "~* 
— ± the logarithm of b ; — y 
v—x — y + * is the logarithm 

4 


the loga- 
of a b c d. 
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Required the product of -84, -056, and 37. 

The logarithm of -84 = — 1-92428 
of -056 =—2-74819 
of 37 s= + 1-56820 



Sum of the decimals and 1 , 0i0jlAiW 

affirmative index J + 3 ^ 4067 

Sum of the negative indices — 3. 

Logarithm of the product = 0-24067 

The number answering to which is 1-7405, the product re- 
quired. 

Required the product of -37, 426, -5, -004, -275, and 336, 
Answer 29*128. 

PROPOSITION VIII. 

(12) To divide one number by another.* 

Subtract the logarithm of the divisor from the logarithm of 
the dividend, and the remainder will be the logarithm of the 
quotient. 

If any of the indices be negative, or if the divisor be greater 
than the dividend, change the index of the divisor : .then if 
the indices have unlike signs take their difference, and prefix 
the sign of the greater ; if they have like signs take their sum, 
and prefix the common sign. When there is a unit to carry 
from the decimal part of the logarithm of the divisor, subtract 
it from the index of that logarithm if it be negative, otherwise 
add it, before the signs are changed. 

Divide 3450 by 23. 

Logarithm of 3450 = 3*53782 
Logarithm of 23 = 1-36173 

Quotient 150 Log. = 2-17609 

Divide 420-75 by 5*5. 

Logarithm of 420-75 = 2-62402 
Logarithm of 5-5 = 0-74036 

Quotient 76*5Log. = 1 -88366 



• Let iO*«a, and lC?=c, then x is the logarithm of a, and y is the log** 
1Q x x—y a a 

rithm of c. Nowi_; =10 « — , where *— y is the logarithm of — , 
}(& c c 
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Divide -00375 by -0678 

Logarithm of -00375 = - 3-57403 
Logarithm of -0678 = -2-83123 



Quotient -05531 log. = 


- 2-74280 


ivide 4 by 937£ 

Logarithm of f = 
Logarithm of 937*5 = 


— 1-74473 
+ 2-97197 


Quotient -0005926 log. = 


- 4-77276 


PROPOSITION IX. 





(13) To involve a number to any power ; that is to square or 
cube any number^ Sfc* . 

Rule. Multiply the logarithm of the number by the num- 
ber expressing the power, vi^. by 2 for the square, 3 for the 
cube, 4 for the biquadrate, &c. ; and the product will be the 
logarithm of the power required. 

If the index to the given logarithm be negative; multiply 
this index and the decimal part of the logarithm separately by 
the index of the given power, and subtract the former product 
from the latter ; when you come to the indices, or whole num- 
bers of these products, their difference must be taken, but if 
there be a unit to carry from the decimal part of the lower 
product, it must be added to the index of that product before 
you take the difference. The result will in every case be 
negative. 

Required the cube of 1*2. 

Logarithm of 12 = 0-07918 

3 



The cube ia 1-728 log. =0-23754 



Required the square of 25. 

Logarithm of 25 = 1-39794 

2 



The square is 625 log. =2-79588 



• Let 10 b a, and n =« the index of the power, then 10**«s a*, where * 
is the logarithm of a, and nx the logarithm of a n . 
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Required the third power of -0725. 

The logarithm of -0725 is —2-86034 
Then -86034 x 3 = 2-58102 product of the decimal, 
and 2x3 = 6- product of the indices. 

Power -000381 log.= -4-58102 

Required the 6-25 power of -0032. 

The logarithm of -0032 is — 3*50515. 



Then -50515 x 6.25 = 3.1571 9 {P[{|^ ct of 



dec. 



and 3 X 6-25 = 18-75 {PJjJ^^ 



Power-00000000000000025538log. = - 16-40719 

PROPOSITION X. 

(14) To extract the square or cube root, fyc. of any number.* 

Divide the logarithm of the number by 2 for the square 
root, 3 for the cube root, &c. and the quotient will be the 
logarithm of the root 

If the index to the logarithm be negative, and does not ex- 
actly contain the divisor, increase it by such a number as will 
make it exactly divisible, and increase the logarithm also by 
the same number before you begin to divide. 

What is the square root of 3'24 ? 

Logarithm of 3*24 is 0-51055, which divided by 2 gives 
0-25527, the number answering to which is 1*8. 

What is the cube root of 10648? 

Logarithm of 10648 is 4*02727, which divided by 3 gives 
1 -34242, the number answering to which is 22. 

What is the cube root of -0003811 ? 

The logarithm of -0003811 is- 458104 = -4 + 0-58104; 
and by adding 2 to each part, it is = — 6 + 2-58104; divide by 
3, then —2-86035 is the logarithm of the root, the number 
answering to which is -0725, the root sought 

What is the -72 root of -096? 

The logarithm of -096 is —2-98227 =—2 + 0-98227, and 
by adding -16 to each part (in order that the negative index 
may be divisible by -72) it becomes —2*16 + 1*14227; divide 



* Let 10* « a, and n = the index of the root. Then 10 n « a n , where x 

1 

tc n 

is the logarithm of a, and - is the logarithm of a . 
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by -72, then — 3- + 1-58649 = — 2-58649 is the logarithm 
of the root ; hence the root sought is -03859. 

PROPOSITION XI. 

(15) .To find the value of a quantity having a vulgar fraction 
for its exponent. 

Rule. Multiply the logarithm of the given number by the 
numerator of the exponent, and divide the product by the 
denominator ; the quotient will be the logarithm of the quan- 
tity required. 

The multiplication must be performed as directed in the 
9th Proposition, and the division according to the directions 

S'ven in the 10th Proposition i for, the numerator denotes 
e power to which the given number is to be raised, and the 
denominator shows what root of that power is to be extracted. 

What is the value of -096] ? 

The logarithm of -096 = —2-98227, which multiplied by 25 
(Prop. IX.) produces— 26-55675; this divided by 18 (Prop. 
X.) gives— 2-58649, the number answering to which is -03859. 
Answer. 

PROPOSITION XII. 

(16) To find a fourth proportional to three given numbers ; or 
to work a question in the rule of three by logarithms. 

Rule. Add the logarithms of the second and third terms 
together, and from the sum subtract the logarithm of the first 
term, the remainder will be the logarithm of the fourth term* 
What is Hie fourth proportional to -75, 36, and -008? 
Logarithm of 36 = 1-55630 
Logarithm of -008 = — 3-90309 



Sum = - 1-45939 
Logarithm of -75 = — 1*87506 subtract. 

— 1-58433 the number 



answering to which is '384 the fourth proportional required. 
For, -75 : 36 :: -008: -384. 

PROMISCUOUS EXAMPLES, EXERCISING ALL THE PROPOSITIONS. 

1. Find the logarithm of ^. Ans. - 1-88303. 

2. Required the logarithm of -563' or -56£. Ans.— 1-75077. 

3. Required the logarithm of -0628803. Ans. — 2-79851. 

4. Find the logarithm of -008497133. Ans. -3-92928. 
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1 9 443 43 

5. Required the product of 56 £ x # 7x - x ~ x - 

Arts. Logarithm of the product is 1*34735, and the pro- 
duct 22-251. 

6. Required the product of -0594405 X -583' x -0322916 
X -428571 X -1'8'. Ans. Log. of the product is-5'94074, 

and the product = -000087244. 

7. Divide -0565 by -25. Quotient = -226. 

8. Divide -00375 by -0678. Quotient = -05531. 

9. Divide 54498 by -093. Quotient = 586000. 

10. Divide £ff by -4f 2. Quotient = -0041962. 

11. Involve 1-05 to the 40th power. Ans. 7*0405. 

12. Required the 3*75 power of 14*79 ; or find the value 

v. 

of 14*791 Ans. 24400. 

13. Required the *34 / 54 / power of 94*75'; or find the 

5451 



value of 94*7fi Ans. 4*8173. 

14. Involve -09475' to the -34'54' power. Ans. -44307. 

15. Find the cube root of -000381078. Ans. -0725. 

16. What is the -625 root of -027588 ? Ans. -0035606. 

17. Find a fourth proportional to 58 m 13'; 11' 75; and 
24 hours. Ans. 4 m 50*-6. 

18. Find a fourth proportional to 23 h 12 m 37'; 24 hours ; 
and 7 h 59 ra 34 8 . Ans. 8* 15™ 53 8 . 

CHAP. III. 

THE USE OF THE TABLES OF SINES AND TANGENTS.* 
PROPOSITION I. 

(17) To find the natural sine or cosine of an arc, also the 
lorgarithmic sine, tangent, secant, fyc. 

Rule. If the degrees in the arc be less than 45, look for 
them at the top of the table, and for the minutes (if any) in 
the left hand column marked ( ' ), against which, in the column 
signed at the top of the table with the proposed name, viz. 
sine, cosine, &c. stands the sine, cosine, &c. required.- If the 
degrees are more than 45, they must be found at the bottom 
of the table, and the minutes (if any) must be found in the 
right hand column. The name in this case, viz. sine, tangent, 
&c. must be taken at the bottom of the table. To find the 
secants, see the first page of Table III. 

* The construction of these tables will be found at the end of Book II. 
Chap. V. Before the student reads this and the following chapter, it will be 
proper for him to read the definitions, &c. in Book II. Chap. I. 
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The natural sines must be looked for in the table entitled 
natural sines ; ahd the logarithmic sines in the table entitled 
logarithmic sines and tangents. 

Required the natural and logarithm* sine and cosine of 39° 42/. 
Natural sine of 39° 42'= -63877, cosine =-76940. 
Logarithmic sine of 39° 42" = 9-80534, cosine = 9-88615. 
Required the natural and logarithm, sine and cosine of '73° 27'. 
Natural sine of 73° 27' = -95857, cosine = -28485. 
Logarithmic sine of 73° 27' = 9-98162, cosine = 9-45462. 
If the sine, tangent, &c. be wanted to any number of de- 
grees above 90, subtract those degrees from 180° and find the 
sine, tangent, &c. of the remainder ; or subtract 90° from the 
given number of degrees, and find the cosine, cotangent, &c. 
of the remainder, which is the same thing. 

Required the logarithmic sine, tangent, secant, cosine, cotangent, 
and cosecant of 1 37° 29'. 
180° 
137° 29> 



rem. 42° 31', sine = 9-82982, cosine = 9-86752, tangent = 
9-96231, cotangent = 10-03769, secant = 10-13248, cosecant 
= 10-17018, and these are respectively equal to the cosine, 
sine, cotangent, tangent, cosecant, and secant of 47° 29' = 
137° 29' — 90°. 

PROPOSITION II. 

(18) To find the logarith. sine, cosine, fyc. of an arc to seconds. 

Find the logarithm to the degrees and minutes as in Propo- 
sition I. ; take the difference between this logarithm and the 
next greater or less in the same column, according as you 
want a sine or cosine, tangent or cotangent, &c. ; multiply this 
difference by the number of seconds given, and divide the 
product by 60 ; add the quotient to the given logarithm if it 
be a sine, tangent, or secant, but subtract the quotient from 
the given logarithm if it be a cosine, cotangent, or cosecant, 
and the sum, or remainder, will be the logarithm required. 

Required the logarith. sine, tangent, and secant of 35° 44' 24". 
Log. sine 35° 44'= 9-76642 tan = 9-85700 sec = 10-09058 
next greater sine = 9-76660 tan = 9-85727 sec = 10-09067 



diff. 18 
24 


diff. 27 
24 


diff. 9 
24 


60 | 432 


60 | 648 


60 | 216 


>or. part 7 


11 


4 
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14 THE USE OF THE TABLE OF LOGARITHMIC BoOX I. 

Then, sine 35° 44' 24" = 9-76649, tan = 985711, sec = 
10-09062. 

In the same manner the natural sine is found, being -5841 1. 

Required' the logarithmic cosine, cotangent, and cosecant of 
35° 44' 24". 

Log cos 35° 44' =9-90942 cotan = 10-14300 cosec= 10-23358 
next less cosine =2-90933 cotan = 10-14273 cosec= 10-23340 



diff. 9 


diff. 27 


diff. 18 


24 


24 


24 


60 | 216 


60 | 648 


60 ]~432 


Subtract prop, part 4 


11 


7 



Then cosine 35° 44' 24" = 9-90938, cotan = 10-14289, 
cosecant = 10-23351. 

In a similar manner the natural cosine is found, being '81 167. 

PROPOSITION III. 

(19) To find the degrees, minutes, or degrees, minutes, and 
seconds, corresponding to any given logarithmic sine, tangent, $*& 

Rule. Find the nearest logarithm to the given one in die 
table, and the degrees answering to it will be found at the 
top of the column if the name be there, and the minutes on 
the left hand ; but if the name be at the bottom of the table, 
the degrees must be found at the bottom of the table, and the 
minutes on the right hand. To find the arc to seconds, take 
the difference between the two logarithms which include the 
given one, also the difference between the given logarithm 
and the next less* Multiply the latter difference by 60, and 
divide the product by the former difference, the quotient will 
give the number of seconds, which must be added to the de- 
grees and minutes corresponding to the next less number in 
the tables, if your given logarithm be a sine, tangent, or 
secant; but if your given logarithm be a cosine, cotangent, or 
cosecant, the number of seconds must be subtracted from the 
degrees and minutes corresponding to the next less number in 
the tables. 

Find the degrees, minutes, and seconds, corresponding to the 
logarithmic sine 9*43299. 

Sine less than the given one 9*43278 21 

Sine greater than the given one 9*43323 60 

Former difference 45 45 | 1260 

Given sine 9*43299 

Next less 9*43278 answering to 15° 43' 28 quot. 

Latter diff~ 21 ~ 
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15 



Therefore the required arc is 15° 43' 28". 

The same manner of proceeding must be observed in finding 
a tangent, secant, or natural sine. 

Find the degrees, minutes, and seconds, corresponding to the 
logarithmic cosine 9*43297. 

Cosine less than the given one 9-43278 
Cosine greater than the given one 9*43323 

19 

Former difference 45 60 



Given cosine 9*43297 45 | 1140 

Next less 9*43278 answering to 74° 17'. 



Latter difference 19 



25 quot 



Therefore the required arc is 74° 16' 35' . 

PROPOSITION IV. 

(20) To find the natural or logariilimic versed sine of an arc, 
by the help of a table of natural or logarithmic sines. 

To find the natural versed sine, subtract the natural cosine 
from unity if the arc be less than 90°, but if greater than 90 
add it to unity. 

To find the logarithmic versed sine, find the logarithmic 
sine of half an arc, double it, and subtract 9*69897 from the 
product. 



Required the natural versed sine 
of 65° 45'. 

Radius = 1* 
Nat cosine 65° 45' = -41072 



Nat ver sine 65° 45' = -58928 



Required the logarithm, versed 
sine of 72° 14'. 

" Half the arc is 36° T 
Log sine 36° T = 9*77043 

2 



19-54086 
9-69897 



Log vers sine 72° 14'=9&4189 



Required the natural versed sine 

o/115° 35'. 
Natural cosine 115° 35' or 
cosine 64° 25' = -43182 
To which add 1- 



vers sine of 1 15° 35' = 1 -43182 



Required the log. versed sine of 
37° 53'. 

Here half the arc is 18° 56£' 
Log sine 18° 56' =9-51 117 
Log sine 18° 57'=9*51154 

double sinel 8°56'£ = 19*0227 1 
9-69897 



Log vers sine 37° 53' =9*32374 
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16 THE CONSTRUCTION AND USE BOOK I. 

CHAP. IV. 

THE CONSTRUCTION AND USE OF THE PLANE SCALE. 

(21) The Plane Scale is a mathematical instrument of ex- 
tensive use. The scale generally used at sea is two feet in 
length, having drawn upon it equal parts, chords, sines, tan- 
gents,' secants, &c These are contained on one side of the 
scale, and the other side contains their logarithms. 

(22) Describe a semicircle with any convenient radius cb 
(Fig. L Plate II.) ; from the centre c draw cd perpendicular 
to ab, and produce it to f, &c. ; draw be parallel to cf, and 
join ad and bd. 

(23) Rhumbs. . Divide the quadrantal arc ad into eight 
equal parts, with one foot of the compasses in a, transfer the 
distances a1, a2, a3, &c to the straight line ad, and it will be 
a line of rhumbs containing eight points of the compass, or 
one fourth of the whole circumference of the compass. By 
subdividing each of the divisions a1 ; 1-2 ; &c into four equal 
parts, and transferring them in the same manner to the line 
ad, it will contain the points, and half and quarter points. 

(24) Chords. Divide the arc bd into nine equal parts, with 
one foot of the compasses in b and the distances b-10, b-20, 
b-30, &c, transfer them to the straight line bd, which will be 
a line of chords constructed to every ten degrees. The single 
degrees are constructed by subdividing the arcs b-10, 10-20, 
&c. into ten equal parts, and transferring the divisions in the 
same manner to the line bd. 

(25) Sines. Through each of the divisions of the arc bd 
draw lines parallel to cd, such as 80-10, 70-20, &c, and the 
line cb will be divided into a line of sines reckoning from 
c to b (for co is the cosine of the arc b-80, or the sine of the 
arc d-80, which is ten degrees) ; if this line be numbered from 
b towards c, it will become a line of versed sines* 

(26) Tangent. From the centre c draw straight lines 
through the several divisions of the quadrantal arc bd, to touch' 
the straight line be, which will become a line of tangents. 

(27) Secants. Transfer the distances between the centre c 
and the divisions of the line of tangents, to the line df, and 
it will become a line of secants which must be numbered from 
d towards f, as in the figure. 

(28) Semi-tangents. From a draw lines through the several 
divisions of the arc bd, and they will divide the line cd into 
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semi-tangents, which must be marked with the corresponding 
figures of the arc 10, 20, &c. 

The preceding are some of the principal lines on the plane 
scale, and to render them convenient tor practice, they are 
transferred from a general figure, such as Fig. I., to a plane 
scale or ruler, such as Fig. II., and arranged in the same 
order. 

Besides the lines already mentioned, there are, on several 
scales, other lines derived from the circle, such as 

(29) Miles of Longitude. Divide the line ac into 60 equal 
parts ; through each of these draw lines a 10, b 20, &c, parallel 
to dc, and every tenth of them will cut the arc ad in the 
points a, J, c, a\ &c. ; from a as a centre, the several divi- 
sions of the arc ad may be transferred to the line ad, which 
will give the divisions of the line of longitude. If this line be 
laid upon the scale, close to the line of chords (as in Fig. III.) 
both inverted, so that 60 on the scale of longitude be against 
on the chords, &c, and any degree of latitude be counted 
on the chords, there will stand opposite to it, on the line of 
longitude, the miles contained in one degree of longitude in 
that latitude, a degree at the equator being 60 miles. 

These lines are generally drawn to a larger radius than the 
lines above described, and consequently are applied to a larger 
scale of chords, as appears by Fig. III. 

(30) Equal parts. The divisions of the line ac to form the 
miles of longitude may be considered as a scale of equal parts, 
and on some plane scales are laid down as such, marked Leag^ 
viz. leagues or equal parts. 

Some scales are divided into equal parts, as in Fig. IV. 

The outer one is generally a scale of inches. The others 
are divided similar to those marked a, b, c, &c The scale 
a contains 40 equal parts to an inch, the scale b 35, c 30, 
&c But the most useful scale of equal parts is 

(31) The Diagonal Scale. Draw eleven lines parallel to and 
equidistant from, each other, as in Fig. V. ; cut them at right 
angles by the lines bc-ef. 1-9, 2-7, &c, then will hg, &c. 
be divided into ten equal parts ; divide the line op into ten 
equal parts, also the line m n. From the points of division 
on the line m n, draw diagonals to the points of division on 
the line op, viz. join m and the first division on op, the first 
division on m w, and the second on op, &c. 

The chief use of such a scale as this, is to lay down any line 
from a given measure, or to measure any line. In doing 
which, the units are counted from m towards 0, the tens from 
m towards w, and the hundreds from m towards h. 
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18 THE LOGARITHMIC LINES, BOOK L 

Thus* for example, to take off the number 242, extend the 
compasses from m to 2, towards h ; with (me leg fixed in the 
point 2, extend the other till it reaches 4 in the line mn; move 
one leg of the compasses along the line 2, 7, and the other 
along the line 4, till you come to the line marked 2 in bc, and 
you will have the number required. 



OF THE LOGARITHMIC LINES, OR GUNTER S SCALE. 

Mr. Edmund Gunter was the first who applied the logarithms 
of numbers, and of sines and tangents, to straight lines drawn 
on a scale or rule ; with which, proportions in common num- 
bers and trigonometry may be solved by the application of a 
pair of compasses only. The method is founded on this pro- 
perty, Tliat the logarithms of the terms of equal ratios are equi 
different. This was called Gunter's proportion, and Gunter's 
line; hence the scale is generally called the Gunter. 

The logarithmic lines, on Gunter } s scale, are the eight 
following : 

(32) S. Rhumb, or sine rhumbs, is a line containing the 
logarithms of the natural sines of every point and quarter 
point of the compass, numbered from a brass pin on the right 
hand towards the left, with 8, 7, 6, 5, 4, 3, 2, 1. 

(33) T. Rhumb, or tangent rhumbs, also corresponds to the 
logarithms of the tangents of every point and quarter point of 
the compass. This line is numbered from near the middle of 
the scale with 1, 2, 3, 4, towards the right hand, and back 
again with the numbers 5, 6, 7, from the right hand towards 
the left. To take off any number of points below 4, we 
must begin at 1 and count towards the right hand; but to take 
off any number of points above 4, we must begin at 4 and 
count towards the left hand. 

(34) # Numbers, or the line of numbers, is numbered from 
the left hand of the scale towards the right with 1, 2, 3, 4, 5, 6, 
7, 8, 9, 1, which stands exactly in the middle of the scale ; the 



* This line being the principal one on the scale, has been contrived various 
ways. Gunter first applied it to the two feet rulers, or rather to the cross-staff. 
Wingate drew the logarithms on two separate rules sliding against each other, 
to save the use of compasses. Oughtred applied the logarithms to concentric 
circles. Mr. William Nicholson proposed another disposition of them on con- 
centric circles (vide Philosophical Transactions 1787, page 251); his instru- 
ment consists of three concentric circles engraved and graduated on a plate of 
brass; from the centre two legs proceed as radii, having straight edges; these 
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numbers then go on 2, 3, 4, 5, 6, 7, 8, 9, 10, which stands at 
the right-hand end of the scale. These two equal parts of the 
scale are divided equally, the distance between the first or left 
hand 1, and the first 2, 3, 4, &c. is exactly equal to the dis- 
tance between the middle 1 and the numbers 2, 3, 4, &c. 
which follow it. The subdivisions of these scales are likewise 
similar, viz. they are each one-tenth of the primary divisions, 
and are distinguished by lines of about half the length of the 
primary divisions. 

These subdivisions are again divided into ten parts, where 
room will permit ; and where that is not the case, the units 
must be estimated, or guessed at, by the eye, which is easily 
done by a little practice. 

The primary divisions on the second part of the scale, are 
estimated according to the value set upon the unit on the left 
hand of the scale : If you call it one, then the first 1,2, 3, &c. 
stand for 1, 2, 3, &c, the middle 1 is 10, and the 2, 3, 4, &c 
following stand for 20, 30, 40, &c, and the ten at the right 
hand is 100 : If the first 1 stand for 10, the first 2, 3, 4, &c. 
must be counted 20, 30, 40, &c, the middle one will be 100, 
the second 2, 3, 4, 5, &c. will stand for 200, 300, 400, 500, 
&c, and the ten at the right hand for 1000. 

If you consider the first 1 as T \y of an unit, the 2, 3, 4, &c 
following will be T %, y 5 ^, y 4 ^, &c, the middle 1 will stand for a 
unit, and the 2, 3, 4, &c. following will stand for 2, 3, 4, &c^ 
also the division at the right-hand end of the scale will stand 
for 10. The intermediate small divisions must be estimated 
according to the value set upon the primary ones. 

(35) Sine. The line of sines is numbered from the left hand 
of the scale towards the right, 1, 2, 3, 4, 5, &c to ten; then 
20, 30, 40, &c. to 90, where it terminates just opposite 10 on 
the line of numbers. 

(36) Versed Sine. This line is placed immediately under 
the line of sines, and numbered in a contrary direction, viz. 
from the right hand towards the left, 10, 20,30, 40, 50, to 
about 169; the small divisions are here to be estimated ac- 
cording to the number of them to a degree. 

(37) Tangent. The line of tangents begins at the left hand, 
and is numbered 1, 2, 3, &c to 10, then 20, 30, 45, where 



legs or rulers are movable about the centre either singly or together, so that if 
one be placed at the first term of any proportion, and. the other at the second, 
and they be then fixed at this angle and moved together till the leg which was 
fixed at the first term coincides with the third, the other leg will point out the 
fourth. 

c 2 
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there is a little brass pin just under 90 in the line of sines; 
because the sine of 90° is equal to the tangent of 45°. It is 
numbered from 45° towards the left hand 50, 60, 70, 80, &c. 
The tangents of arcs above 45° are therefore counted back- 
ward on the line, and are found at the same points of the line 
as the tangents of their complements. 

Thus, the division at 40 represents both 40 and 50, the 
division at 30 serves for 30 and 60, &c. 

(38) Meridional Parts. This line stands immediately above 
a line of equal parts, marked Equal Pt. 9 with wnich it must 
always be compared when used. The line of equal parts is 
marked from the right hand to the left with 0, 10, 20, 30, &c; 
each of these large divisions represents 10 degrees of the 
equator, or 600 miles. The first of these divisions is some- 
times divided into 40 equal parts, each representing 15 miles. 

The extent from the brass pin on the scale of meridional 
parts to any division on that scale, applied to the line of equal 
parts, will give (in degrees) the meridional parts answering to 
the latitude of that division. Or the extent from any division 
to another on the line of meridional parts, applied to the line 
of equal parts, will give the meridional difference of latitude 
between the two places denoted by the divisions. These de- 
grees are reduced to leagues by multiplying by 20, or to miles 
by multiplying by 60. 

THE CONSTRUCTION OF THE LOGARITHMIC LINES ON 
GUNTER'S SCALE. 

(39) The line of numbers, on which most of the others depend, 
sometimes called the Line of Lines, is constructed thus : Let a 
line equal in length to half the line of numbers oe divided into 
1000 equal parts; then since the logarithm of 1 is 0, the distance 
of 1 from die beginning of the line is 0, viz. 1 stands at the 
beginning of the fine. And because the logarithm of 2 is *301, 
when the logarithm of 10 is 1, or, which is the same thing, the 
logarithm of 2 is 301, when the logarithm of 10 is 1000; there- 
fore the distance between 1 and 2 is 301 equal parts taken 
from a plane scale of equal parts; the distance 477, the loga- 
rithm of 3, must be set off from 1 to 3 ; and 602 equal parts, 
the logarithm of 4, must be setoff from 1 to 4, &c. Thus are 
all the primary divisions on the line formed ; and the inter- 
mediate divisions are formed in a similar manner, by taking 
the logarithms of the intermediate numbers, as for example, 
the logarithm of l T \y, is 41, the logarithm of 1 T %, is 79, of 
lf^ is 114, &c. These numbers, set off in a successive order 
from 1, will divide the primary divisions into ten parts, &c. 
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(40) The line of sines is constructed by taking the* arith- 
metical complements of the logarithmic sines from the same 
scale of equal parts from which the line of numbers was con* 
structed, and setting them off from 90 backwards, or towards 
the left hand ; thus the arithmetical complement of 'the loga- 
rithmic sines of 80°, 70°, 60°, 50°, 40°, 30°, 20°, 10°, (or, 
which is the same thing, their cosecants rejecting the indices,) 
are 7, 27, 62, 116, 192, 301, 466, 760, and these taken from 
the same scale of equal parts with which the line of numbers 
was constructed, and set off from 90 towards the left hand, 
give the sines of the above-mentioned degrees respectively. 
The reason of setting off these numbers thus is obvious, for 
the sine of 90° is equal to the radius ; and the several arith- 
metical complements are what the sines of the arcs want of 
radius, viz. their distances from radius or 90°. 

In the same manner the intermediate degrees, and divisions 
of the degrees are found. 

(41) The line of sine rhumbs is constructed in a similar 
manner to the line of sines, by taking the arithmetical com- 
plements of the logarithmic sines of the degrees and minutes 
which are contained in the several points, and quarter-points 
of the compass ; and setting them off from the right hand end 
of the scale towards the left. 

(42) The line of tangents is constructed in the same manner 
as that of the sines, by setting off the arithmetical complements 
of the tangents under 45°, backward from 45° towards the left 
hand. For the tangent of 45° is equal to the radius, and the 
arithmetical complement of any logarithmic tangent under 
45°, is what that tangent wants of radius. It has been observed, 
that the division at 40 serves both for 40 and 50, that at 30 for 
SO and 60, &c. The reason of this will appear if we consider 
that the tangent of any arc is to the radius, as the radius to the 

cotangent; or, which is the same thing, n f> n = , 

radius cotangent 

or in logarithms, the difference between the tangent and radius 

is equal to the difference between the radius and cotangent. 

But the tangent of 45° is equal to the radius, therefore the 

difference between the tangent of an arc (below 45°) and 45°, 

is equal to the difference between the cotangent of that arc 

and 45° ; viz. they are both equidistant from 45°. 

(43) The line of tangent rhumbs is constructed in a similar 

* The arithmetical complement of any logarithm is what that logarithm wants 
of 10 ; or what a sine, &c. wants of the logarithmic radius. Thus the arith- 
metical complement of 2*56820, the logarithm of 370, is 7*43180; the arithme- 
tical complement of 9*53405, the logarithmic sine of 20, is 0*46595. 

c 3 
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manner to* the line of tangents, by taking the arithmetical 
complements of the logarithmic tangents of the degrees and 
minutes contained in the first four points of the compass* and 
setting them from the end of the line towards the left hand. 

(44) The line of versed sines is constructed by the help of a 
table of logarithmic versed sines extending to 180°. Take 
the logarithmic versed sines of the supplements of the arcs, 
and subtract the logarithm of 2 from them, the arithmetical 
complements of the remainders, taken from the same scale 
of equal parts as the other lines were constructed from, and 
applied from the right hand towards the left, will give the 
divisions of the line of versed sines. 

(45) The nature and use of this line are, I believe, very 
imperfectly understood ; and in order to explain them clearly, 
we must have recourse to the inventor, viz. Gunter ; he says, 
p. 231. Leybourn's edition, 1673, that he contrived this line 
" for the more easy finding of an angle having three sides r or 
" a side having three angles of a spherical triangle given.'* 
He then gives the following proportions : 



As radius 
Is to sine of one of the sides 
containing any angle, so is the 
sine of the other containing side, 
to a fourth sine. 



As this fourth sine 
Is to sine of half the sum of the 
three sides, so is the sine of this 
half sum diminished by the side 
opposite the given angle, to a 
seventh sine. 
The mean proportional between this seventh sine and the 
radius, gives the sine of the complement of half the angle 
required. — By the scale, 

(46) Extend the compasses from the sine of 90 to the sine of 
one of the sides containing any angle ; that extent applied the 
same way will reach from the sine of the other side to a fourth 
sine. From this fourth sine extend the compasses to the sine 
of half the sum of the three sides, and this extent applied the 
same way will reach from the sine of the difference between 
the half sum of the three sides and the side opposite the angle 
taken, to a seventh sine; immediately under which, stands the 
angle required in the line of versed sines. 

It is for this reason that the line of sines and versed sines are 
placed so close together. This is * Gunter's Rule, and it is 

* As Gunter's works are merely practical, perhaps an investigation of these 
proportions will be acceptable to some readers : — 

Let abc be any spherical triangle, denote the sides q 
opposite the angles a,b,c, by a,fc,c, and put * = / — ->-. 

1 <« + * + «> . /^ A 

Then Gunter's proportions are, JT ^^Vtx 

. _ ^, . sin a. sin b> ** 

rad : sin a : : sin b : : 4w sine= - 
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more simple in its application than that which Robertson has 
given in his Navigation, without demonstration (Art 29. 
Book IX.), for working an Azimuth. 

(47) The line of meridional parts is constructed by the help 
of a table of meridional parts. Take the meridional parts 
corresponding to the several degrees of latitude from the table, 
and divide them by 60 ; take these quotient from the scale 
of equal parts, already described under the article meridional 
parts, and set them off on the line of meridional parts from 
the right hand towards the left. 



THE USE OF THE LOGARITHMIC LINES ON GUNTER S SCALE. 

By these lines and a pair of compasses, all the problems in 
Trigonometry, Navigation, &c may be solved. 

(48) These problems are all solved by proportion : Now, 
in natural numbers, the quotient of the first term by the second 
is equal to the quotient of the third by the fourth ; there- 
fore, in logarithms, the difference between the first and 
second term is equal to the difference between the third and 
fourth ; consequently on the lines on the scale, the distance 
between the first and second term will be equal to the distance 
between the third and fourth. And for a similar reason, be- 
cause four proportional quantities are alternately proportional, 
the distance between the first and third terms, will be equal 
to the distance between the second and fourth. Hence the 
following : — 



, sin a. sin 6 . . , N . , . 

and = : sin * : : sin (s—c) : 7th sine • « 

rad 

„,, . , sin *. sin (*— c) 

. \ 7th sine = rad. : f 1 

sin a, sin b 

and 7th erne x rad = rad. 4 : ^ 1 

sin a. sin b 

- cos a J C (by art. 426) 

= 4 suvers C. rad (by art. 228) 

. \ 7th sine = \ suvers C. 

Hence the mean proportional between the 7th sine and radius gives the cosine 

of the required angle ; and this 7th sine is also equal to half the suversed sine of 

the required angle. 

" But because the finding the mean proportional between the radius or sine of 

90° and the 7th sine, is somewhat troublesome," says Gunter, " I have added this 

" line of versed sines, that having found the 1th sine, you might look over against 

" it and there find the angle." Gunter has neither shown the construction of the 

line of versed sines, nor given the investigation of the above proportions; but 

he has illustrated them by a practical example, wherein the three sides of a 

spherical triangle are given to find an angle. 

C 4 
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(49) General Rule. The extent of die compasses from 
the first term to the second will reach, in the same direction^ 
from the third to the fourth term. Or, the extent of the com- 
passes from the first term to the third, will reach in the same 
direction, from the second to the fourth. 

By the same direction is meant, that if the second term lie 
on the right hand of the first, the fourth will lie on the right 
hand of the third, and the contrary. This is true, except the 
first two or last two terms of the proportion are on the line of 
tangents, and neither of them under 45° ; in this case the ex- 
tent on the tangents is to be made in a contrary direction : For 
had the tangents above 45° been laid down in their proper 
direction, they would have extended beyond the length of the 
scale towards the right hand ; they are therefore as it were 
folded back upon the tangents below 45°, and consequently lie 
in a direction contrary to their proper and natural order. 

(50) If the last two terms of a proportion be on the line of 
tangents, and one of them greater and the other less than 45° ; 
the extent from the first term to the second, will reach from 
the third beyond the scale. To remedy this inconvenience, 
apply the extent between the first two terms from 45° back- 
ward upon the line of tangents, and keep the left hand point 
of the compasses where it falls ; bring the right hand point 
from 45° to the third term of the proportion ; this extent now 
in the compasses applied from 45° backward will reach to the 
fourth term, or the tangent required. For, had the line of 
tangents been continued forward beyond 45°, the divisions 
would have fallen above 45° forward; in the same manner as 
they fall under 45° backward. 

CHAP. V. 

GEOMETRICAL DEFINITIONS AND INTRODUCTORY PROBLEMS, 
DEFINITIONS, ETC. OF ANGLES. 

(51) An angle is the inclination or opening of two straight 
lines meeting in a point as A. A** 

(52) One angle is said to be less than another, when the lines 

which form it are nearer to each other. ^-A 

Take two lines ab and bc meeting each 
other in the point b ; conceive these two 
lines to open like the legs of a pair of coin- 




Digitized by 



Google 




Chap. V. and introductory problems. 25 

passes, so as always to remain fixed to each other in b. While 
the extremity a moves from the extremity c, the greater is the 
opening or angle abc ; and, on the contrary, the nearer you 
bring them together, the less the opening or angle will be. 

(53) The magnitude of an angle does not consist in the length 
of the lines which form it, but in the extent of their opening or 
inclination to each other. Thus the 
angle abc is less than the angle aBc, 
though the lines ab and cb which form 
the former angle, are longer than the 
lines aB and cb which form the latter. 

(54) When an angle is expressed by three letters, as abc, 
the middle letter always stands at the angular point, and the 
other two letters at the extremities of the lines which form the 
angle; thus the angle abc is formed by the lines ab and cb, 
and that of aBc by the lines aB and cb, &c. 

(55) Every angle of a triangle is measured by an arc of a 
circle described about the angular point as a centre ; thus the 
arc ac is the measure of the angle aBc, and the arc de is the 
measure of the angle abc. 

(56) The circumference of every circle is supposed to be 
divided into 360 equal parts called degrees, each degree into 
60 equal parts called minutes, each minute into 60 equal parts 
called seconds. The angles are measured by the number of 
degrees cut from the circle by the lines which form the angles ; 
thus, if the arc de contain 20 degrees, or the 18th part of the 
circumference of the circle, the measure of the angle abc is 20 
degrees. Degrees, &c. are thus marked, 44° 32' 21" 14% &c. 
and read 44 degrees, 32 minutes, 21 seconds, 14 thirds, &c. 

(57) When a straight line cd standing 
upon a straight line ab, makes the angles 
cdb and cda on each side equal to one 
another, each of these equal angles is said 
to be a right angle, and the line cd is per- _ 
pendicular to ab. The measure of a right A D B 
angle is therefore 90°, or a quarter of a circle. 

(58) An acute angle is less than a right angle, or 90°, as edb. 

(59) An obtuse angle is greater than a right angle, or 90°, 
as ade. 

(60) If ever so many angles are ibrmed at the point d, on the 
same side of the line ab, they are altogether equal in measure to 
two right angles, or 180°. 
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GEOMETRICAL DEFINITIONS, 



Book L 



PROBLEM I. 



•A 



1) 



R : 



H 



(61) To erect a perpendicular from a 
given point D in a given line oh, or to 
make a right angle. 

On each side of d take the equal 
distances ad and bd. 

With any extent of the compasses 
greater than ad, and centres a and b, describe arcs crossing 
each other in c ; a line cd, drawn through c and d, will be the 
perpendicular required. 

Otherwise. When the point d is at the *.Jp 

end of the line gh ; with the centre d and 
any opening of the compasses describe an 
arc ; set off the distance ad from a to b ; 
with b as a centre, and the distance ab in your 
compasses, describe another arc ; through a ^ ^ 

and b draw the line abc, cutting the second 
arc in c ; lastly, through c and d draw the line cd, and it will 
be the perpendicular required. 



# 



H 



PROBLEM II. 



A'-...., 



(62) From a given point c, not in the straight line 
a straight line cd perpendicular to gh. 

Take any point e on the contrary side of 
gh to which the point c is, and with the 
distance ce and centre c describe an arc 
cutting gh in a and b ; with a and b as 
centres, describe arcs crossing each other 
in e, a line cde drawn through c and e 
will be the perpendicular required. 

Otherwise. When the point c is near 
the end of the line gh. Take any points 
a and g in the line gh, with the centres 
a and g, and the distances ac and gc, 
describe arcs crossing each other in e, 
die line cde drawn through c and e, will 
be the perpendicular required. 



gh, to 
C 

D 



draw 
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PROBLEM III. 

(63) To make an angle of any proposed number of degrees 
upon a given straight line, by the scale of chords. 

Upon the line db to make an angle of 30°. 
tent of 60° from the line of chords, with 
which and the centre d, describe the arc ef 
Take 30° from the same scale of chords and 
set them off from e to c ; through c draw the 
line dc, then cdb is the angle required. 

To make an angle of 150°. Produce 
the line bd to e, with the centre d and 
the chord of 60° describe a semicircle, 
take the given obtuse angle from 180° 

and set off the remainder, viz. 30° from e to c, through c draw 
cd, then cdb is the angle required. 





PROBLEM IV 



(64) An angle being given, to find how many degrees it con- 
tains, by a scale of chords. 

With the chord of 60° in your com- 
passes and centre d describe an arc ef 
cutting db and dc in e and^/I Then 
take the distance e/in your compasses, 
and setting one foot on the brass pin 
at the beginning of the chords on your 
scale, observe how many degrees the 
other foot reaches to, and that will be 
the number of degrees contained in 
the arc ef or angle cdb. 

If the extent preach beyond the scale, which will always 
be the case when the angle is obtuse, extend the line bd from 
d towards g, and measure the arc gf in the same manner ; the 
degrees it contains deducted from 180°, will give the measure 
of the angle cdb. 




DEFINITIONS, ETC. OF TRIANGLES. 

(65) A plane triangle is a space included by three straight 
lines, and contains three angles. 

(66) Triangles are of various kinds, but in trigonometry 
only two kinds are considered, viz. right-angled triangles, and 
oblique-angled triangles ; which indeed include the whole. 
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(67) Aright-angled triangle' is that which 
has one right angle in it, as p. The longest 
side ac, or that opposite to the right angle b, 
is called the hypothenuse ; the other two, ab 

and bc, are called the legs, or sides, or the _ 

base and perpendicular. ^ Base B 

(68) The sum of the three angles of every plane triangle is 
equal to 180°; hence in a right-angled plane triangle, if either 
acute angle be taken from 90°, the remainder will be the other 
acute angle. 

(69) The complement of an arc, or angle less than 90°, is 
what that angle wants of a quadrant, or 90°. 

(70) If one acute angle of a right-angled triangle be 45°, 
or half a right angle, the other acute angle will also be 45°, or 
half a right angle ; and the base and perpendicular will be 
equal to each other. 

(71) If two right-angled triangles abc and .C 
a£c, have the angle a common, they are equi- C, 
angular and similar ; that is, the sides about 
the equal angles are proportional, viz. 

ab : bc:: Ab : bc> and ab : bc: .* ac : ac, &c. 

(72) If a straight line be drawn parallel to one of the sides 
of a plane triangle, it will cut the other two sides propor- 
tionally. 

(73) An oblique-angled triangle is that which 
has not a right angle in it ; hence two of its 
angles must necessarily be acute, or each less 
than a right angle, but the remaining angle 
may be either greater or less than a right angle ; 
as a and b. 

(74) Any one angle of an oblique plane triangle subtracted 
from 180°, leaves the sum of the other two angles. Or the sum 
of any two angles subtracted from 180°, leaves the third angle. 

(75) The supplement of any angle is what that angle wants of 
180°. Hence the supplement of any one angle is always equal 
to the sum of the other two. 

(76) Any two sides of a triangle added together are greater 
than the third side. The greatest side of any triangle is oppo- 
site to the greatest angle ; and the contrary, the greatest angle 
is opposite to the greatest side. 



* An equilateral triangle has three equal sides ; an isosceles triangle has two of 
its sides equal ; an acute-angled triangle has three acute angles ; and an obtusc- 
angled triangle has two acute angles, and one obtuse. 
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(77) Every triangle has two of its angles acute, and if the 
third angle be either a right angle, or an obtuse angle, it is 
opposite to the greatest side. 

(78) K a perpendicular bd be \J$s' 
drawn upon the longest side of any 
triangle, from the opposite angle, it 
will fall within the triangle; and the 
greater segment ad, wSl meet the 
greater (ab) of the other two sides 
and the less segment dc, will meet the less of these sides (bc). 

(79) In an equilateral or isosceles triangle, a perpendicular 
bd drawn from the vertical angle, will bisect both the base and 
the vertical angle. 

(80) If any one side of a plane triangle be produced or ex- 
tended beyond the angular point, the outward angle will be 
equal to the two inward angles, ~ 
opposite to the angular point where 
the side is extended. Thus in the 
triangle abc, if the measure of the 
angles be as expressed in the tri- 
angle, and the side ab be produced 
to d ; then will the angle cbd be equal to the angles bac and 
bca together. 

(81 ) In a right-angled plane triangle, the hypothenuse is 
equal to the square-root of the sum of the squares of the base 
and perpendicular : and the square-root of the difference of 
the squares of the hypothenuse and either of the other sides, 
is equal to the remaining side. 

(82) Each of the angles of an equilateral triangle is 60 
degrees. 

(83) Each of the angles at the base of an isosceles triangle 
is equal to half the supplement of the vertical angle, or to the 
complement of half the vertical angle. 

(84) If two straight lines intersect each other, the vertical 
or opposite angles will be equal. 

(85) If a straight line intersect two parallel straight lines, it 
makes the alternate angles equal to each other, and the ex- 
terior angle equal to the interior and opposite on the same side 
of the line. 

(86) All angles in the same segment of a circle are equal to 
each other. 

(87) An angle at the centre of a circle is double to an angle 
at the circumference when they both stand on the same arc 

(88) Every angle in a semicircle is a right 'angle. 
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Book II. 



BOOK II. 



CHAPTER L 

DEFINITIONS OF PLANE TRIGONOMETRY, WITH THE INVESTI- 
GATION OF GENERAL RULES FOR CALCULATING THE SIDES 
AND ANGLES OF PLANE TRIANGLES. 



(89) PLANE TRIGONOMETRY is the art of measur- 
ing and calculating the sides and angles of triangles described 
on a plane surface, or of such triangles as are composed of 
straight lines. It likewise includes the relation between the 
radius of a circle and certain other straight lines described in 
and about a circle. 

(9 ) The theory of triangles is the very foundation of all 
geometrical knowledge, for all straight-lined figures may be 
reduced to triangles. The angles of a triangle determine only 
its relative species, and are measured in degrees, minutes, and 
seconds (56) ; but the sides determine its absolute magnitude, 
and are expressed in yards, feet, chains, or any other lineal 
measure. 

(91) A circle is a plain figure contained under one line, 
called the circumference, to which all lines drawn from the 
centre are equal. Thus abdbha is the circumference ; c the 
centre, and ca, cd, eft, cb, cf, are all equal to each other. 

(92) The distance from the 
centre of a circle to the circumfer- 
ence is called the radius : thus ca, 
cb, cd, &c. are radii. 

(93) A straight line drawn 
through the centre of a circle to 
touch the circumference in two 
points, is called a diameter, and 
is always double the radius. 
Thus ad and Bb are diameters, 
and are each of them double of 
ac or of be. 

(94) The exact ratio between 
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the radius and the circumference of a circle being unknown, 
mathematicians were at a loss to form a comparison between 
the sides and angles of a triangle, since they could not com- 
pare a straight line with any part of the circumference of a 
circle. They were therefore under the necessity of deter- 
mining the relation between the radius of a circle, and certain 
other straight lines, described in and about a circle, called 
chords, sines, tangents, &c 

(95) The chord of an arc is a straight line drawn from one 
extremity of the arc to the other. Thus on is the chord of 
the arc &h, or of the arc hafbdJ. 

The chord of an arc of 60° is equal to the radius of the circle.* 

(96) The complement of any arc is the difference between that 
arc and a quadrant. Or it is the difference between any angle 
and 90°. Thus the arc af is the complement of the arc bf, 
or the angle acf is the complement of the angle fcb. 

(97) The supplement of any arc is the difference between that 
arc and a semi-circle. Or it is the number of degrees which 
any angle wants of 180°. Thus the arc bf is the supplement 
of the arc fah£, or the angle fcb is the supplement of the 
angle fc£. 

(98) The sine of an arc is a straight line drawn from one end 
of that arc, perpendicular to a diameter passing through the 
other end of the same arc. Thus fg is the sine of the arc bf, 
or it is the sine of the supplemental arc fah£. 

The sine of an arc of 90° is equal to the radius, for AC is the 
sine of the arc ba. The sine of an arc of 80° is equal to half the 
radius.f 

(99) The tangent% of an arc is a straight line drawn from 
one extremity of the arc, perpendicular to the diameter, and 
is terminated by a straight line drawn through the centre of 
the circle and the other extremity of the arc. Thus bt is the 
tangent of the arc bf, or of the angle bcf. 

The tangent of any arc is equal to the tangent of the supplement 



* For (Euclid 15. of IV.) the side of a hexagon, which is the chord of 60°, 
is equal to the radius of the circumscribing circle. 

f The sine of any arc is equal to half the chord of double that arc ; thus let bf 
and bh ( Plate I. Fig. 1 . ) be equal arcs, then fgh is the chord of the double arc 
fbh ; and fgh is bisected in o (Euclid 3. of III. ). Therefore if fb be an arc of 
30°, fo its sine will be half the chord of 60°, and the chord of 60° has been shown 
to be equal to the radius, therefore the sine of 30° is equal to half the radius. 

| The semi-tangent of an arc is the tangent of half that arc. Let bf be any arc 
(Plate I. fig. 1.) then mc is the semi-tangent of that arc. For the angle fcb is 
double the angle f6b (Euclid 20. of III.), consequently the arc oc, of which cm 
is the tangent, is the half of the arc bf. 
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of that arc* The tangent of 45° is equal to the radius f, and 
an arc of 90° has no tangent. 

(100) The secant of an arc is a straight line drawn from the 
centre of the circle, and produced tul it meets the tangent. 
Thus ct is the secant of the arc bf, or of the angle bcf. 

The secant of any arc is equal to the secant of the supplement 
of that arc.% The secant of 45° is equal to double the sine of 
45° §, and an arc of 90° has no secant. 

(101) The versed sine of an arc is that part of the diameter 
which is contained between the sine and the arc. Thus bg is 
the versed sine of the arc bf, and oq is the versed sine of the 
supplemental arc fah£. 

The versed sine of the supplement of an arc, is the difference 
between the versed sine of that arc and the diameter. 
For bo = £b — gb ; or, gb = bB — bo. 

(102) The cosine of an arc is the sine of the complement of 
that arc ; or it is that part of the diameter contained between 
the centre of the circle and the sine. Thus fe is the cosine of 
the arc bf, being the sine of af, which is the complement of 
bf ; or cg is the cosine of bf, because cg = fe. 

The cosine of an arc is equal to the cosine of its supplement. 
The cosine of an arc, less than a quadrant, is equal to the 
radius diminished by the versed sine. For cg = cb — gb. 

(103) The cotangent of an arc is the tangent of the comple- 
ment of that arc. Thus ak is the cotangent of the arc bf, being 
the tangent of the arc af, which is the complement of bf. 

The cotangent of an arc is equal to the cotangent of its sup- 
plement. 

(104) TJte cosecant of an arc is the secant of the complement 
of that arc. Thus ck is the cosecant of the arc bf, being the 
secant of the arc af. 



* The supplemental tangent will fall on the contrary side of the diameter. Let 
sr be any arc (Plate I. fig. 1.), its supplement is fa/%, bt is the tangent of the 
supplement, and it is equal to bt. For the right-angled triangles cbt and cbt 
are equi-angular, and have the side cb equal to c6. 

f For in this case the angle bct, measured by the arc bf (Plate I. fig. 1.), will 
be half a right angle ; consequently the angle btc will be half a right angle ; the 
triangle is therefore isosceles, and bc = bt. 

$ Though the secant of an arc, and the secant of its supplement, be the same 
in quantity, they have contrary directions, like the tangents. For 6* (Plate I. 
fig. 1.) has been shown to be the tangent of the supplemental arc fa/6, and 
equal to tb; it is plain therefore that ct— ct 

§ For if the arc bf =» 45°, bc « bt ; and (Euclid 47. of I.) cb« + BT* « ct* 
the square of the secant, «= cb* + ac 2 = ab 2 ; therefore ab*=ct, that is, the chord 
of 90° is equal to the secant of 45°. But the sine of 45° is equal to half the 
chord of 90°, art. (98), and Note, therefore the sine of 45° is equal to half its 
secant. 
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The cosecant of an arc, and the cosecant of its supplement, 
are of the same magnitude. 

(105) The coversed sine of an arc is the versed sine of the 
complement of that arc Thus, ae is the coversed sine of the 
arc bf, being the versed sine of the arc af. 

(106) The cochord of an arc is the chord of the complement 
of that arc 

(107) Let a denote any arc or angle ; the trigonometrical 
functions sine a, cosine a, tangent a» cotangent a, secant a* 
cosecant a, versed sine a, coversed sine a, are abbreviated 
into sin a, cos a, tan a, cot a, sec a, cosec a, vers a, covers a, re- 
spectively. The square or second power of sin a is written 
sin 2 a, the cube or third power sin 3 a* &c 

(108) From the preceding definitions it appears that the 
sine and cosine of any arc can never exceed the radius ; the 
secant and cosecant always exceed the radius, and the tangent 
and cotangent admit of all possible degrees of magnitude 
Also, that any side of a right-angled triangle may be consi- 
dered as the radius of a circle, and that the other sides will 
necessarily become either sines, tangents, or secants. 

1st. If the hypothenuse ac be made 
the radius of a circle, it is evident that 
the perpendicular bc is the sine of the 
angle a, and that ab is the cosine thereof. , 
But the sine of either of the acute angles t 
of a right-angled triangle is the cosine of * 
the other, and the contrary; therefore 
bc is the cosine of c, and ab is the sine 
thereof. 

2dly. If the base ab be considered as the 
radius of a circle, bc is evidently the tangent 
of the angle a, and ac is the secant thereof. , 
But the tangent of one angle is the cotangent/, 
of the other ; also the secant of one angle is \ 
the cosecant of the other : therefore bc is the 
cotangent of c, and ac is the cosecant of c. 

3dly. If the perpendicular bc be considered as the radius 
of a circle, it is evident that the base ab will be 
the tangent of the angle c, and the hypothenuse 
ac will be the secant thereof. But because 
the tangent, secant, &c of one angle of a right- 
angled triangle is the cotangent, cosecant, &c 
of the other ; the base ab wifl be the cotangent 
of the angle a, and the hypothenuse ac will be 
its cosecant. 
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INVESTIGATION OF RULES FOR CALCULATING THE SIDES AND 
ANGLES OF PLANE TRIANGLES. 

proposition i. (Plate I. Fig. 4.) 

(109) In any right-angled plane triangle, if any of the three 
sides be made the radius of a circle; the other sides will be either 
sines, tangents, or secants, of the respective angle, correspondent 
to that radius ; and will be similar to the sines, tangents, or 
secants in the tables, when compared with the tabular radius. 

The sines, tangents, &c of all angles whatever, are calcu- 
lated to the logarithmic radius of ten thousand millions, and 
arranged in tables for the convenience of calculation. Now, 
as no triangle can be formed but another may be formed 
similar to it, and that the sides about the equal angles of 
similar triangles are proportional ; if Ad, ce, Kb, and cb', each 
represent the radius m the tables, then will af and cg be the 
secants, &f and g^ the tangents, and Dd and Ee the sines in 
the tables. Then, 

I. If the hypothenuse be the radius of a circle. 

Because the triangles exc and abc are similar, 

ce : ac : : e« • ab 
viz. rod : hypoth. : : sin c = cos a : base. 
Again, because the triangles And and abc are similar, 

Ad : ac : : vd bc 

viz. rad : hypoth. : : sin a = cos c : perp. 

(110) Therefore, the sine of any angle is to the side oppo- 
site to it, as the sine of any other angle is to its opposite 
side. 

II. If the base be the radius of a circle. 

Because the triangles a6f and abc are similar, 
af : AC 

And af •. ac 
viz sec a = cosec c : hypoth. 
and, sec a = cosec c : hypoth. 

(111) Hence. Radius : base : : tangent of the angle a, or 

cotangent of the angle c : perpendicular. 

III. If the perpendicular be the radius of a circle. 



Ab 


AB 


6f 


BC 


rad i 


base, 


tan A = cot c 


: perp. 



Because the triangles g&'c and abc are similar, 



ca : ac 
And, cg : ac 
viz. sec c — cosec a : hypoth. 
and, sec c = cosec a : hypoth. 



b'a : ab 
cb' : bc 

tan c = cot a : base. 

rad perpend. 



(112) Hence. Tangent of angle c, or cotangent of a 
base : : radius : perpendicular. 
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Any of the foregoing analogies are proportional by inver- 
sion, &c. 



proposition ir. 

(113) The excess of the greater of two given magnitudes above 
half their sum, is equal to half the difference between those mag- 
nitudes : or half their sum increased by half their difference, 
gives the greater magnitude ; and being diminished by half their 
difference, leaves the less magnitude. 

Let ac and cb be two unequal 
magnitudes, of which ac is the f- F P ? ^ 
greater. 

Bisect ab in d and make ae = cb, then will ad =half the sum 
of ac and cb, and Dc=half the difference; for, since ab is 
bisected in d, and ae=cb, it follows that ec is bisected in d, 
and ec is the difference between ac and cb. 

Hence ac— ad=dc; or ad + dc=ac, and ad— ed(=dc) 
=ae=bc. 



PROPOSITION III. 

(114) In any plane triangle, the sine of any angle is to the 
side opposite to it, as the sine of any other angle is to the side 
opposite to it, and the contrary. 

Since any triangle whatever may 
be inscribed in a circle, let abc be 
the given triangle and o the centre 
of the circle. Draw od and oe per- 
pendicular to the sides of the tri- 
angle, then (3 and 30 Euclid III.) 
the sides of the triangle will be 
bisected, and also the arcs which these sides subtend. Now 
an angle at the centre of a circle is double to an angle at the cir- 
cumference when they stand on the same arc, (20 Euclid III.) 
therefore an angle at the centre is equal to an angle at the 
circumference standing on the double arc; or, in other 
words, an angle at the circumference of a circle is measured by 
half the arc on which it stands, and an angle at the centre by 
Hie whole arc on which it stands: hence the angle cod = the 
angle cab, and coe =cba, &c. Now ci is the sine of the angle 
cod, and cm is the sine of the angle coe. Draw mi, which 
will be parallel to ab, then per similar triangles ci : cb : : cm : 

d 2 
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ac, viz. the sine of the angle at a, is to the side bc, as the 
sine of the angle at B, is to the side ac, and the contrary by 
inversion. 

Corol. The sides of triangles are to each other as the 
chords of double their opposite angles. 



PROPOSITION IV. 

(115) In any plane triangle, the sum of any two sides is to 
their difference^ as the tangent of half the sum of their opposite 
angles is to the tangent of half their difference. 

Let abc be any triangle ; make be =bc and join ce, then the 
angle cbe, being the exterior angle of the triangle abc, is 
equal to cab + bca. (32 c 

Euclid I.) ^^>v>. 

Bisect ae in d and ce in ^^^ ^S£^\ B »-? 

o then join do and it will j^—~ 'fi'''\&l ""''>£. 

be parallel to ac : draw bf ** \^/ 

parallel to do, join bo, and. 

with the centre b and radius bo describe a circle. 

The angle CBO=the angle ebg equal to half the sum of the 
angles cab and bca ; for the triangles cbg and ebg have the 
two sides bc and co, equal to the two sides be and eg, and 
the side bg common to both, therefore they are equal in all 
respects. (8 Euclid I.) 

bf being parallel to ac, the angle fbe = the angle cab, and 
the angle cBF=the angle acb. (29 Euclid I.) 

The angle gbf— half the difference between the angles cbf 
and fbe, for it is the excess of the greater above half their 
sum gbe (113); hence ge = tangent of the half sum, and gf = 
tangent of the half difference between the two angles cbf and 
fbe. For the same reason, db being the excess of the greater 
of the two given lines ab and be or bc, above half their sum 
ad, it is equal to half their difference. 

By similar triangles, de=z£ (ab+bc) : db=4(ab— bc)::ge 
= tangent J (acb + cab) : gf= tangent £ (acb— cab). 

Half the sum of the angles acb and cab added to half their 
difference gives the angle opposite to the greater side (113), 
for the greater angle is opposite to the greater side : and half 
the sum diminished by half the difference, gives the angle op- 
posite to the less side; for the less angle is opposite to the less 
side. (18 Euclid I.) 

Note. Instead of the tangent of half the sum of the 
opposite angles, the tangent of hjdf the supplement of the con- 
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tained angle may be used ; or the cotangent of hall the con- 
tained angle # , which are all equal to each other. 



proposition v. 

(116) In any plane triangle, double the base or longest side, is 
to the sum of the other two sides, as their difference is to the dis- 
tance of a perpendicular from the middle of the base ; this dis- 
tance, added to half the base, gives the greater segment, and 
being subtracted leaves the less. 

Let abc be the triangle, with c as a \ 

centre, and the radius cb =the least side, .••'*' \ 

describe a circle, produce ac to h ; then i ^^* I 

because cf=cb=ch; ah=ac + cb the J£_, >' \ ^y/ 
sum of the sides, and af=ac— bc the ^^yi j) "/B 
difference between the sides. *^ 

Bisect ab in e, and draw cd perpendicular to gb, then 
gd=:bd (3 Euclid III.), therefore ag is the difference between 
the segments of the base; but ed=£ ag (113), for it is the 
excess of the greater segment ad above half their sum ae. 

Then (36 Euclid III. corol.) ahxaf=abxag, therefore 
ab : ah::af : ag; that is, ab : ac + cb::ac— cb : 2ed, or, 
2ab : ac + cb::ac— cb : ed, the distance of the perpendi- 
cular cd from the middle e of the base ; and that ed added 
to half the base ae gives ad the greater segment, &c is 
obvious. 

proposition VI. 

(117) From half the sum of the three sides of any triangle sub- 
tract the side opposite to the angle sought, and note the half sum 
and remainder. Then, the rectangle of the sides containing 
that angle, is to the square of the radius, as the rectangle of the 
half sum and remainder is to the square of the cosine of half the 
angle taken. 

Let abc be the triangle ; bisect the angle cab by the inde~ 
finite line ah, and draw ec perpendicular to ad. Draw dg 
parallel and equal to cb, join gb and produce it to h. 

* Since the sum of the three angles of every triangle is equal to two right 
angles, it is plain that half the sum of any two angles is half the supplement of 
the third angle. And, that the tangent of half the supplement of any angle is 
equal to the cotangent of half that angle, may be thus shown : 

Let hbf (Fig. I. Plate 1.) be any arc bisected in b, and fa/, its supplement, 
bisected in a ; then ak, the cotangent of the half arc bf, is evidently the tangent 
of the half supplement Ar. 

D 3 
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Now the triangles ade and adc have the two sides dc and 
de equal to each other (by construction), and the side ad com- 
mon, also the angles about d are right angles ; therefore ac =z 
ae, (4 Euclid I.) and consequently eb is equal to the dif- 
ference between the sides ac and ab. 

Because the side ec of the triangle ceb is bisected in d, and 
df is parallel to cb (by construction), ef=fb, therefore fb = 
half the difference between the sides ac and ab, and AF=half 
their sum (113). 

By construction cb is equal and parallel to dg ; therefore 
(33 Euclid I.) gb is equal and parallel to cd or de, for the 
same reason dbge is a parallelogram, and fd = fg, for the 
diagonals of a parallelogram bisect each other. And, since gb 
is parallel to ed, gh is also parallel to it, and the angle at d 
being a right angle, the angle at h is also a right angle. With 
f as a centre, and radius fd =fg = J cb describe a circle, which 
will pass through the point h. (31 Euclid III.) 

Since fg = J cb, fi=£ cb, but 
af = J (ac + ab), to each of these 
equals add fi or the half of cb, 
then will ai =£ (ac + ab + bc) =s, 
making ac + ab + bc =2$ ; but ki 
=dg = cb; therefore ak=ai — 
cb=s— bc 

Now (109) rad : ae:: (sin aed=) cos £ bac : ad, 
and rad : ab:: (sin abh = ) cos £ bac: ah ; 
hence rad ' 2 : ae . ab : : cos ' i bac : ad . ah. 
But ad. ah=ak. ai (36 Euclid III.), and ae=ac ; 
therefore rad 2 : ac . ab : : cos ' £ bac : ak . ai 
or ac . ab : rad - : : ak . ai : cos 2 £ bac ; 
hence ac ab : rad 2 :;s (5— bc) : cos^J bac 

proposition VII. 

(118) From half the sum of the three sides of any plane triangle 
subtract the side opposite to the angle sought, and note the re- 
mainder : Also from the said half sum subtract each of the other 
sides of the triangle. Then, 

The rectangle contained by half the sum of the sides and the 
first remainder is to the square of the radius ; as the rectangle 
contained by the other two remainders is to the square of the 
tangent of half the angle sought. 

The same construction being made as in the preceding pro- 
position, aizzs, and ak=5— bc 
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In the right-angled triangles ade and ahb 
rad : ad:: (tan dae = ) tan £ bac : de, 
rad : ah:: (tan dae = ) tan £ bac : bh; 
Hence rad 9 : ad . ah : : tan 3 £ bac : de . bh, 
or ad . ah : rad 9 : : de . bh : tan 3 £ bac. 
Again, ad . ah = ai . ak (36 Euclid III.) and because de = 
ob being opposite sides of a parallelogram, we have de x bh = 
gbxbh=kbxbi. (35 Euclid III.) But because ki is bi- 
sected in f, and that fe and fb are equal, ke is equal to bi, 
and therefore kb is equal to ei; but ei = ai — ae=s— ac, 
consequently kb=s— ac, bi=s— ab, and de . bh = kb . bi = 
($— ac) . (s— ab). 
Hence ai . ak : rad 9 : : (ai — ac) x (ai— ab) : tan 2 £ bac, 
or* . *— bc : rad 2 : : (*— ac) . (s— ab) : tan 3 £ bac. 



PROPOSITION VIII. 

(119.) Twice the rectangle of any two sides of a plane triangle 
is to the sum of the squares of the same two sides diminished by 
the square of the third side 9 as radius is to the cosine of the 
angle contained between those sides. 

Let abc be any plane triangle and cd a perpendicular from 
the vertical angle upon the base or upon the base produced. 

1. If the perpendicular 
falls within the triangle ac 3 
= ab 3 + bc 3 — 2ab . bd. 
(13 Euclid II.) 

2. If the perpendicular 
falls without the triangle 
ac 3 =ab 1 + bc 3 + 2ab . bd. 
(13 Euclid II.) 

From the first BD= ABg + Bc2 " Ac2 , 
2ab 

AC 2 — AB 2 — BC fl 




ITT> 



From the second bd_ 

2ab 

But bc : rad : : bd : cos b (109), 

bc . cos B 



.*. bd: 



rad 



tuse in Fig. 2, 

for Fig. 1 



, the Lb being acute in Fig. 1., a 
By substitution, we have 

BC . COS B AB 2 +BC 2 —AC 2 



and for Fig. 2. 



rad 

— bc . cos B 



2ab 

AC 2 — AB 2 — BC 2 . 



rad 



2ab 



d 4 
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from either of these equations, by reduction, 
,_ rad.(AB 2 +Bc 2 -AC 2 ) 

COS Z.B = v - '-, 

2ab • BC 

or, 2ab . bc : ab* +bc 2 — ac 8 : : rad : cos b. 

Note. If the sides of the triangle be large, this analogy is 
inconvenient for arithmetical calculation. 



SCHOLIUM. 

120. Various other propositions might be given, but the 
preceding are sufficient for solving every case of plane tri- 
gonometry. The analogies of plane trigonometry are only 
particular cases of spherical trigonometry, and may, in ge- 
neral, be deduced from them by simple inferences only. 

Vide Book III. Chap. V. P^rop. xxviii. and the Scholium. 



SOLUTIONS OF THE DIFFERENT CASES OF RIGHT-ANGLED 
PLANE TRIANGLES. 

Rules for solving the different cases both 
of right-angled plane triangles, and oblique- 
angled plane triangles, have already been in- 
vestigated. The solutions here given are 
adapted to the table of natural sines * ; and 
the notation is that used by Lagrange and 
Legendre, the three angles of die triangle 
being represented by a, b, c, and their oppo- 
site sides by a, b 9 c, as in the figure annexed; 
r=z radius =■ sine of 90°. 

Case I. Given the angles and the hypothenuse, to find the 
base and perpendicular. 

fc sin a £ cos c fl tan a br 




Solution. a=- 



r r sec a cosec a 

b cos a b sin c br b cot a 



sec a cosec a 



Case II. Given the angles and the base, to find the hypo- 
thenuse and the perpendicular. 



* Logarithmic formulas are easily supplied* thus in the first ease log. sin ▲ + 
log. b — 10= log. a. The introduction of such formulae would only increase 
the size of the book, without any real advantage to the student. 
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. cr cr c sec a c cosec a 
Solution. £=r =- 



a=- 



cosa sine r cot a 

c sin a^c cos c_ c tan a _ cr 
cos a ~~ sin c "~ r "~cot a 



Case III. Given the angles and the perpendicular, to find 
the base and the hypothenuse. 

a cos a a sin c ar a cot a 

Solution, en — : = = = 

sin a cob a tan a r 

ar __ ar _ a sec a _ a cosec a 

~ "sin a"~ cos c ~" tan a "" r 



Case IV. Given the hypothenuse and the base, to find the 
angles and the perpendicular. 

Solution, cos A=sin c=-r-; secA=cosec c= 

b c 






Having found the angles, the perpendicular may be found 
by Case I. or by Case II. Or, a=. >/b*—c g = </(b-rc)(b—c). 



Case V. Given the hypothenuse and the perpendicular, to 
find the angles and the base. 

ar br 

Solution, sin a = cos c=— 7—; sec c = cosec a= > 

b a 



tan| c =rV^ 



Havin g found the angles, the base may be found by Case I. 
Or, c=vF^*=V(& + a) (b-a). 



Case VI. Given the base and the perpendicular, to 
the angles and the hypothenuse. 

_ ar 

Solution, tan a = cot c = ; cot a= tan c = 

c 
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Or, having found the angles, the hypothenuse may be found 
by Case II. or by Case III. 



SOLUTIONS OF THE DIFFERENT CASES OF OBLIQUE-ANGLED 
PLANE TRIANGLES. 

Case I. Given the angles and one 
side, to find the other two sides. 

c sin a _ sin b 

a = — : ; b~— 

sin c sin c 

A o 

_ a sin b a sin c I b sin a b sin c 

b=— ; c = — : I a=— ; c=— -. . 

sin a sin a | sin b * sin b 



Case II. Given two sides and an angle opposite to one of 
them, to find the other angles, and the third side. 

b sin a . a sin b| . c sin a 

sin b = : sin a = — 




a 
a sin c 1 . c sin B . b sin c 



b| . c 

-Isin c=- 



sin a= sinc= — z — : sin B — 

c | b c 

Note. If the given L be obtuse ; or if the side opposite to 
the given L be the greater of the two given sides, then the L 
sought is always acute : in every other case it is ambiguous. 

Two angles being now known, their sum deducted from 180°, 
leaves the third L ; hence the remaining side may be found by 
Case I. 



Case III. Given two sides and the angle contained between 
them, to find the other angles, and the third side. 

tan£ (a— b)= r. cot i c (115), in which we consider 

a+b 

a>b 9 and consequently a>b. 

Then £ ( a — b) + (90° — J c) = L opposite to the greater side. 

And (90°—£ c)— £(a— b) = Z opposite to the less side. 
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OR THUS, 

Suppose a > b 9 and let b : a : : r : tan 9, 
then r : tan (0—45°) : : cot £ c : tan J (a— b), 
and proceed as before for the angles. 

The remaining side may be found from the angles, by 
Case I; 

orfromc=^a^^-^ C (119). 



Case IV. Given the three sides, to find the angles. 
Let *=£ (a-fft + c), then 



cos 



- i '='A/ j£ ?£Sr w 



i /* (s—a) 

r( 6*+C«-.q«) 
cosa= 2fe < 119 '- 

vers A=r— cos a= — ^ ~ — . 

CHAP. II. 

I. PRACTICAL RULES FOR THE SOLUTION OF ALL THE DIF- 
FERENT CASES IN RIGHT-ANGLED PLANE TRIANGLES, WITH 
THEIR APPLICATION BY LOGARITHMS. 

(121) In every right-angled plane triangle there must be 
two given quantities, one of which must be a side, (together 
with the right angle,) to find the rest 

TO FIND A SIDE. 

Call any one of the sides of the triangle radius, and write 
upon it the word radius ; observe whether the other sides be- 
come sines, tangents, or secants, and write these words on 
them accordingly. Call the word written upon each side the 
name of that side. Then say, 

As the name of the given side is to the given side, so is the 
name of the required side to the required side. 
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TO FIND AN ANGLE. 



Call either of the given sides of the triangle radios, and 
write upon it the word radius ; observe whether the other sides 
become sines, tangents, or secants, and write these words on 
them accordingly. Call the word written upon each side the 
name of that side. Then say, 

As the side made radius is to radius, so is the other given 
side to its name. The angles being found, the remaining side 
must be found by the first part of this rule. 

OR; IN ANY RIGHT-ANGLED TRIANGLE. 

1. The sine of any angle is to the side opposite to it, as the 
sine of any other angle is to its opposite side. And, 

Any side is to the sine of its opposite angle, as any other 
side is to the sine of its opposite angle. 

2. Radius is to the tangent of either of the acute angles, as 
the side adjacent to that angle is to the side opposite to it. 

And, The side adjacent to either of the acute angles is to 
the side opposite to that angle, as radius is to the tangent of 
that angle. 

3. Radius is to the cotangent of either of the acute angles, 
as the side opposite to that angle is to the side adjacent to it. 

Also, The side opposite to either of the acute angles is to 
the side adjacent to that angle, as radius is to the cotangent 
of that angle. 

(122) Case I. Given the angles* and the hypothenuse, to find 
the base and perpendicular. 

n . f The hypothenuse ac =480 1 Required the base ab 
Ixiven | The ^gfe a = 53° 8' J and perpendicular bc. 

BY CONSTRUCTION. 

Draw the line ab of any length, make the 
angle cab =53° 8' (63) by a scale of chords, 
draw the hypothenuse ac=480 from a scale of 
equal parts, from c let fall the perpendicular 
cb (62), then abc is the triangle required. 
ab measured by the same scale of equal parts, 
which the hypothenuse was measured by, will A/ 
be 288, and bc will be 384. 



* The given parts of a triangle are generally marked with a dash -, and the 
required parts with an 0, as in the figures annexed to the constructions 
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BY CALCULATION. 



I. The hypothenuse radius, bc will be the sine of the angle 
a, and ab die cosine. 



To find bc. 

radius, sine of 90°, - 10*00000 

hypoth. ac =480 - 2-68124 

:sinA = 53 8 / - 9-90811 

perpendicular bc » 3 84 - 2 -58435 



To find i 
radius, sine of 90° 
: hypoth. ac = 480 
: : cos a 53° 8' 
: base ab = 288 



10-00000 
268124 
9*77812 
2-45936 



II. The base radius, bc will be the tangent of the angle a, 
and ac will be the secant thereof. 

To find ab. 



To find bc. 

secA=5S°8' - 10-22188 

hypoth. ac=480 - 2-68124 

: tan a « 53° 8' - 10-12499 



secA=53°8' 
: hypoth. ac s 480 
radius, sine of 90°, 



10*22188 

2-68124 

- 10-00000 

2-45936 



perpendicular bc = 384 - 2 -58435 | : base ab » 288 

III. The perpendicular radius, the base ab will be the tan- 
gent of the angle c, or cotangent of a, and the hypothenuse 
ac will be the secant of c, or the cosecant of a. 



To find bc. 




To find ab. 




cosecA=53°8' 


10-09689 


cosecA = 53°8' 


10*09689 


: hypoth. ac«480 


2-68124 


: hypoth. ac— 480 


2-68124 


: : radius, sine of 90° 


10-00000 


: : cot a-53°8' 


9-87501 


: perpendicular bc— 384 


- 2-58435 


: base ab— 288 


2-45936 



BY GUNTER S SCALE. 

In working the several cases by Gunter's scale, we shall 
always suppose the hypothenuse radius, (where it can be done,) 
being the most simple of the three. 

1. Extend the compasses from 90° to 53° 8' on the line of 
sines, that extent will reach from 480 to 384 on the line of 
numbers. 

2. Extend the compasses from 90° to 36° 52' the comple- 
ment of the angle a, that extent will reach from the hypothe- 
nuse ac =480, to the base ab=288, on the line of numbers. 



PRACTICAL EXAMPLES. 



1. In the right-angled plane triangle abc, 

~. f Hypoth. ac=645 * f ab=50008 

Given | / A F = 3 9 o w Ans. | Bc=407 . 37 

Required the base and perpendicular. 

2. In the right-angled plane triangle abc, 

~. f Hypoth. ac=98 + f ab=58*66 

Given | ^ *£ 56 o 43, Ans. | Bc=82 , 00 

Required the base and perpendicular. 
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(123) Case II. Given the angles and the base, to find the 
hypothenuse and the perpendicular. 

p. f The angle a =53° 8' 1 Required the hypoth. ac, 
en \ The base ab =288 J and the perpend, bc. 



BY CONSTRUCTION. 

Draw the base ab, which make =288, from a 
scale of equal parts, at b erect the perpendicular 
bc (61), make the angle a=53° 8' (63), and 
draw the hypothenuse ac to cut the perpendi- 
cular bc in the point c. Then will ac measure 
480, and bc 384. 




BY CALCULATION. 

I. The hypothenuse radius, bc will be the sine of the angle 
a, and ab the cosine. 



To find ac. 




To find bc. 




COS A = 53° 8' 


9-77812 


cos i = 53° 8' 


9-77812 


: base ab=288 


2-45939 


: base ab = 288 


2-45939 


: : radius, sine of 90° 


- 10-00000 


:: sin a = 53° 8 


990311 


; hypoth. ac — 480 


2-68127 


: perpend. bc=S84 


2-58438 


II. The base ab radius, bc will be the tangent of a, 


and ac 


the secant thereof. 






To find ac. 




To find bc. 




radius 


10-00000 


radius 


10-00000 


: base ab=288 


2-45939 


: base ab = 288 


2-45939 


: : sec a =53° 8' 


10-22188 


: : tan a = 53° 8' 


10 12499 


: hypoth. ac = 480 


- 2-68127 


: perpend. bc = 384 


2-58438 



III. The perpendicular bc radius, ab will be the tangent of 
c, or cotangent of a, and ac will be the secant of c, or co- 
secant of A. 



To find ac. 

cot a « 53° 8' - 9 87501 

: base ab=3 288 - - 2*45939 

: : cosec a -53° 8' - 10*09689 

: hypoth. ac«480 - 2*68127 



To find bc 

cot a = 53° 8' - 9-87501 

: base abs 288 - - 2-45939 

: : radius - - 10*00000 

; perpend. bc«S84 . 2*58438 



BY OUNTER S SCALE. 

1. Extend the compasses, from 36° 52* the complement of 
a to 90, on the line of sines ; that extent will reach from 288 
to 480= ac on the line of numbers. 

2. Extend from 36° 52' to 53° 8' on the line of sines ; 
that extent will reach from 288 to bc=384 on the line of 
numbers. 
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PRACTICAL EXAMPLES. 

1. In the right-angled plane triangle abc, 

Given { Base~~AB=500-08 Am ' { bc=407'37 

Required the hypothenuse and the perpendicular. 

2. In the right-angled plane triangle abc, 

Glven t Base ab=53-66 Ans ' { bc=82 

Required the hypothenuse and the perpendicular. 

(124) Case III. Given the angles and perpendicular, to find 
the base and hypothenuse. * 

p . f The angle a =53° 8' 1 Required the hypothenuse 
lven -^ rpj ie p er p enc j - BC = 384 J AC , and the base. ab. 



BY CONSTRUCTION. 

Draw the line ab of a sufficient length, at 
any point b erect the perpendicular bc (61), 
which make equal to 384 by a scale of equal 
parts, at c make the angle acb=86° 52' (63), 
the complement of a, from c draw the hypothe- 
nuse, and it will cut the base ab in the point a. 
Then will ac measure 480, and ab 288. 




BY CALCULATION. 

I. The hypothenuse radius, bc will be the sine of a, and ab 
the cosine thereof. 

To find ac. / To find . 

sin a = 5S° 8' 9-90311 

perpend. bc = 384 - 2*58433 

: radius - - 10*00000 

hypoth. ac = 480 - 2 '681 22 

II. The base ab radius, bc will be the tangent of a, and ac 
the secant thereof. 



sin A«53°8 f 
: perpend. bc = 384 
: : cos a = 53° 8' - 
: base ab=288 



9*90311 
2-58438 
9-77812 
2-45934 



To find ac. 
tan a = 53° 8' 
: perpend. bcs=384 - 
: :sec a = 53° 8' 
: bypoth. ac = 480 

III. The perpendicular bc radius, the base ab will be the 
tangent of c, or the cotangent of a : ac will be the secant of 
c, or cosecant of a. 



10-12499 
2-58433 

10-22188 
2-68122 



To find ab. 
tanA«5S°8' 
: perpend. bc«384 - 
: : radius 
: base ab=288 



10-12499 
2-58433 

10-00000 
2-45934 



To find ac. 




To find ab. 




radius 


10-00000 


radius - . . 


10-00000 


: perpend. bc = 384 


2-58433 


: perpend. bc = 384 


2-58433 


: : cosec a = 53° 8' 


10 09689 


,: : cot a«53° 8' - 


9-87501 


: hypoth. ac = 480 


2-68122 


: base ab=288 


2-45934 
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500-08 



BY GUNTER's SCALE. 

1. Extend he compasses from 53° 8' to 90° on the line of 
sines, that extent will reach from 384 to 480, the hypothenuse 
on the line of numbers. 

2. Extend from 53° 8' to 36° 62', the complement of the 
angle a, on the line of sines, that extent will reach from 364 
to 288, on the line of numbers. 

PRACTICAL EXAMPLES. 

1. In the right-angled plane triangle abc, 
n . fZ.A=39°l0' j Tac= 
Glven j Perp. bc=407-37 Ans ' { ab = 

Required the hypothenuse and the base. 

2. In the right-angled plane triangle abc, 

r-;™„ f Z. a =56° 48' . f ac =98-00 

Glven i Perp. bc=82 An *' [ ab=5366 

Required the hypothenuse and the base. 

(125) Case IV. Given the hypothenuse and base, to find the 
angles and the perpendicular. 
q. f The hypothenuse ac=480 f Required the angles a 
uiven | The bage ^ = 288 \ and c, and the perp. bc 

BY CONSTRUCTION. 

Draw the base ab equal to 288 from a scale 
of equal parts, at b erect the perpendicular bc 
(61); with the distance ac= 480, taken from 
a scale of equal parts, cross bc in the point c 
Then bc measured by a scale of equal parts 
will be 384, and the angles a and c measured 
by a scale of chords (64) will be 53° 8' and 
36° 52' 

BY calculation. 

I. The hypothenuse radius, bc will be the sine of the angle 
a, and ab the cosine thereof. 




To find the angle A. 

hypoth. acs 480 • 2*68124 

radius - - 10*00000 

: base ab= 288 - 2*45939 

oosa«5S°8' - 9*77815 



To find the perpend, bc. 
radius - - 10*00000 

: hypoth. ac = 480 - 2*68124 

: : sin a = 53° 8' - 9*90311 

: perpend. bc-384 - 2*58435 



II. The base radius, bc will be the tangent of a, and ac the 
secant thereof. 



To find the angle a. 


To find bc. 




base ab« 288 - 2*45939 


radius 


1000000 


: radius - - 10*00000 


: base ab= 288 - 


2*45939 


: : hypoth. ac«480 . 268124 


: : tan a-=53°8 / 


1012499 


: see a -53° 8' - - 10*22185 


: perpend. bc=s384 


2*58438 
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Note. The side bc may be found (47 by Euclid I.) thus, 

</AC 2 — AB 2 =BC = 384. 

(126) From the examples hitherto given, it appears that 
when we want to find a side, the proportions being with a given 
angle ; and in the first three cases all the angles are given : 
therefore any side may be considered as the radius of a circle. 
But when we want to find an angle, the proportions begin 
with a given side ; and as only two sides are given at onCe, it 
follows that these two g wen sides only can be considered as 
the radii of circles. 

BY OUNTER'S SCALE. 

1. Extend the compasses from the hypothenuse 480 to the 
base 288 on the line of numbers, that extent will reach from 
90° to 36° 52^ on the line of sines, the complement of the 
angle a. 

2. Extend the compasses from 90° to 53° 8' on the line of 
sines, that extent will reach from the hypothenuse 480 to bc 
the perpendicular 384. 

PRACTICAL EXAMPLES. 

1. In the right-angled plane triangle abc, 

Given /Hypolh.AC=645 . j^l^Z^l™, 

Ulven 1 Baae ab=50008 Afc | ^" JJyJjf 

Required the angles and the perpendicular. 

2. In the right-angled plane triangle abc, 

Required the angles and the perpendicular. 

(127) Case V. Given the hypothenuse and perpendicular^ to 
find the angles and the base. 

p. f The hypothenuse ac=480 1 Required the angles a 
lven ^ ^ e perpendicular bc =384 J and c, and the base ab. 

BY CONSTRUCTION. 

Draw the base ab of an indefinite length, at 
b erect the perpendicular bc (61) which make 
equal to 384 by a scale of equal parts ; take ac 
=480 from the same scale, with this extent in 
your compasses and centre c cross the base ab in 
a. Then ab measured by a scale of equal parts, 
will be 288, and the angles a and c measured by 
a scale of chords (64) will be 53° 8', and 36° 52 / . 

E 
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BY CALCULATION. 



I. The hypothenuse radius, bc will be the sine of the angle 
A, and ab the cosine thereof. 



To find the angle a. 
hypoth. AC- 480 - 2*68124 

: radius - - 10*00000 

: : perpend. bc = 384 - 2*58433 

t iin a -53° 8' - - 9*90309 



To find the base ab. 

radios - - 10-00000 

hypoth. ac = 480 - 2*68124 

: cos a*-53° 8' - 9*77812 

base ab— 288 - - 2*45936 



II. The perpendicular bc radius, ab will be the tangent of 
c, or the cotangent of a, and ac will be the secant of c or co- 
secant of A. 



To find the angle a. 

perpend. bc»384 - 2*58433 

radius - - 10*00000 

: hypoth. ac«480 - 2*68124 

cosecA-53°8 / - - 10*09691 



To find the base ab. 
radius - - 10*00000 

: perpend. bc = 384 - 2*58433 

J: : cot a = 53° 8' - 9*87501 

: base AB« 288 - - 2*45934 



Or ab may be found thus, ^/ac 2 — bc 2 =ab=288. 

BY GUNTER's SCALE. 

1. Extend the compasses from the hypothenuse 480 to the 
perpendicular 884 on the line of numbers, that extent will 
reach from 90° to 53° 8' on the line of sines. 

2. Extend the compasses from 90° to 36° 52', the comple- 
ment of a, on the line of sines, that extent will reach from 480 
to 288 on the line of numbers* 

PRACTICAL EXAMPLES. 

1. In the right-angled plane triangle abc, 

rxj «l hak f , £A=39M0' 

Required the angles and the base. 

2. In the right-angled plane triangle abc, 

ru . ~ Q fZ.A=56°48' 

Given ( ?yP° th ' * C= =L 8 Arts. \ L c=33° 12' 

lPerpen.BC-«2 | AB =53'66. 

Required the angles and the base. 



(128) Case VI. Given the base and perpendicular, to find 
the angles and the hypothenuse. 

p . f The base ab =288 1 Required the angles a and c, 
\ The perpend, bc =384 J and hypothenuse ac 
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BY CONSTRUCTION. 

Make the base ab equal to 288 by a scale of 
equal parts, at b erect the perpendicular bc, 
which make equal to 984 from the same scale ; 
join ac. Then Ac measured by a scale of equal 
parts will be 480, and the angles a and c mea- 
sured by a scale of chords (64) will be 53° 8 / 
and 36° W. 

BY CALCULATION. 

h The base radius, bc will be the tangent of the angle a, 
and ac will be the secant thereof. 




To find the angle a. 

base ab= 288 - 2*45939 

radius - - 10-00000 

: perpeod. bc-384 - 2*58433 

taa a«53° 8' - 1C12494 



To find the hypoth. ac. 
radius - • 10-00000 

: base a»— 288 - 2-45939 

: : see a— 53° &' - 10-22188 

: hypoth. AC -480 - 2*68127 



II. The perpendicular radius, ab will be the tangent of c, 
or the cotangent of a; and ac will be the secant of c, or the 
cosecant of a. 



To find the angle a. 

perp. BC=384 - - 2-58433 

radius - - 10*00000 

: base abs 288 - 2*45939 



cot a«53° 8' 



To find the hypoth. ac. 
radius - - 10*00000 

: perpend, ac — 384 - 2*58433 

A«53° 8' - 10*09689 

2*68122 



9*87506 1*, hypoth. ac-480 



Or ac may be found thus, a/ab 2 +bc* =ac=480. 

BY GUTTER'S SCALE. 

1. Extend the compasses from 384 to 288 on the line of 
numbers, that extent will reach from 45° to 53° 8 / on the line 
of tangents. 

2. Extend the compasses from 53° 8' to 90° on the line of 
sines, that extent will reach from 384 to 480 on the line of 
numbers. 

PRACTICAL EXAMPLES. 

1. In the right-angled plane triangle abc, 

„. f Base ab =500*08 A f^" A= ??oJ^ 

Glven { Perp. bc=407-37 ^ { ^=J£ W 

Required the angles and the hypothenuse. 

2. In the right-angled plane triangle abc, 

ro *o** fZ-A=56°48' 

Required the angles and the hypothenuse. 

e 2 



33° 

98 
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SCHOLIUM. 

(129) Plane sailing in navigation is 
nothing more than the practice of right- 
angled trigonometry; calling the hypo- 
thenuse the distance sailed, the perpen- 
dicular the difference of latitude, the base , 
the departure, and the angle opposite to 
the base the course. 

In the annexed figure, wesn repre- 
sents the horizon of the place c, whence 
the ship sails ; ca the point of the com- 
pass or rhumb she sails on, and a the place sailed to. Then 
we represents the parallel of latitude sailed from, and aa the 
parallel of latitude arrived at. Hence bc becomes the dif- 
ference of latitude, ab the departure, ca the distance sailed,* 
the angle acb the course, and the angle bac the complement 
of the course. And this will always be the case whether the 
ship sails between the north and west, viz. between n and w ; 
the north and east, viz. between n and e ; the south and 
west, viz. between s and w ; or south and east, viz. between 
s and e. 

(130) The practice of Mercator's sailing is 
only the application of right-angled trigono- 
metry, and similar triangles (109). What is 
called the difference of latitude in plane sail- 
ing, is here called the proper difference of lati- 
tude, to distinguish it from the line cd, which A/ 
is called the meridional difference of latitude. £ i 
The part bd, by which cb is enlarged, is found 
by help of a table of meridional parts ; being the sum or dif- 
ference of the meridional parts answering to the latitude 
sailed from and bound to, according as they are on different 
sides or on the same side of the equator, ed is the difference 
of longitude. 

II. practical rules for solving all the cases of oblique 

TRIANGLES, WITH THEIR APPLICATION BY LOGARITHMS. 

(131) I. When two of the three * given parts are a side and 
its opposite angle. 

Any one side of a triangle 

Is to the sine of its opposite angle, 

* In every plane triangle there must be three parts given, to find the rest ; and 
of these three given parts, one, at least, must be a side, because the same angles 
are common to an infinite number of triangles. 




Digitized by 



Google 



Chap. II. plane trigonometry. 53 

As any other side 
Is to die sine of its opposite angle* 
And, The sine of any angle 
Is to its opposite side, 
As the sine of any other angle 
Is to its opposite side. (1 14.) 

(132) Anangle found by this rule is sometimes ambiguous, for 
trigonometry gives us only the sine of an angle, and not the 
angle itself, and the sine of every angle is also the sine of its 
supplement. The table gives only the acute value of an angle ; 
the obtuse value is the supplement thereof. 

When the given side, opposite to the given angle, is greater 
than the other given side, men the angle opposite to that other 
given side is always acute. But when the given side opposite 
to the given angle, is less than the other given side, then the 
angle opposite that other given side may be either acute or 
obtuse, and consequently it is ambiguous. 

(133) II. When two sides and the angle contained between 
them are given.* 

The sum of the two given sides 
Is to their difference, 

As the cotangent of half the contained angle 

Is to the tangent of half the difference between the 

other two angles. 

This half difference added to the complement of half the 

contained angle, gives the angle opposite to the greater side ; 

and being subtracted, leaves the angle opposite to the less side, 

OR, 

The sum of the two given sides 

Is to their difference, 

As the tangent of half the supplement of the contained 

angle 
Is to the tangent of half the difference between the other 
two angles. 
This half difference, added to the half supplement, gives 
the angle opposite to the greater side ; and being subtracted, 
leaves the angle opposite to the less side. (115.) 

The remaining side of the triangle may be found by Rule L 



• If the two given sides be equal to each other, the triangle is isosceles, and 
each of the remaining angles will *be equal to half the supplement of the given 
angle. If the given angle be 90°, the required parts may be found by Case VI* 
of right-angled triangles. 

E 3 
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(134) III. When the three sides of a triangle are given, to 
find the angles.* 

Double the base, or longest side, 
Is to the sum of the other two sides, 
As the difference between those two sides 
Is to the distance of a perpendicular from the middle of 
the base. 
This distance added to half the base gives the greater seg- 
ment, and being subtracted therefrom, leaves the less segment 
(11&) 

The triangle being thus divided into two right-angled tri- 
angles, each of which contains two given sides, the remaining 
angles may be found by Rule I. 

OR, 

From half the sum of the three sides of any plane triangle, 
subtract the side opposite to the angle sought, and note the 
half sum and the remainder. Then, to the logarithm of the 
half sum, add the logarithm of the remainder, and increase 
the index of the sum by 20 ; from the sum thus increased, 
subtract the sum of the logarithms of the two sides containing 
the required angle, the remainder, divided by two, will give 
the log cosine of half the angle required. (117.) 

The remaining angles may either of them be found by 
Rulel. 

OR, 

From half the sum of the three sides of any plane triangle 
subtract each of the sides containing the angle sought, and 
note the two remainders. 

Then, add the logarithms of these two remainders together, 
and increase the index of their sum by 20 ; also, from half the 
sum of the three sides, subtract the side opposite to the angle 
required, and add the logarithm of the half sum to the loga- 
rithm of the remainder ; the difference between these logarith- 
mic sums divided by 2, will give the log tangent f of half the 
angle sought. (118.) 

Either of the remaining angles may be found by Rule I. 

* If the triangle be equilateral, each of its angles will be 6tf* ; if it be Isosceles, 
the perpendicular will bisect the base, and the angles may be found by Case I V# 
of right-angled triangles. 

f If an angle be near 90°, or if it be a very small angle, it ought to be deter- 
mined by A rale which produces a tangent or a cotangent. For the sines of ares 
near 90° vary by almost imperceptible increments ; and the cosines of very small 
arcs, or those near 180°, vary by decrements which are not easily assigned. To 
illustrate these observations by an example * suppose that in working any problem, 
by a table calculated to seconds, and carried to 7 places of decimals, the result of 
the operation should produce 9*9999998 a sine or cosine. By the t a bl es this la 
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(135) Case I. Given the angles and one tide €jfa ttiafigle % to 
find the rest. 



[The side ab= 98 



j 




BY CONSTRUCTION. 

Make ab equal to 98 by a scale of 
equal parts, draw bc making the 
angle b equal to 114° 24' (68) ; also 
make the angle a equal to 32° 15', 
draw ac meeting bc in a Then AC 
measured by the same scale of equal 
parts is 162, and bc 95. 

by calculation. See Buk I. 

To the angle a=32° 15' add the angle b=114° 24', th* 
sum is 146° 39', which subtract from 180° leaves the angle 
c=33° 21'. 

To find ac. H To And bc. 

one = 33° 21' - 9*74017 

:ab=*98 - - 1-99123 

• : sin b= 1 14° 24' - 9*95937 

side ac = 162-34 - 2-21043 



sin c-SS° 21' 


9*74017 


: abb98 


1-99123 


: : sin AfcxS2°15' 


9-727BS 


: side bc» 95*1 2 


1 -97829 



BY GCJNTER'S SCALE. 

1. Extend the compasses from 33° 21' to 65° 36* the sup- 
plement of b, on the sines, that extent will reach from 98 to 
162 on the line of numbers, 

2. Extend the compasses from 33° 21' to 32° 15' on the 
line of sines, that extent will reach from 98 to 95 on the line 
of numbers. 

PRACTICAL EXAMPLES. 

1. In the plane triangle abc, 

it a =27° 59' 
£b=44°12' Am. 

ac =104 
Required the other parts. 



{AB = 
BC = 



=14202 
69-99 
107° 4y 



the sine of any are between 89° 56' 1 9", and 89° 57' 8" ; or the cosine of any a*B 
between 2' 52" and 8' 41" ; here is therefore a ehoioe of 49" or arcs, and no rear 
son can be given why one should be preferred to another : but the logarkhmie 
differences between the tangents and cotangents are never so small as to leave any 
doubt respecting the accuracy of the result, the smallest difference far 1" bcmg 
42, at which time the are is 45°. ' 

£ 4 
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! ac =103* 
ab= 91* 
Z.c=46 c 



•36 

■87 
° 15' 



2. In the plane triangle abc, 

{L a =79° 23' 
Z.b=54°22' 
bc=125 
Required the other parts. 
(136) Case II. Given two sides and an angle opposite to one 
of them, to find the rest 



Given \ 



[The side bc=95-12 



i 



BY CONSTRUCTION. 

Make bc=95*12 by a scale of ^\ 
equal parts, draw ca making the #''" 
angle c=33° 21' (63). With the 
side ab in your compasses, taken 
from the same scale of equal parts, 
and b as a centre, describe the arc 
aa cutting ac in the point a. Then 
ac measured by the scale of equal 
parts will be 162, and the angles a 
and b measured by a scale of chords (64) will be 32° 15' 
and 114° 24'. 

Here agreeably to the observation (132) the angle a is 
acute and not ambiguous ; but had ab been less than bc, the 
arc aa would evidently have cutAc in two points on the same 
side of bc 




by calculation. See Rule L 



AB-98 


. 


1-99123 


sin c= 33° 21' 


: sin c«S3° 21' 


. 


9«74017 


: ab=98 


: : bc = 95-12 




1 -97827 


: : sin b=114°24' 


: sin a=32°15' 


. 


9-72721 


: side ac= 162-34 


hence /b= 114° 24' 










BY 


GUNTE 


r's SCALE. 



9-74017 
1-99123 
^9*95937 
2-21043 



1. Extend the compasses from 98 to 95 on the line of 
numbers, that extent will reach from 33° 21' to 32° 15' on the 
line of sines. 

2. Add the angles a=32° 15' and c=33° 21' together, 
and the sum will be 65° 36'; then extend the compasses from 
33° 21' to 65° 36' on the line of sines, that extent will reach 
from 98 to 162*3 on the line of numbers. 

Given { The dtnZmiV' \ ^ uired * e «»&» A ««* 
I The side ab=60 J B "* ** Slde A& 



Digitized by 



Google 



Chap. II. 



PLANE TRIGONOMETRY. 



57 



BY CONSTRUCTION. 

This construction is exactly the same 
as in the preceding example ; only ab, 
being shorter than bc, cuts ac in two 
points on the same side of bc, hence 
the angle a may be either acute or 
obtuse* 




by calculation. See Rule L 



AB«60 

;:bc = 95-12 
. rf« . J" 00° 38' acute \ 
.an a \^ us p2robtuMj m 
The sum of the angles c and a sub- 
tracted from 180° leaves the angle 
b=86° I', if a be acute; or 27° 17' 
if a be obtuse. 



1-77815 
9'74017 
1-97827 

9*94029 



sin c-83° 21' 
: ab«=60 
: : sin b=86° 1' 
: ac « 108-87 

sine* 33° 21' 
: ab = 60 
: : sin b*i27° 17' 
: ac = 50*03 



OR, 



9-74017 
1*77815 
9*99895 
2*03693 

9*74017 
1 -77815 
9*66124 
1 -69922 



practical examples. 
1. In the plane triangle abc, 



{ac =104 
bc=70 
Z.b=44° 12' 
Required the other parts. 

2. In the plane triangle abc, 



{Aa= 27° 
Z.c = 107° 
ab = 14205 



59' 
49' 



{AC = 1< 
AB=1 
Z.B = 



= 104 
142-02 
44°12' 



Ans. 



Required the other parts. 



02 



Z.A=63°37'or27°59' 
Z.c=72 ]l'orl07°49' 
bc = 133*63 or 69-99 

ambiguous. 



3. A man travels from a to b, 3*7 miles, then turning a little 
to the left hand goes from b to c, which is 4*7 miles : at c he 
observes that a and b make an angle of 29° 16'. What is the 
distance from a by the shortest cut ? 

Answer. The side ab, opposite the given angle c, being 
greater than bc, the triangle belongs to the ambiguous case : 
and ac is either 7 or 2 miles. 

(137) Case III. Given two sides and the angle contained be- 
tween them, to find the rest. 

f ™ e side AB = 98 . 1 Required the angles a and 



Given \ The side bc=95*12 



'I 



TheangleB = lJ4°24'J 



, I c, and the side ac. 
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BY CONS* RUCTION 

Make ab=98 by a scale of equal 
parts, and the angle b=114° 24' by a 
scale of chords (63) ; draw bc, which 
make equal to 95*12, and abc is the 
triangle required. The angles a and 
c will measure 32° 15' and 33° 21', 
and ac will be 162. 




AB+BC« 193-12 
: ab— bc—2-88 

: cot } Bs 
: tan J (c — *)« 
oomp. ^ b 



BY CALCULATION. 
To find the angles. 



See Bide II. 



57° 12' 

C*S3' 

32° 48' 



2*28583 

- 0*45939 

- 9*80919 

- 7*98275 



sum 33° 21'- 
difif. 32° 15' * 



Zc 



Or thus, 
ab + bc=193*12 
AB— bc=2-88 



2*28583 
- 0*45939 



: : tan \ supp. b«32° 48' - 9*80919 
:tanJ(c-A)« 0° 33' - 7*98275 



sin c=33° 21' 
: ab-98 

: : sin b= 114° 24' 
: ACs 162*34 



/a 
7b find the tide ac. 



sum 33° 21'= i c 
diff. 32° 15'= L A 



9*74017 
1*99123 
9*95937 
2*21043 



BY GUNTER'S SCALE. 

1. Extend the compasses from 193*12 to 2*88 on the line ot 
numbers, that extent will reach from 32° 48' to 0° 33' on the 
line of tangents. This is the method of working such exam- 
ples as this; but so small an angle as 33' is not contained on 
the scale. 

2. Extend from 33° 21' to 65° 36' on the line of sines, that 
extent will reach from 98 to 162 on the line of numbers. 



PRACTICAL EXAMPLES* 

1. In the plane triangle abc, 



!ab=345 
ac =1 74*07 Am. 

Z.A=37°20' 
Required the other parts. 

2. In the plane triangle abc, 

!ab=103 
ac = 126 Am. 

ZLA=56°30' 
Required the other parts. 



fZ.B = 

(.bc=2 



=27° 4' 
116° a 
232 




W 
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(138) Case IV. Given the three sides, to find the angles. 

f The side ab =98 1 . , . , 

Given J The side bc=95-12 l*^* 1 &* ^g 1 ^ * *> 



I The side ac= 162-34 J 



and c 



BY CONSTRUCTION. 

Draw the longest side ac = 
162*34 from a scale of equal parts; 
with ab=98 in your compasses 
(taken from the same scale) and 
one foot in a describe an arc ; with 
bc=95*12 in your compasses cross 
it in b ; then abc is the triangle required The angles measured 
by a scale of chords (64) will be a=32° 15', b=114° 24', 
and c=33° 21'. 




by calculation. See Ride III. 

Let e be the middle of the base ac, and bb perpendicular 

to AC. 

2b find the segments ad and ac of the bate. 

double ac =.324 -6S - - - 2-51145 

: ab+bc- 193*12 ... . 2*28583 

: : ab-bc=2'88 - - - 045939 

: ed« 1-713 - - 0-23377 

Then \ ac + ed=81-17 + 1 -71 3 ~ 82-883=* ad the greater segment, and £ ac — 
id=8117-1-713«79-457=idc the less segment 



To find the angles in the right-angled triangles abb and cdb. 



as =98 

: radius, sine 90° 
: : ads 82 -883 - 
: rinDBA=57°45 / 
or cos dabs 32° 15' 



-} 



1-99123 bc = 95-12 
10-00000 : radius, sine 90° 
1-91847 || : : cd= 79 457 

; sin dbcs 56° 39' 
(or cos dcb=33° 21 



9-92724 



tl'J 



1 -97827 

10-00000 

1-90013 

9-92186 



Then dba + dbc=57° 45' + 56° S^-IM 24'«abc. 



oa thus, 

Kac+ab + bc) -17773 log. = 2-249761 ~ 

|(ac+ab + bc)-.bc- 82-61 log. « 1-91703/ "m+W-M 16679 

ab« 98- log. -1 -991231 mm A +i*** 

AC-162S4loi.-2-2104Sj 8Um = 4 *° 166 



JZA-16° r 90". 

2 



2)19*96513 
) 9*98257 



ZA~82°15' 0" 
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OK THO* 

J(ac + ab + bc)-ac- 15-39 log - 1 -1 8724 1 nim . ao.oqnQsw! 
| (ac + ab + bc)-ab- 797S log- 1 -90162 J'™^" 23 ' 08886 
I(ac + ab + bc) -177-73 log«2-24976l im 4 , 1M . 

I(ac + ab + bc)-bc-. 8261 loi-l-9170Sj 8Um "" 416679 

2)18*92207 



JZA-16° V 27" tan 9-46104 

2 



32° 14' 54" 



The remaining angle* may be found by Rule L 

by gunter's scale, according to the first method. 

1. Extend the compasses from 324*68 to 193*12 on the line 
of numbers, that extent will reach from 2*88 to 1*713 the dis- 
tance of a perpendicular from the middle of the base. 

2. Extend from 98 to 82*883 on the line of numbers, that 
extent will reach from 90° to 57° 45' on the line of sines. 

3. Extend from 95*12 to 79*457 on the line of numbers, that 
extent will reach from 90° to 56° 39' on the line of sines. 

by gunter's scale, according to the second method, 

1. Extend the compasses from half the sum of the three sides 
177*73 to one of the containing sides ab=98, that extent will 
reach from ac= 162*34 the other containing side, to a fourth 
number 89*5, on the line of numbers. 

2. Extend the compasses from this fourth number 89*5 to 
(the difference between the half sum of the three sides and the 
side opposite to the angles sought) 82*61 on the line of num- 
bers, that extent will reach from 90° on the line of sines to the 
required angle 32°, on the line of versed sines, immediately 
under the line of sines. 

This is derived from the proportions in the investigation of 
Gunter's Rule (46 and note). 

practical examples. 

1. In the plane triangle abc, 

{ab = 142*02 f L a = 27° 59 / 

bc=70 Ans.\ Z.b= 44° IV 

ac=104 L^c=107°49' 
Required the angles. 

2. In the plane triangle abc, 

{ab = 112*65 f£A=57 27' 

bc = 112 Ans.\ Zb=64°34' 

ac=120 I Lc = 57° 59' 
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SCHOLIUM. 



(139) There are some authors and teachers of trigonometry, 
who make no distinction of cases between right and oblique- 
angled triangles, but divide the whole into three cases ; be- 
cause the three rules necessary for solving the problems that 
occur in oblique trigonometry, are sufficient for solving those 
which occur in right-angled trigonometry. For instance, 
Rule I. (131) will solve all the cases in right-angled triangles 
(except the 6th), and the first and second cases in oblique- 
angled triangles: Rule II. (133) will solve the 6th case in 
right-angled triangles and the 3d case in oblique; and 
Rule III. (134) will solve the last case in oblique triangles. 



CHAP. III. 

THE APPLICATION OF PLANE TRIGONOMETRY TO THE 
MENSURATION OF HEIGHTS, DISTANCES, ETC. 

(140) The mensuration of heights and distances depends 
upon the rules of plane trigonometry already explained, toge- 
ther with the use of certain instruments for taking angles. 

(141) Horizontal and vertical angles are usually measured 
with a theodolite furnished with one or two telescopes, and a 
vertical arc ; and if the horizontal and vertical arcs of the in- 
strument be described with a radius of not less than 3 J inches, 
the observed angles may be measured to half a minute, or the 
120th part of a degree. 

(142) Angles which are oblique to the horizon are generally 
taken with a sextant, which must be held in such a position, 
that its plane may coincide with the two objects and the eye. 
When vertical angles are taken with this instrument, an arti- 
ficial horizon must be used, and the reflected image of the 
object from the glasses of the sextant must be brought to 
coincide with the reflected image of the same object in the 
artificial horizon. 

(143) Base lines are generally measured with rods, or the 
four pole Gunter's chain ; but conimon tape of 50 or 100 feet 
in length is often preferred both for accuracy and expedition : 
especially if it be kept dry, and the ground be tolerably level. 

(144) The use of instruments must be acquired under the 
direction of a person well skilled in their several adjustments, 
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as but little information can be obtained from written descrip- 
tion *, and even the most expert observer will find it necessary, 
in several cases, to apply corrections to the different angles 
according to the situations of the objects. See Chapter IV. 




.* 



K ft" 



(V\ 



H 



smZACBxs 56? 28' 


9-92052 


: ab = 500 


2*69897 


: : sin Z cab =74° 14' 


9-98334 


: bc = 577*8 


2-76179 



EXAMPLE I. 

Being on one side of a 
river, and wanting to know 
the distance of a fort, or 
other object, on the other 
side, suppose I measured 500 
yards along the side of tiie 
river in a straight line ab 
and found the two angles 
between this line and the 
object to be cab = 74° 14/ 
andcBA=49°23'. Required 
the distance between each 
station and the object. 

Zacb=180P— z(cab + cba) *=56°28' 
sin / acb = 56° 23' - 9-92052 

: ab = 500 - - 2-69897 

: : sin I Cba-c49° 23' - 9*88029 

; ac =455 -8 - - 2 -65874 

(145) Or, produce ab till Ba be equal to it, and cb till the 
angle a be equal to the angle a ; then will the distances bc and 
ac be equal to the distances bc and ac. 

(146) Or, without any instrument to measure an angle, the 
distances ac and bc may be found. Make af of any length in 
a line with ac, and bg in a line with bc ; measure af, ab, bg, 
fb, and ag ; then the three sides of the triangles baf and abg 
will be given, with which the angles baf and abg may be found; 
their supplements will give the angles cab and cba, and hence 
the distances ac and bc may be found as in the example. 

(147) The perpendicular distance dc maybe readily deter- 
mined, for having found bc, the angle b and bc will be given ; 
or find ac, then ac and the angle a will be given to find dc. 

The perpendicular distance dc may be found without any 
instrument for taking angles. With a cross-staff fixed at d 
observe the object at c, and set up a staff in a line with it at e, 
and another at b at right angles to ce, move the cross-staff from 

* Copper-plates, well executed, of theodolites, sextants, quadrants, and other 
instruments for taking angles, are given in Adams's Geometrical and Graphical 
Essay, edited and published by Mr. Wm. Jones, mathematical instrument maker 
in Holborn, London. 
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DtoE, and set up a pole or staff at h perpendicular to EC. 
Measure the distances db, de, and also eg in the direction eh, 
io that «, b, and c make one straight line. Then 

eo-db : de : : eg : ec from which take be. 
Or, eg— db : de : : db : dc 
The four following examples are referred to the foregoing 
figure, and serve to exercise the above observations. 

example II. 

An engineer wanted to know the breadth of a river (over 
which the general intended to pass the whole army), in order 
to determine how many pontoons of five feet broad and six feet 
asunder he should have occasion to make use of. Perceiving 
an object (c) on the opposite bank of the river close to the edge 
of die water, he measured 144 paces or 360 feet along the edge 
of the river (as ab). The angle at a between the object and 
the base line was 83° 57', and at b it was 80° 32'; required the 
peipe»diaiiar breadth (dc) of the river, and the number of 
pontoons sufficient to form a passage for the troops. 

Answer. The perpendicular breadth of the river is 528 paces 
or 1320 feet, a military pace being 2£ feet; and 120 pontoons 
will answer the purpose. 

example III. 

Two ships of war intending to cannonade a fort at c, sepa- 
rated from each other 500 yards, and coming as near to the 
shore as possible without being in danger of running aground, 
the officers in each ship observe the angles formed between the 
other ship and the fort, and find them, viz. a=38° 16', and 
B=37° 9*. Are the ships at a proper distance for commencing 
, a cannonade, the most convenient distance being about 300 
yards? 

Answer, a is 312 yards from the fort, and b 320. 

example IV. 

Wanting to know my distance from an object at c, I mea- 
sured from e to d in a line with the object 29 poles, from d X 
measured db at right angles to ed =43 poles, and coining to e 
I measured eg in the direction eh =54 poles, what is my dis- 
tance dc from the object ? 

Answer. 113^- poles. 

EXAMPLE V. 

Wanting to know the distance of two objects a and b (which 
are 500 yards from each other) from a tower at c on the op- 
posite side of a river, and, having no other instrument than a 
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chain of 22 yards long, I measured af ins straight Kneiwitbr 
ac, and found it to be 300 yards long. I likewise jnfiafttuftd 
fb and found it to be 649*2 yards, 1 then measured bokcGBO 
yards and ag =1000 yards, required the distances ac and bc 
Answer, ac =456*8 yards, and BC=578n&» 



EXAMPLE ¥1. 

Suppose I wanted to know the distance between two places 
a and b, accessible at both ends of k 
the line ab, and that I measured 
ac=735 yards, and bc=840, also 
the angle acb=55° 40'. What is \iy^ 

the distance between a and b ? \r 

bc + ac-1575 - - 3*19798 






BC— AC—105 - 



: : tan J supp c-6«° lC 

itM)Ji(A-C) 7° 11' 



48" 



• 2-02119 

- 10-27738 

- 9-10129 



I a » 69° 21' 48" 



Zi- 54° 58' 12" 
rinZB-54°58'12" 
ac -735 
i da l c-55°40 / 

AB-741 




(148) If the lines ac and bc be produced till dc be equal to 
cb and EC to ac, then will the distance de be equal to the 
distance ab without calculation. 



EXAMPLE VII. 



Wanting to know the angle acb formed by two walls ac 
and bc, I measured oc=840 yards, ec=735 yards, and de = 
741 yards : hence the angle acb=dce is required. 

Answer, acb =55° 39*. 



example viii. 

Suppose acb to represent the flanked angle of a bastion, 
(which of course will be inaccessible on account of the coveri- 
way, ditch, &c), and it is required to determine the measure 
of that angle. 

Place a pole at d, in the direction of the face bc <of the bast- 
lion (out of the reach of musket shot). With a cross-staff at d 
direct a person to set up another pole at F perpendicular to Da 
Measure df=875 paces or 937| feet, make fk perpendicular 
to df, and set up another pole at h in the direction of the fece 
ac of the bastion. Prolong ch, and measure* the three sides 
of the triangle ghi ; suppose oh= 10 yards, gi=12/ 7 yards, 
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and Hi =10 yards, then will the angle ghi be equal to the 
flanked angle acb. Required this angle. 

Answer. The angle acb =74° 36', tne proper flanked angle 
of a regular pentagon. 

(149) In the same manner (except measuring the triangle 
ghi,) we may draw a line kf, parallel to the inaccessible face 
bc of the bastion, in order to place a battery at k, to produce 
the greatest effect; viz. at about 375 paces distance, and that 
the direction of the fire may be nearly perpendicular to £ of 
the face bc. 

example IX. 

Wanting to know the distance of an object at 
d, from two others, a and b, and also the dis~( 
tance between a and b, I set up a pole at c, in 
a right line with ab, at c the angle acd was 
57° C; I then measured cd =784*8 yards, and 
at d .the angles cda and adb were 14° 7 and 
41° 3C. Required the several distances above 
mentioned. 

Answer. ad=696*1, db=712'4, and ab=499*3 yards. 

EXAMPLE X. 

Wanting to know the distance be- 
tween a church at a and an obelisk 
at b; both objects could only be seen 
from a particular place, as n ; at d 
I took the angles abc=89°, adb = 
72° 3C, and bde=54° 3(K; I then 
measured de=200 yards, and at e I 
took the angle bed =88° 3C; and, 
lastly, I measured DC— 200 yards, 
and at c took the angle dca=50° 30 / . 
Required the distance ab. 

Answer. ad=237-63, db=332*22, and ab =345-5 yards. 
example XI. 

I wanted to know the distance 
between two places, a and b, but 
could not meet with any station 
from which I could see both ob- 
jects. I measured a line cd=200 
yards; from c the object A was 
visible, and from d the object b 
was visible, at each of which places 
I set up a pole. I also measured 
fc=200 yards, and de=200 

f 
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yards, and at f and e set up poles.— I then took the angle afc 
=83% acf=54° 31', acd=53° 30*, bdc = 156°25', bde= 
54° 30', and bed=88° 30 7 . Required the distance ab. 

Answer, db =332*22, ad =23763, ac =293-92; the angle 
adc=83° 55', consequently adb=72° W, hence ab=345*5. 

EXAMPLE XII. 

Wanting to know the dis- 
tance between two inaccessible 
objects a and b, I measured a £ 
base line cd=300 yards; at c ajjj 
the angle bcd was 58° 20 7 , 
and acb 37° ; at d the angle 
cda was 53° 30*, and adb 
45° 15'. Required the dis- 
tance AB. 

Answer. First find ca = 
465*98 by Example i. and also 
cb=761*47 ; and then find ab 
=479*8 yards by Example vi. 

example xm. 

Suppose the base line in the foregoing example had beett 
908*36 feet, the angle acb=14° 34', and acd=60° 5W; also 
the angle adc=96° 44', and bdc=1 15° 23' ; what would have 
been the distance ab in this case? 

Answer. 674*65 feet. 




EXAMPLE XIV. 

Wanting to pro- 
long the inaccessi- 
ble nne cd, in order 
to place a mortar 
battery behind the 
obstacle e in the 
direction of cd, I 
measured a base 
line ab = 414*2 

yards, at a I took , 

the angles cad=49° 13', cab=123° 45', and the angle cae = 
100°, having first set up a pole at e behind the obstacle. At 
b, I took the angles dbc=33° 45', and dba=67° 30'. Hence 
it is required to find the angle aef, which will determine thfe 
position of ef with respect to cd 
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Answer. Exactly in the same manner as in the two pre- 
ceding examples, find ac=601 # 3, ad=622, and the angle 
acd=67° 3C, then acd + cae=aef = 167° 3CK; if, therefore, 
the angle aef be made =167° SO*, the point f will be deter- 
mined in the same line with cd. The distances cd or ce are 
easily calculated if necessary. 

EXAMPLE XV. 

From a station at d I perceived three objects, a, b, c, whose 
distances from each other I knew to be as follows, ab=12 
miles, bc=7£ miles, and AC =8 miles: at d I took the angles 
cdb=25°, and adc=19°. Hence it is required to find my 
distance from the objects. 

CONSTRUCTION. 

Make a triangle abc, whose three 
sides are 12, 7f, and 8 (138), viz. 
make abz=12, bc=7}, and ac = 8. 
At b make the angle eba=ade = 
19°, and at a make the angle eab = 
bde=25°; draw ae and be, and 
through the point of intersection e 
and the points a, b, describe a circle. 
From c through e draw ced, join 
bd and ad, then will ad, Cd, and bd 
be the distances required. From 
this construction it appears, that if the 
angles at the station d had been greater than the angles a and 
b of the triangle abc, the point e would have fallen beyond c, 
but this would not alter the manner of construction, neither 
would it materially affect the method of calculation. 

CALCULATION. 

1. In the triangle abc are given ab = 12, bc = 7 J, and ac == 8, 
to find the angle bac=35° 34' 38". 

2. In the triangle aeb are given all the angles, viz. eab= 
25°, eba = 19°, and aeb = 136°, and the side ab = 12, to find 
ae =5-624, and be =7*301. 

3. In the triangle cae we have given the side ac=8, ae = 
5-624, and the angle cae=bac— bae = 10° 34' 38", to find 
the angle aec = 146° 45' 7"; but because this is the exterior 
angle of the triangle ade, if we subtract the angle ade from 
it (=19°) we shall have the angle ead = 127° 45' 7", and if 
to this angle we add the angle cae = 10° 34' 38", we shall have 
the angle cad = 138° 19> 45". 

f 2 
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4. In the triangle dac all the angles are given, and the side 
ac to find ad and cd, viz. cad = 138° 19* 45", and adc= 
ade = 19°, the sum of these taken from 180° leaves acd= 
22° 40' 15", and ac=8. Hence ad =9-471 miles, and dc= 
16-337 miles. 

5. In the triangle deb the side be and all the angles are 
given. Because die opposite angles of every quadrilateral in- 
scribed in a circle are equal to two right angles, the supple- 
ment of ead = 127° 45' 7" gives the angle ebd =52° 14' 53", 
and the sum of ebd and edb subtracted from 180° leaves deb 
= 102° 45' 7", and be has been found=7-301 Hence db= 
16-85 miles. 

EXAMPLE XVI. 

Suppose three objects a, b, c, were seen from d, (and stood 
as per figure, Example xv.), and that their distances were, 
ab=12 furlongs, bc=9, and ac=6 furlongs. The angle bdc 
=33° 45' and adc=22° 3CK. It is required to determine the 
distances ad, dc, and db. 

Answer. This example is of the same kind as the 15th, and 
the distances may be found in a similar manner, ad =14-01 
dc =15-64, and db=10*65. 

EXAMPLE XVII. 

From a station d, I perceived three 
objects a, b, and c (situated as in the 
annexed figure), whose distances were as/ 
follows, ab=12 miles, ac=8 miles, and 
bc=7£ miles. At d I took the angles) 
cdb=25°, and adc=19°. Hence it is 
required to find my distance from the 
objects. 

CONSTRUCTION. 

This is constructed exactly as Example xv. except turning 
the vertex of the triangle acb towards the place of observa- 
tion D. 

CALCULATION. 

1. In the triangle abc are given ab= 12, bc = 7£, and ac=8, 
to find the angle bac=35° 34' 38". 

2. In the triangle aeb are given the angle eab=25°, eba = 
19°, and aeb = 136°, and the side ab=12, to find ae =5-624 
and be =7-301. 

3. In the triangle cae there are given ae= 5*624, ac = 8, 
and the angle eac=eab + bac =60° 34' 38", to find the angle 
ace =43° 5' 12"; if from this angle (being the exterior angle 
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of the triangle dca) we subtract the angle adc = 19°, the re- 
mainder 24° 5' 12" will be the angle dac. 

4. In the triangle acd there are given the side ac and all 
the angles, viz. ac=8, adc=19°, dac=24° 5' 12", and acd 
= 136° 54' 48", to find ad=16'786, and cd = 10-029. 

5. In the triangle ebd all the angles and the side eb are 
given, to find bd , viz. edb=cdb=25°, ebd=180°— ead — 
180°-dac+cae=95° 20' 10", and bed =59° 39 / 50", and 
eb =7-301. Hence bd = 14*91. 

example xviii. 

Suppose the three objects, a, b, c, were seen from d, (and stood 
as per figure to Example xvn.) and that their distances were 
ab= 106, ac=65£, and bc=53£. The angle bdc=13° 30', 
and adc =29° 50 7 . It is required to find the distances da, 
dc, and db. 

Answer. This example is of the same kind as the 17th, da 
=131-1, dc=107-4, and db=151-4. 

EXAMPLE XIX. 

From a station at d, I per- 
ceived three objects, a, b, c, 
(situated as in the annexed 
figure,) whose distances were as 
follows: ab = 12 miles, ac=8, 
and bc=7£. At d the angle 
adb was 17° 47' 19". Requir- 
ed the distances da, dc, andj^ 

DB. 

Answer. With the three given sides of the triangle abc find 
the angle cab =35° 34' 38", the supplement of this angle = 
bad = 144° 25' 22"; also cab— adb=17° 47' 19"=abd. 
Hence all the angles of the triangle adb are given, and one 
side ab, to find the remaining sides. 

Viz. ad=12, and bd =22*85; hence dc=20. 

example xx. 

Three objects, a, b, and c, whose dis- 
tances were ac=8, BC=7f, and ab= 
121 miles, were visible from one station t 
at d, from whence the angle adc was £U 
;9bssnved to be 107° 56' 13". Required 
the distances da, dc, and db. 

Answer. With the three sides of the triangle abc find the 
angle bac=35° 34' 38". Then in the triangle adc all the 

v 3 
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angles will be given, and the side ac, to find ad =5, and dc 
=4*892; hence db=7 miles. 




EXAMPLE XXI, 

Three objects, a, b, and c, in a 
straight line, whose distances were 
ac =3-626, ab = 12, and bc= 8*374 
miles, were visible from one station 
at d, from whence the angle adc 
was 19°, and bdc=25°. Required 
the distances da, dc, and db. 

CONSTRUCTION. 

The construction to this example is almost exactly the same 
as the construction to Example xv. 

CALCULATION. 

1. In the triangle eab are given the angle eab=25°, eba= 
19°, and consequently aeb = 136°, and the side ab = 12, to 
find ae =5*624, and be =7*301. 

2. In the triangle aec there are given ac= 3*626, ae= 5*624, 
and the contained angle eac=25°, to find the angles about c, 
viz. ace=dcb = 121° 45' 17", the supplement of which is acd 
=ecb=58° 14' 43". 

3. In the triangle acd, all the angles and the side Ac are 
given, to find ad =9*4704 miles, and dc = 10*863. 

4. In the triangle adb or dcb all the angles and two sides 
are given, to find db= 16*848 miles. 

example xxii. 

Three objects, a, b, and c, forming a 
triangle, were visible from one station 
at d within the triangle ; the angle adb 
was observed to be 123° 45', cdb = 
132° 22 / , and consequently adc = 
103° 53'; the distance ab was known 
to be 12 miles, bc=9, and ac=6 
miles; required the distance of each 
object from the station at d. 

CONSTRUCTION. 

Make a triangle whose three sides axe ab=12, bc=9, and 
ac=6. At b make the angle abe =the supplement of adc= 
76° 7'=ade, and at a make the angle bae= the supplement 
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of bdc =47° 38'=bde, through the intersection e of ae and 
be, and the points a, and b, describe a circle. Then da, dc, 
db, are the distances required. 



CALCULATION. 

1. In the' triangle aeb all the angles and one side are given, 
to find ae. Thus the angle abe=76° 7', and bae=47° 38'. 
by construction : hence aeb =56° 15', and ab = 12: hence ae 
= 1401. 

2. In the triangle abc all the sides are given : hence may 
be found the angle cab =46° 34' 4", this added to the angle 
bae gives cae =94° 12' 4". 

3. In the triangle cae are given ac =6, ae = 14*01, and the 
angle cae =94° 12' 4", to find the angle ace=63° 18' 12". 

4. In the triangle dac all the angles are given, viz. acd = 
63° 18' 12", adc =103° 53', and dac=12° 48' 48", and the 
side ac =6, to find ad =5*522 and dc = 1*371. 

5. In the triangle bdc, two sides bc and cd, and an angle 
bdc opposite to one of them are given, to find the side bd = 
8*02. 

SCHOLIUM. 

(150) Various other problems concerning distances might 
be formed, from the different situations which objects may be 
supposed to have, 
but they are only 
applications of the 
preceding examples. 
— For instance, the 
distances of the most 
remarkable places 
in a town, the dis- 
tances of several 
villages from each 
other, the plan of 
a camp, &c, may 
be taken from what 
has already been ex- 
plained. 

Let a, b, c, d, e, f, g, h, i, k, l, be several remarkable objects, 
whose situations are to be laid down in a map. Choose a 
convenient situation ab for a base line, from which you can 
see all the objects ; let this base line be as long as possible, in 
proportion to the most distant object. From the extremity a 

f 4 
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measure &e, fugles gab, j^, ***, sab, jab, hab, ft®, f fn>m 
b, measure the aj^gles gba, kba, iba, fba, eba, hba, &c. , Now 
it is evident from what has been, already ehowiv.tha* having 
the base ab given, and the several angles, it will be easy to* 
find the sides, or distances, ag, ai, as, &c. By Example i. 

(151) A country may be surveyed, and the distances of re- 
mote, objects may be obtained by means of a series of triangles. 
Thus, measure a base ab, and let c and d be two objects which 
can be seen from a and b. Measure 
the horizontal angles bac, bad, abc, 
abd, and calculate the distance dc, 
as in Example xn., and likewise 
the distances db, da, bc, ac. In 
like manner, if e and k be two ob- 
jects visible from c and d, the dis- 
tance ek may be found, and its 
position with respect to cd; and 
thus the measurement may be con- 
tinued to any distance. But, in ; 
order that the conclusion may be 
more accurate, the mensuration 
from one base to another may be 
carried on by different sets of tri- 
angles; for instance, two objects 

v and w might have been chosen instead of a and b, by means 
of which the distance ek might have been ascertained ; and, it 
is plain, that by taking several series of triangles which lead 
to the same two objects, the mean of the results will be more' 
accurate than the measurement obtained from one triaaglew 
When a series of triangles has been carried on for a consider- 
able distance, the interval of two objects, whose distance fare 
been determined by calculation, should be actually measured, 
in order to detect any error which may have been made in the 
calculated distance. This is called a Base of verification. THie 
trigonometrical survey of England and Wales had its ifirst- 
commencement in 1784; and from a base of 27404*2 feet 
measured on Hotmsbw Heath, and continued by a series of] 
triangles to Salisbury Plain, the medium distance between 
Beaam HiU and Old Sarum was 36574-3 feet, and from actual 
admeasurement the distance was 36574*4 feet, a difference of 
littte'nlore than one inch.* * ' . , „„„ 




-r + 



"l"l »' 



J_^ 



il t\, fr.l ln^r ll-'' 



• Trigonometrical Survey of England aftd Wales, Vol I. pagefe 279 and &80, 
published by Mr. Faden, Charing Cross, London. '" " '»' 
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• i (152) By the assistance of a survey, executed with such ac- 
curacy, the tength of an arc of a meridian may be measured. 
Let vs be the meridian of any place a, and let O represent 
die point of the horizon where the sun sets ; measure the angle 
ba ; then, by having the latitude of the place a given, tne 
amplitude na © is easily ascertained *, and consequently their 
difference ban is given ; also if from bag there be taken ban, 
the remainder can is given. Let bf, ci, be drawn perpen- 
dicular to the meridian, then because ab and the angle ban 
are given, af and fb are easily found : in the same manner, 
because ac and the angle can are given, the lines ai and ic 
may be found. 

If from the angle abc there be taken the angle ABF,the re- 
mainder fbc, added to dbc, gives dbf ; by means of which, 
and the given side db, do or fl will be found, and likewise bo. 
By adding af to fl we get al, and by deducting bo from bf 
we shall have gf=dl. 

In a similar manner the several distances from the point a 
to the perpendiculars, let fall from each of the angular points 
of the figure upon the meridian ns, may be determined, as also 
the perpendiculars themselves. By this method the extensive 
survey of the kingdom of France was carried on from the 
measure of nineteen bases.f 

The measures being all reduced to the meridian ns, the dif- 
ference of latitude between a and d may be determined. Find, 
from observation with a zenith sector f, the true zenith distance 
of a star at each place, the difference of these zenith distances 
will be the difference of latitude between a and d. Perhaps it 
may be proper to remark that the perpendicular dl does not 
accurately coincide with a circle §, or parallel, of latitude, and 
where the utmost exactness is required the difference must be 
calculated and applied to al ; the true difference of latitude 
between a and l will then be obtained. This difference of 
latitude will be to 1° as the length of the meridian al is to the 
length of a degree. The difference of latitude between a and 
each of the other places, b, c, k, &c. may be found by a similar 
process*. 



*' Or if the sun be above tlie horizon, its altitude may be taken in the direc- 
tion a 0, and thence its azimuth as may be computed. 

f Traite de Trigonometric, par M. Cagnoli, Chap. xi. Art 34 1. 

j. Trigonometrical Survey of England and Wales, VoL IL Part II. published 
by Mr. Faden. 

J The difference is not material, except the distance dl be very great See 
Chapter iv. art. (154). 
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(158) In small surveys, military sketches, &c. where great 
accuracy is not required, angles may be taken with a good 
pocket compass, having two sights, and being fitted to the top 
of a staff, sharp at one end so that it maybe stuck in the ground, 
and allow the needle to move freely about. 

Every circle is divided into 960 degrees ; the compass is di- 
vided into 32 points, therefore 1 point is 11° 15' ; £ point— 2° 
4# 45" ; * point=5° 87' 30" ; and } point=8° 26' 15". These 
points are reckoned from the north and south, towards the east 
and west, as in the following table. 



N.b.E. 

N.N.E. 

N.E.b.N. 

N.E. 



North. 

N.b.W. 

N.N.W. 

N.W.b.N. 

N.W. 



S.b.E. 

S.S.E. 

S.E.b.S. 

S.E. 



South. 



S.b.W. 

S.S.W. 

S.W.b.S. 

S.W. 



Points. 
1 

2 
3 
4 



Degrees. 
11° 15' 
22 30 
33 45 
45 



N.E.b.E. 

E.N.E. 

E.b.N. 

E. 



N.W.b.W. 

W.N.W. 

W.b.N. 

W. 



S.E.b.E* 

E.o.iii* 

E.b.S. 

E. 



S.W.b.W. 

W.S.W. 

W.b.S. 

W. 



5 

6 
7 

8 



56 15 
67 30 
78 45 
90 



The variation of the magnetic needle ought to be allowed 
for, in measuring angles with a compass. 

At London the north point of the needle rests in a direction 
of about 24° 30' westward of the true north. 

EXAMPLE XXIII. 

Having occasion to travel through the counties of Kent and 
Surrey, I perceived the fort built by Lady James on Shooter's 
Hill, which bore from me N.N.E., and travelling 20 miles in 
a W.N.W. direction, I perceived the fort again, which bore 
N.E.b.E. Required my distance from it at each station. 

CONSTRUCTION. 

With the chord of 60° describe a circle, 
draw the meridian ns, and ew at right 
angles to it. 

Set off the N. N. E. point of the com- 
pass, or 22° 30', from n to e, draw ac; 
set off the W.N.W. point of the compass, 
viz. 67° 30' from n to o, and draw ag, 
on. which set off ab=;20 miles from a 
scale of equal parts. Lastly, set off the 
N«E.b*E. point = 56° 15' from n to d, 
draw ad, and parallel thereto, through b, 
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draw bc ; then ac and bc are the distances required, and c 
the fort. 

calculation. 

Because ad is parallel to bc, the angle CAD=BCA=the dif- 
ference between nd and n*=33° 45'. The angle BAcrzthe 
sum of ng and Ne=90°, hence the angle cba=56° 15'. By 
case second, right-angled triangles, ac =29*93 and bc=86 
miles. 

EXAMPLE XXIV. 

I observed a church which bore from me N.E.D.N. and going 
2£ miles in a N.N.W. direction, the church then bore E.S.E. 
Required my distance from it at each observation. 

Answer. At the first observation the distance was 1*8 mile, 
and at the second 2*1 miles. 



EXAMPLE XXV. 

From a ship at sea I observed a point of land to bear E.b.S. 
and after sailing N.E. 12 miles, it bore S.E.b.E. Required 
the distance of the last place of observation from the point of 
land. 

Answer. %b*71 miles. 

EXAMPLE XXVI. 

From a station at h, an object g, the distance of which I 
knew to be 4 miles, bore N.E.b.N.£E. ; and another c, distant 
2£ miles, bore S.E.b.S.£E. Required the distance between c 
and g. 

Answer, cg =4*957 miles. 

EXAMPLE XXVI 

Saint Paul's church at London bore from me N.b.E. and 
travelling W.N.W. 15 miles, it bore N.E.£E. Required my 
distance from St Paul's at the last place of observation. 

Answer. 23*19 miles. 

EXAMPLE XXVIII 

Coasting along the sea-shore I observed two headlands, the 
first bore N.N.W. the second N.N.E.fE. Then steering 
E.N.E.^E. 16 miles, the first headland bore W.N.W. the 
second N. W.b.N.^ W. Required the bearing and the distance 
of the two headlands from each other. 
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CONSTRUCTION. 

With the chord of 60° describe a 
circle; draw the meridian ns and ew 
at right angles to it. 

1. Set off the N.N.W. point of the 
compass, or 22° 30' from n to a, and 
draw Aa. 

2. Set off the N.N.E.£E. point, or 
30° 56' 15" from n to b 9 and draw Ab. 

3. Set off the E.N.E.£E. point, or 
73° T 30'', from n to c, draw ac, on which set off ad = 16 miles 
from a scale of equal parts. 

4. Set off the W.N.W. point from n to d=67° 30', draw 
Ad 9 and parallel thereto, through d, draw db, then b is the 
situation of the first headland. 

5. Set off the N.W. b. N.£W. point of the compass, or 
36° 33' 45" from n to e, draw Ae and dc parallel to it, then c is 
the situation of the second headland. Join bc, which will be 
the distance required. 



CALCULATION. 

1. In the triangle bad, the angle bad = arc oc=95° 37' 30", 
the angle ABD=angle ^Aazzarc da=67° 30'— 22° 30 , =45°, 
for abd and dAa are alternate angles. Hence the angle bda = 
39° 22' 30", and the side ad = 16. The distance ab may be 
found= 14-35. 

2. In the triangle adc the angle CAD=arc bcz=73° T 30" 
-30° 56' 15"=42° 11' 15". Because Ae is parallel to dc, and 
ad is produced to f, the angle eAfi measured by the arc ef 9 
or Ae supplement of ec=Anc = 70° 18' 45": hence the angle 
acd=67° 30'; hence ac may be found ==16*31 miles. 

3. In the triangle bac are given ab = 14'35, Ac~16'31,and 
the angle bac, measured by the arc «J=53° 26' 15"; hence 
the angle abc will be found =70 Q 31', and the distance Bc=r 
13*9 miles. 

4. If from the supplement 109° 29 / of abc, the angle feAX be 
taken, the remainder 86° 59' will be tie bearing of the second 
headland c from the first b, viz. N.86° 59'E., or of the first 
headland b from the second c, viz. S.86* 59'W. 
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EXAMPLE XXIX. 

The distance between a tower t, t 
and a church c, was known to be 20, 
miles; from a ship at anchor A, I 
saw a windmill at m in a right line 
with the tower, the bearing of both 
was N.W.b.W. the church at the 
same time bore N.N.W.^W. After 
which we weighed anchor, and sailed 
upon a W.b.N. course ah =25 miles, 
and the mill and the church were in a straight line hc, and 
bore N.E.b.N. Required the distances from the ehurcK, 
tower, and windmill, at each station, or place of observation; A 
and h. 

{am =2310 hm= 9-57 
ac =26-19 hc =2191 
at =38-83 ht =18-41 

example xxx. 

From the bottom b of a 
tower, I measured 200 feet 
in a direct line ab on an 
horizontal plane. I then 
took the angle c a b = 
46° 30 7 *, the height Aa of 
my instrument was 5 feet. 
Required the height bc of 
the tower. 

Answer. Here are given 
the base ab and the angle 
cab of a right-angled tri- 
angle, to find the perpendicular 8c=2l0*76, to which add 
the height of the instrument, then bc=215-76 feet. For it 



• In Crakdfs translation of Maudirit's Trigonometry, page 1 82, it is shown, thai 
the error of an altitude bc, is to the error committed in taking, the ap$b( cah, as 
double the height bc is to the sine of double the observed angle cab. Hie error, 
therefore, which can prevail in the determination of the said height; wULfee tti4 
least possible, when the sine of double the observed angle U the greatest jpossibW J 
that is, when this angle is 45°. Hence, says he, when we want to find the hej^hf 
of any object, we must so contrive it that the observed angle be the nearest pos- 
sibjetp 45°. JJe $b?n sbqws that in observing an object at, fto angle . of 1 45f, if 
an error of one minute be made in the determination of the angle, the error in 
*ie 1 altitude will be Jfo f>art of tfte altitude L ! also If the angW dbserWect Tfef 
greater ob leas than 45 , the enbriir th* height wiiii be i Increased im iho*atio o(f 
radius to the sine of dqw^le the paid^angle, t„,. n t<i • ,, t . ., f - , luiuUu. •»«' 
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is evident that Aa=B&, since ab is parallel to ab and equal 
thereto. 

EXAMPLE XXXI. 

Wanting to know the height of a church bc, I measured 45 
yards from the bottom B upon a horizontal plane ab, at a I 
took the angle ca&=48° 12', the height of my instrument was 
5 feet. Required the height of the church. 

Answer. The height bc =50*33 yards, to which add Bb the 
height of the instrument, then bc=52 yards the height of 
the church. 

EXAMPLE XXXII. 

Wanting to know the 
height of a steeple bc, in* 
accessible on account of se- 
veral small trees on one 
side, and uneven ground on 
the other sides, I took at d 
an angle cdb - 51° 30', and 
measuring the distance ad 
=75 feet, I took at a the 
angle cab =26° 30 7 . Required the height of the steeple, and 
the distance of the first station from its base. 

SOLUTION. 

Subtract the angle cab from the angle cdb, the remainder 
25°= the angle acd. Then in the oblique triangle adc all 
the angles are given to find dc = 79* 1 8 ; and in the right-angled 
triangle dbc, the hypothenuse dc, and angle cdb are given, to 
find bc =61-97, and db =49-29. 

EXAMPLE XXXIII. 

Wanting to know the height of an inaccessible object bc, 
I took at a the angle cab =28° 34', and measuring in a straight 
line towards the object from a to d 30 yards, the angle cdb was 
found to be 50° 9'. Required the height of the object, and 
my distance from it at the second station. 

Answer. The height bc =29*94 yards, and distance db= 
24-99. 

EXAMPLE XXXIV. 

Two observers at the distance of half a mile from each other, 
on an horizontal plane, took the altitude or angle of elevation 
of a cloud at the same moment of time, the same, point of die 
cloud being observed by both,-and in the same direction : the 



Digitized by 



Google 



Chap. Ill, 



HEIGHTS, DISTANCES, ETC. 



79 



angles were 35° and 64°. Required the perpendicular height 
of the cloud, and its distance from each observer. , 

Answer. The perpendicular height was 935*75, the distance 
from the observers 1041*1, and 1631*4 yards. 

EXAMPLE xxxv 

In the year 1784 two observers on Blackheath, at the exact 
distance of a mile from each other, observed, at the same 
instant, the angle of elevation of Lunardi's balloon ; the angle 
at the nearest station to it was 36° 52', and the other angle 
30° 58 r . Required the perpendicular height of the balloon, 
and its distance from each station. 

Answer. The balloon's distance from the nearest station was 
5*006 miles, from the other station 5*837 miles, and the per- 
pendicular altitude 3*003 miles. 

EXAMPLE XXXVI 

From the top (a) of Flamborough-head light-house, the 
angle of depression (eac) of a ship at anchor was 3° 38'; and 
at the bottom (b) of the light- 
house, the angle of depression 
(fbc) was 2° 43'; required the 
horizontal distance (dc) of the 
vessel, and the height (db) of 
the promontory above the level 
of the sea; the light-house (ab) 
being 85 feet high. 

TheZ. acd= L eac=3° 38' , 
the Z.bcd=£fbc=2° 43 / ; and ab=85 feet 

Hence cd will be found=5296*5 feet, and db=251*32 feet 
Answer. 



EXAMPLE XXXVII. 



Wanting to know 
the height of a tower 
ec, which stood upon 
a hill, I took at A 
the angle of elevation 
cab =44°; I then 
measured ad = 134 

{rards in a straight 
ine towards the 
tower, and found the 
angle cdb to be 
67°50 / , and cde = 
16° 50'. Required 




Digitized by 



Google 



80 THE MENSURATION OF BOOK II. 

the heights of the tower and hill, the height of the instrument 
being five feet. 

SOLUTION. 

1. Subtract the angle cab from cdb, the remainder 23° 50* 
:r acd, hence all the angles in the triangle cad are given, and 
one side ad, to find dc =230*36 yards. 

2. In the triangle cde all the angles are given, viz. cde = 
16° 50', dce=90°-67° 50 / =.22° 10', hence the angle ced = 
141°, and ce=106 yards, the height of the tower. 

3. In the right-angled triangle cdb the angle cdb and cd are 
given, to find bc=213*34 yards; hence be =bc— ce = 107*34 
yards, to which add the height of the instrument, and you 
have 109*01 yards for the height of the hill. 

EXAMPLE XXXVIII. 

Wanting to know the height of a castle standing upon an 
eminence, I took an angle of elevation cad =40°, and mea- 
suring 40 yards in a straight line towards the castle, the angle 
cdb was 63° 20', and cde 14° 30' : what was the height of 
the castle ec, and the distance db ? 

Answer. ec=24*69 yards, and db=29*13 yards. 

EXAMPLE XXXIX. 

Wanting to know 
the height of an ob- 
ject standing on an 
inclined plane ab, I 
measured from the 
bottom of the object 
a distance bd = 40 
feet ; at d, I took the 
angle cdb = 41 c 9 
going on in the same 

direction 60 feet far- . 

ther, the angle cab was 23° 45' : Required the height of the 
object. 

SOLUTION. 

1. In the triangle adc are given the angle cab =23° 45', acd = 
cdb— cab = acd =17° 15', and ad=60 feet, to find cd= 
81*488. 

2. In the triangle cdb are given cd =81*488, db=40, and 
the angle cdb=41°, to find bc=57*62. 

EXAMPLE XL. 

An object standing on a declivity whose height I wished to 
determine, I measured 150 yards from the base of it, and then 
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took an angle cdbcs47° 50% and in the same direction I mea- 
sured 80 yards farther, and then took the angle cab =88° 8(K. 
Required the height of the object. 
, Answer, .dc =307*1, and bc the height =284*4 yank. 



rvifcrort' vt 



Wanting to I 
hxU,atDtheaiigl 
cdb was 58°, cd 
=25°, and ae 
=72° W. Th 
ground not pei 
nutting me to r< 
treat in a straigl 
line towards i 
nor advance tc 
wards b, I there 
fore measured 
64° 3W. Requi 
of the hill be, aoove tne level oi tne nrst stauon d. 

solution. 

1. In the triangle adc are given the angles adc=72° 10', 
cad =64° 30', and consequently acd=43° 20 7 , and the side 
ad =52 yards, to find dc =68*393 yards. 

2. The remaining part of the solution is the same as in Ex- 
ample xxxvn. ; ce will be found =34*464 and be =23*536 



having set' lijp a staff ac, whose height was equal to that of the ( 
theodolite, I measured 1 809*5 feet up the sloping ground &%> i „ 
as a base, in a direct line with the tower, keeping the, points, 
k, ir, c, b' in ih& same vertical plane. A t b I took the following tA 
angles, viz. fdc=bai = 1° 54', and edf=1° 33'. Required 
the horizontal distance ah, the height he of the hill, the 
height e? of fhe tower, and ib the elevation ef the st^riwn A 
above that at a, ,". , . ..... . ,». ;-..., i , , : 
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SOLUTION. 

1. In the triangle edc, the Z_ edc =3° 27', ecd = 175°23', 
dec=1° 10 7 , and the side dc= 1809*5 feet, hence ce =5348*1 
feet 

2. In the triangle gce, the Z.gce=2° 43', and ce =5348*1 
feet> hence co= ah =5342*1 feet, and oe =253*5 feet 

3. In the triangle kce, the Z. kce =0° 55", cke=86° 22 / , 
and ce =5348*1 feet, hence ek=85*7 feet 

4. In the triangle bai, ab = 1809*5 feet, and the angle bai 
= 1° 54', hence bi=60 feet 

Lastly, if to the height ge, the height ac of the instrument 
be added) it will give he, the height of the hill. 

EXAMPLE XLIII. 

At the distance of 25 miles from a 
tower its top just appeared in the horizon ; 
required its height Hie diameter of 
the earth being 7964 miles, and its cir- 
cumference 25019*7024 miles. 




SOLUTION. 

25019*7024 miles : 360° : : 25 miles : 21' 35"= L dab. In 
the right-angled triangle aBd, ab and the L dab are given, to 
find ad =3982*078446 miles, from which take ac=ab, the 
remainder dc=*078446 miles=414*19 feet, the height of the 
tower. 

EXAMPLE XLIV. 

Supposing it were possible to see a light-house or other ob- 
ject D, in the horizon, at the distance of 200 miles, it is required 
to find its height cd, the diameter ec of the earth being 7964 
ihiles, and its circumference 25019*7024 miles. 

Answer. The L dab =2° 52' 40", a<d= 3987*028 mile^ and 
dc =5*028 miles =26547*84 feet, being 5914*84 feet higher 
than Chimborafo, the highest of the Andes. 

EXAMPLE XLV. 

The Peak of Teneriffe is said to be 2^ miles above the level 
of the sea; at what distance can it be seen, supposing the 
radius of the eart h to be 3 982 miles ? 

Answer. db= >/ed x dc (36 Euclid III.) = 141 '12 miles. . 
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EXAMPLE XLVI. 

If the Peak of Teneriffe be 2£ miles high, and the angle cdb 
made by a plumb-line, and a line db meeting the surface of the 
sea in the farthest visible point b, be equal to 87° 58' 13", it is 
required to find the diameter ce of the earth, supposing it to 
be a perfect sphere, and the utmost distance db that can be 
seen from the top d of the mountain. 

Answer. PB =( ra<L + sin CDB > * DC = 14M2 miles, and ce 

COS CDB 

=7964 miles. 

CHAP. IV. 

OBSERVATIONS ON THE ADMEASUREMENT OF A BASE LINE. 

(154) Where the ground is perfectly level, the manner of 
measuring a straight line from one object to another appears 
to be simple and easy ; yet, on account of the curvature of the 
earth, no two points on its surface can be exactly situated in 
the same horizontal line ; the chord of the arc, and not the arc 
itself, being the horizontal distance. Now the radius of one 
circle is to the radius of any other circle, as any arc of the 
former is to a similar arc of the latter. If we take, for instance, 
the base line measured on Hounslouyheath (151) 27404*2 feet, 
the radius of the earth 8982 miles, or 21024960 feet, we 

shall have 21024960 feet : 27404-2 feet : : 1 : * 8 7^* , 

105124800 

the length of the measured arc in terms of radius 1. But 

the difference between any arc and its chord, the radius 

being 1, is ^ of the cube of the length of the arc*; hence 

(137021 \s 
105124800 / X « = ' 000000000092265 wiU express the dif- 
ference in terms of radius 1, which multiplied by 21024960 
feet, the radius of the earth, produces "00194, the extent in 
feet by which a terrestrial arc of 27404*2 feet exceeds the 
chord of the same arc, a difference scarcely worth notice, even 
where the greatest accuracy is required. 

(155) When the ground on which a base line is to be mea- 
sured is sloping, it will be necessary, in some cases, to reduce it 
to a horizontal level. Thus, after having determined the direc- 
tion of the base AFf , by poles la, iwi, hw, go, pointed at one end, 
and fixed perpendicularly in the ground by means of a plumb- 

• See Chapter V. Note to art. (370). 

f The point a, and the summits of the hills m, n, o, r, should be connected, 
•o as to form a Tegular slope aw. 

G 2 
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line; the sum of 
the horizontal dis- 
tances Lm, in, ho, ., 
ov will evidently lJ"' 
be equal to the 
whole horizontal 
distance ae ; and if the heights al, mi, »h, qo be successively 
measured, their sum will give the whole height ef. 

(156) If the ground be irregular, or if it ascend and de- 
scend alternately, it is evident that the difference between the 
heights of the poles must be added when ascending, and sub- 
tracted when descending, in order to determine the different 
elevations and depressions of the ground. 

(157) Surveyors generally ascertain the altitudes of irre- 
gular hills by the assistance of a spirit-level, and perpendicular 
poles placed at convenient distances from each other. This 
practice is called levelling. 

(158) A base line, on a sloping ground, may likewise be 
measured by taking angles at its extremities with a theodolite. 
Thus, let im represent a theodolite, al a pole fixed perpendi- 
cular to the horizon and equal in length to the height of the 
instrument; also, let Kibe a horizontal line (which maybe 
ascertained by the bubble of air in the spirit-level of the tele- 
scope resting in the middle) and kil the angle of depression 
between the top of the pole al and the horizontal line ri. 

Then, because ki is parallel to ab, the angle kil is equal to 
the angle tuab ; then (120), rad : Am : : cosZ kil : ab, or ab= 
Am. cos L kil 
rad ' 

(159) If Am =400 yards, andZ. kil=4°, ab will be 399-026 
yards, hence the difference between Am and ab is less than 
1 yard. It appears from this example, that when the measured 
base is inclined to the horizon in a small angle, a reduction of 
this kind will be unnecessary, except in cases where great 
accuracy is required. 

OF THE ERRORS WHICH OCCUR IN TAKING ANGLES OF ELEVA 
TION AND DEPRESSION WITH A THEODOLITE. 

(160) When the observer is at a considerable distance from 
the object, the altitude taken with a theodolite will require 
correction. In the first place, the horizon of the observer and 
that of the object observed are not the same. Let c be the 
centre of the earth, d the summit of a mountain, and hpob the 
horizon of the observer. Through d draw edf perpendicular 
*o dc^ and it will be the horizon of the point d. Now sd wih 
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be the true height of the 
mountain above the horizon- 
tal line ps ; dps the true angle 
of elevation, and epb the, ob- 
served angle, from which the 
height of die mountain is 
determined to be bd, instead 
of SD. 

Again, the£.PBD is sup- 
posed to be a right angle, 
in ordinary calculations, but 
in reality it is equal to the 
sum of the two interior an- 
gles bpc and pcb (32 Euclid 
I.)=90°+^c. 



(161) The French academicians measured an inclined base 
at Peru, the length pd of which was found to be 6274*057 
toises # , the angle of elevation dpb was 1° 5' 43" (the effect of 
refraction being deducted). Now, rad : pd : : sin dpd : bd, 

. pd. sin dpb ,, Arw% T , , 

hence bd= — ? = 119'93 toises. In order to calcu- 
late bs, pd may be used instead of pb, and cs and cb may be 
considered as equal to each other without sensible error. And 
as (2cs + bs) xbs = pb 2 (36 Euclid III.), it follows that 

PD 2 

2cs. bs=pd 2 , and hence bs=~ — • 

2cs 

(162) If the diameter of the earth be taken =6543373 
toises, as deduced from the admeasurements in Lapland, Paris, 



6274-057 \ a 



and Peru, bs will be found = ^,^1 = 6-0158 toises. By 

adding bs to bd the true height sd of the mountain = 125*9458 
toises. Had the height ds been determined from the triangle 
dps, by the most exact calculation, it would have been = 125*97 
toises. Hence it appears that in most cases the angle at c may 
be rejected, that pb may be taken =pd, theZ.PBD=a right 
angle, and cs=cb without material error. 

(163) Angles of elevation or depression taken with a theodo- 
lite may be corrected thus : Let d be the place of the telescope 
when the theodolite stands on the vertical line cd ; p the situa- 
tion of the telescope on the vertical line cp. Then if the tele- 



• Bouguer, Figure de la Terre. A toise— 6 French feet, and 107 French feet* 
114 English feet. 

o 3 
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scope at p be directed to an object at d, the elevation of that 
object above the horizontal line hpb is the L dpb ; and when 
the telescope is at d, and directed to an object at p, the angle 
of depression, below the horizontal line edf, is theZ. fdp. 

Now, because pb touches the circle, and ps cuts it, the L bps 
(measured by half the arcPS*)=£Z.c; therefore Z. dps =£Z_c 
+ L of elevation dpb. 

Through d draw dg parallel to sp, then the Z. gdp = Z. dps 
(29 Euclid I), hence L gdp =£Z.c + Z.of elevation dpb; and 
because the triangles cps and cno are isosceles, and the/, c is 
common to both of them, the L cps = L cdg ; but the angles 
cpb and cdf are right angles, therefore the L bps (=£Z.c) 
= Z. fdg. 

Again, L fdp = Z. gdp + Z.fdg=£Z.c + Z.of elevation dpb 

+ i L c ; therefore Z fdp= L c + L of elevation dpb ; to each 

of these equals add the L dpb, then L of depression fdp + 

L of elevation dpb= L c 4- twice L of elevation dpb ; hence 

( L of depr. fdb + L of elev. dpb) — L c . 

■s *- =the true L of 

elevation. 

When the angles are both elevations or both depressions, 
their difference must be diminished by the L c, and half the 
remainder will be the true L of elevation of the higher of the 
two objects. 

TheZ.c is generally very small, and where the measured 
base does not exceed six or seven hundred yards, it may be 
rejected. 

EXAMPLE XLVII. 

(164) Suppose d and P to be two objects fixed exactly at the 
same height above the ground as the height of the telescope 
of the theodolite; now if theZ fdp of depression be 26', and 
the L dpb of elevation 14', what will be the error in observa- 
tion ? The arc ps, or distance of the stations, being 8000 feet 

The length of a degree in latitude 51° 9' is 364950 feetf ; 

364950 feet : 60 / : : 8000 feet : V 19" nearly tz Z.c. Then 

(26' +14') — 1' 19" 

*_ = i9' 20"-5 the true L of elevation dpb; 

* The angle formed between the tangent of any arc and its chord, is measured bg 
half that arc. 

The i tbf (Plate I. fig. 1. ) is measured by half the are bf. For the £ w is 
equal to the Z f&b in the alternate segment (33 Euclid III.), and the / f&b= 
\ L fcb (20 Euclid III.), therefore the Z tbf=J Z fcb ; but the Z fcb is measured 
by the arc bf, therefore the z tbf is measured by half the arc bf. 

f Trigonometrical Survey of England and Wales, Vol. II. Part II. page 113. 
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hence W 20" '5 — 14' =5' 20" *5 is the error of the instrument, 
or the quantity by which the L of elevation was too small, or 
the L of depression too large. 

THE NATURE OF TERRESTRIAL REFRACTION, AND ITS EFFECTS 
ON ANGLES OF ELEVATION.* 

(165) As terrestrial refraction arises from the gross vapours, 
and exhalations of various kinds, which are suspended in the 
air near the surface of the earth, and which are perpetually 
changing, it is very difficult to ascertain the exact quantity of 
it at any particular time. 

( 166) The course of a ray of light in its passage through the 
atmosphere is, in general, that of a curve which is concave 
towards the earth, and the observer views the object in the 
direction of a tangent to this curve ; hence the apparent, or 
observed angle of elevation is always greater than the true 
angle. 

(167) The altitudes of the heavenly bodies when within 5° 
or 6° of the horizon, should never be used where a very ac- 
curate result is required. The figures of the sun and moon, 
when near the horizon, are sometimes elliptical, having the 
minor axis perpendicular, and the major axis parallel to the 
horizon. This change of figure arises from the refraction 
of the under limb being greater than that of the upper. But 
a perpendicular object, situated on the surface of the earth, 
wUl not have its length altered by refraction, the refraction of 
the bottom being the same as that of the top. 

(168) The allowances usually made for refraction are too 
uncertain for any reliance to be placed on them, as scarcely 
two writers agree on this subject. Dr. Maskelyne makes it 
y 1 ^ of the intermediate arc ps between the observer and the 
object; Bouguer \ ; Legendre ^ ; General Roy from \ to -fa ; 
and in the second volume of the Trigonometrical Survey, the 
variation is found to be from £ to ^ of the intermediate arcf 
This difference does not arise from inaccuracy of observation, 
but from circumstances which cannot be avoided, as the eva- 
poration of rains, dews, &c which produce variable and partial 
refractions. 

(169) The following method is used in the Trigonometrical 
Survey J for ascertaining the quantity of refraction: 

Let c be the centre of the earth, p and s two stations on ' 

* See * paper by Mr. Huddart, in the Philosophical Transactions fc , 97, 
page 29. ; and another by the Rev. S. Vince, 1799, page IS. Also the ' O 'ono- 
metrical Surrey of England and Wales, Vol. I* page 175. 

f Pages 177 and 178, Part I. \ Volume I. page 1*5. 

o 4 
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88 THE MENSURATION OF BOOK II. 

surface; pb, sa the horizontal lines at right angles to ca and 
cb ; also, suppose a and b to be the true places of the objects 
observed, and a and b their apparent places. Then the L bv% 
will be the refraction at p, and theZ. asp that at s.* 

In the quadrilateral figure csop, the angles at p and s are 
right angles, therefore the £ sop+ L c=two right angles, but 
the three angles of the triangle sop=two right angles, hence 
L osp+ L sop + L ops= L sop + L c, consequently L osp + 
l_ oPs=r L c, which is measured by the intermediate arc ps. 

Now, the sum of both refractions Z.asp + Z.Sps=(Z.asp 

+ Z.BPS)— (Z.AS0+ LBVb) = (£ OSP+ L OPS) — (Z.ASA + 

L bp&) = L c — ( L Asa + L bp&). Hence the following 

(170) Rule. Subtract the sum of the two depressions 
from the contained arc, and half the remainder is the mean 
refraction. 

(171) If one of the objects (a) instead of being depressed, 
be elevated, suppose to the point e, the L of elevation being 
esA ; then the sum of the angles msp, wips will be greater than 
L ops + L osp (the L c, or contained arc ps) by the L of ele- 
vation esA. Hence L wisp + L mps = L c + L esA, from each of 
these equals take theZ.BP#, then the sum of the two refrac- 
tions /_msp+ Z.^ps= Z.C+ Z-*sa— Z.BP&; that is, subtract 
the depression from the sum of the contained arc and eleva- 
tion, and half the remainder is the mean refraction. Perhaps 
it may be necessary to remark, that previous to the observa- 
tions the error of die instrument must be accounted for (163). 

EXAMPLE XLVIII. 

(172) The refraction between Dover Castle and Calais 
church was thus determined. + 

Let c be the centre of the earth, ps the surface ; d the station 
on Dover castle ; a the top of the great balustrade of Calais 
steeple; edf the horizontal line; also let po=sd; then the 
Z.fdg=£Z.c, or half the arc ps (163). The distance from 
Dover to Calais is 137455 feet, hence 364950 feet : 60' : : 
137455 feet : 22' 35" theZ_c; hence=FDG=ll / \T\. 

The height of d above low-water spring tides =479 feet. 

The height of a (communicated from France=140£ feet. 

ag =328£ 

• In observing these angles two instruments are used, one at p and another at 
9 ; and the reciprocal observations are made at the same instant of time by means 
of signals, or by watches previously regulated for that purpose. The observer at 
r takes the depression of s, at the same moment which the observer at s takes the 
depression of r. 

f Trigonometrical Survey, Vol. I. page 178. 
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Chap. IV. heights, etc. 89 

The triangle dga may be considered as isosceles, and dg or 
da = 137455 feet, the distance between Dover and Calais. 
Hence £ ag : rad : : da : sec L dag = 89° 55' 53", the 
double of which deducted from 180°, leaves 8' 14" for the 
L gda, to which add the L fdg = 1 V 17£", and the whole angle 
fda = 1^ 31£" supposing there was no refraction; but the 
L fda was determined from observation to be 17' 59", hence 
the refraction was (19'31£"-17' 59"=) 1' 32 £", being about 
T y of the contained arc. 

(173) Mr. Huddart is of opinion, that a true correction for 
the effect of terrestrial refraction cannot be obtained by taking 
any part of the contained arc # ; for different points, though 
nearly at the same distance from the observer, will have va- 
rious refractions. 

OF THE REDUCTION OF ANGLES TO THE CENTRE OF THE 
STATION. 

(174) In surveys of kingdoms and counties, where signals on 
the steeples of churches, vanes of spires, &c. are used for points 
of observation, the instrument cannot be placed exactly at the 
centre of the signal, and consequently the angle observed will 
be different from that which would have been found at the 
centre. The correction is generally very small, and is only 
necessary where great accuracy is required. 

The observer may be considered in three different positions 
with respect to the centre, viz. he is either in a line with the 
centre and one of the objects ; or a line drawn from the centre 
through his situation would, if produced, pass between the 
objects ; or a line drawn from the centre to the place of the 
observer, when produced, would pass without the objects. 

( 1 75 ) Fi rst, let the observer 
be at d, in a line between the 
objects b and c, viz. on one side 
of the triangle abc ; b being the 
proper centre of the station and 
the L abc that required. It is 
plain that the /_cda, being the. 
exterior L of the triangle adb, 
is too large by the interior L 
dab. 

Therefore L abc = L cda— L dab. 

(176) Secondly. Let the observer be at o, within the 
triangle abc, and let b be the centre of the station, and the 
Z.abc that required. NowZ_aoc+ Z.oac+ Zoca=Z- abc + 




* Philosophical Transactions for 1797, page 29. et seq. 



Digitized by 



Google 



90 THE MENSURATION OF BOOK. II. 

L oab + L oac ■+• L oca + L ocb, each of the sums being equal 
to two right angles ; therefore the L aoc= L abc + L oab + 
L ocb, that is, theZ. aoc is greater than the L abc by the sum 
of the angles oab and ocb. Therefore L abc* = L aoc — ( L oab 
+ L ocb). 

(177) Thirdly. Let the observer be at e, without the tri- 
angle abc, and let a be the centre of the station, and the L cab 
that required. 

NOW Z.CAB+ Z-ACB+ Z-ABE+ Z_EBC = 
Z-CEB+ Z.ECA-f Z-ACB+ L EBC, 

each of the sums being equal to two right angles ; therefore 
Z. cab + L abe = L ceb + L eca, and consequently 

L CAB= L CEB + L ECA— L ABE. 
EXAMPLE XLIX. 

Let a and b represent the vanes on two steeples, e the situ- 
ation of the theodolite upon the steeple a, and o its situation 
upon the steeple b. Then, suppose 



ae = 12 feet 
L ceb =74° 32' 



bo =10*5 feet 
Z.aoc=49°27 / 
L cob =137° 55' 



It is required to find the angles cab and abc, the distance 
ab being 5000 feet. 

SOLUTION. 

The L ceb =Z- cab nearly, and Z- aoc = Z-ABC nearly, with 
these angles and ab, find ac and bc (as in Example I. 
Chap. III.) =4581-7 and 5811-5. Then, 

ac : sinZ-CEA : : ae : sinZ-ECA=5 / 50" 
ab : sinZBEA : : ae : sinZ-ABE:^ 29" 
Hence £ cab =74° 30' 21" (177). 

bc : sin Z. cob : : bo : sin Z^cs::^ 10" 
ab : sinZ-AOB : : bo • sin Z-OAB^O 7 56" 
HenceZLABC~49°21 / 54" (176). 
With the corrected angles cab, abc, and the distance ab, the 
sides ac and bc may be determined. 

OF THE REDUCTION OF ANGLES FROM ONE PLANE » TO 
ANOTHER. 

(178) Angles which are inclined to the horizon, may be re- 
duced to the corresponding horizontal angles, in cases where 

* If the proper centre of the station were at o, and the observer at b, it is plain 
that the angles ojjb and ocb must be added to the Z abc to obtain the L aoc. 
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very great accuracy is required. Let the lines ps, pb, bs be 
three chords of terrestrial arcs, that is, let the points p, b, and 
s, be all equally distinct from the centre of the earth, and 
let the point d be elevated so as to be farther from the centre 
of the earth than any of the points p, b, s, it is required to 
reduce the triangle bdp to the triangle bsp. 

The line sd may be supposed to be perpendicular to each 
of the chords sb and sp without sensible error, though strictly 
speaking the angles dsb and dsp are each equal to 90° + 
? the arc which the chords sb and sp subtend, by art. (163) 
and Note. 

Likewise the chords sb and sp 
may be used instead of their 
corresponding arcs (154). By 
inspection of the figure it is plain 
that bd is greater than bs, and 
pd greater than ps ; but the base 
PB.is common to the two tri- 
angles bdp and bsp, therefore the 
L bsp is greater than the L bdp. 
(21 Euclid I.) 

Draw dg perpendicular to bp, and conceive sg to be joined, 
then since ds is perpendicular to the plane bsp, the angle 
bgs is a right angle. (Keith's Geom. Book IX, Prop. 4, 
cor. 3.) 

Hence by art.(120)GB=?g-l cos DBP , and qb= m '"»"*, 

rad rad 

. ~ bd . cos DBP 
therefore bd . cos dbp=bs . cos sbp. or cos sbp= — ; 

1 BS 

, rad Bs rad . cos dbp 

but bd = ; conseq. cos sbp= , or cos dbs : 

COS DBS COS DBS 

cos dbp : : rad : cos spb. 



(179) That is, The' cosine of the L of elevation : the cosine of 
the L inclined to the horizon : : radius : cosine of the hori- 
zontal /.. 

Exactly in the same manner the L spb may be found. 
Then 180 o -(Z.sbp+ £spb) = Z.bsp. 

(180) But the L bdp taken on the elevated situation d, may 
be reduced to its corresponding L bsp, by using only the ob- 
served L bdp, and the angles of depression widb, and wdp. 
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TheZ.roDB = L dbs and the/. nDP= L dps ; hence we have to 
shew the three angles necessary for this reduction are bdp, 
dbs, and dps. 

From the triangle bdp we have by art. (119) 

. ^ BD 2 +PD 2 — PB 2 . 

cos L bdp = -! x rad 

2bd • PD 

/. PB 2 =BD 2 +PD 2 -(2BD.PD. ^2L^) 

V rad S 

And from the triangle spb, we have similarly 

Q Q . Q fa C0S BSP \ 
PB 2 =BS 2 + PS 2 — I2bS . PS . — — \ 

By making these values of pb 2 equal to each other, and reduc- 
ing, we get (bd 2 -bs 2 )4-(pd 2 -ps 2 )=("2bd. pd . cos BDP > ) 

V rad / 

- (2BS . PS . C0S * SP ). But BD 2 -BS 2 =PD 2 -PS 2 =SD 2 , 

.'. sd 2 . rad=(BD . pd . cos bdp) — (bs • ps . cos bsp), 
and hence cos B8P= (bd . pd • cos bdp)-(sd» . rad) 

BS . PS 

Also rad : bd : : sin dbs : sd 
rad : pd : : sin dps : sd 
Hence, rad 2 : bd . pd : : sin dbs . sin dps : sd 2 (14 Keith's 
Gevm. VII.) 

And.*, sd 2 x rad=BD . pd . sin dbs . sin dps . — — . 

rad 
Again, rad : bd : : cos dbs : bs 
rad : pd : : cos dps : ps 
Hence rad 2 : bd . pd : : cos dbs • cos dps : bs . ps, 

And .'. BS . PS=BD . PD . COS DBS . COS DPS . — — . 

rad 2 
Whence by substitution 

cos bdp— (sin dbs . sin dps . —j 1 
cos L bsp = — - — - 

COS DBS . COS DPS . -jjtj 

_ (cos bdp . rad 2 ) — (sin dbs . sin dps . rad) 

~" COS DPS . COS DPS 

(181) M. de Lambre gives the following formula * for find- 



• This formula is demonstrated Prop. 7th, Chap. XIV. Book III. 
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ing the angle bsp, which he demonstrates by spherical trigo- 
nometry, viz. 



(bdp + pb* — dps) . sin % (bdp + dps — dbs ) 

COS DBS . COS DPS 



sin £ L bsp = rad. \/ tm * 

The sides bs and ps of the triangle bsp are easily found, from 
the height ds and the angles dbs and dps being given. 



EXAMPLE L. 

Wanting to know the height of an object sd (standing on 
the horizontal plane psb), and also the horizontal distances 
sp and sb, I measured a base pb=300 yards, at p the L of 
elevation dps was 8° 15', and theZ.DPB, inclined to the ho- 
rizon, was 57° 15' ; at b the L of elevation dbs was 8° 45' 50", 
and theZ. dbp, inclined to the horizon, was 63° 15'. Required 
the horizontal L bsp, the horizontal distances sp, and sb, and 
the height of the object above the plane. 

Answer. Z_bps=56° 51' 47", Zpbs=62°54' 29" (179), 
bs =289-40, ps =307-69, and ds= 44-6 13 yards. 

The height ds, and the distances bs and ps, may be found 
without reducing the angles. For, in the triangle dbp all 
the angles are given, and the side bp, whence bd and pd 
may be found; then in the triangle dps, the /.dps and 
the side dp are given to find ps and sd; also, in the tri- 
angle dbs, db and the L dbs are given, from which bs may 
be found. 

EXAMPLE LI. 

From the top of a tower 44*613 yards high, the angle bdp, 
subtended by two distant objects b and p, was 59° 3(Y ; and 
the angles of depression mDB=8° 45' 50", and wdp=8° 15'. 
Hence it is required to find the horizontal distances pb, bs, 
and ps* 

Answer. The L widb = L dbs = 8° 45' 50", L wdp = L dps 
=8° 15', and L bdp =59° 30'. By the formula, art. (180), 
or (181), the Z.bsp=60° 13' 38"; also bs =: 289-40, ps =307-69, 
and pb=300. The same answer maybe obtained without 
reducing the angles, and without the formula. 

(182) The formulae in arts. (180) and (181), may be ap- 
plied to any two triangles, whether their bases be in the same 
horizontal plane, and their vertices elevated, as in examples l. 
and li., or their vertices be in the same horizontal plane, and 
the extremities of the base of the one triangle be elevated above 
the extremities of the base of the other. 
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In the annexed 
figure, if the an- 
gle pdb be mea- 
sured with a sex- 
tant, and the ver- 
tical angles bdo, 
pds be measured 
with a theodolite, 

/ sdo — (cos pdb . rad g ) — (sin pds . sin bdo . rad) 

COS PDS . COS BDO 

or by M. de Lambre's formula # , viz, 




sin I L sdo 



=rad v ! 



sin ^ {pdb + pds — bdo) 

COS PD8 



. gin § (pdb + bdo — me) 

, COS BDO 



EXAMPLE LII. 

From a station at d in the horizontal plane dso, 1 took the 
angle pdb, subtended by the tops of two towers =37° 53' 20", 
and also the angles of elevation bdo =4° 23' 55", and pds = 
4° 17' 21". The height of the tower bo is known to be 40 
yards, and that of ps 30 yards ; from which it is required to 
find the horizontal distance ot my station from each of the 
towers, and their horizontal distance from each other. 

Answer. By the formula in art (182), L sdo =38° 0'; ds= 
400 yards, do =520, and so =320 yards. 

The same answer may be found without the formula. 
For, with the /.bdo and height bo, find bd=521*56, and 
do =520; with the L pds and height ps, find dp=401'13, 
and ds=400. Then with dp, db, and the Z_pdb, find pb = 

320-47 ; lastly, so = ^pb 2 — (bo-ps b ) =320 yards, the 
horizontal distance. 



of the dip, or depression 
(183) The dip or depression of the ho- 
rizon at sea is the angle contained between 
the horizon of the observer, and the far- 
thest visible point on the surface of the sea. 
For, if an observer whose eye is situated 
at d, takes the altitude of a celestial object 
by a sextant, or Hadley's quadrant, and 
brings that object to the surface of the water 
at b, instead of the horizon df, he evidently 
makes the altitude too great bv theZ-FDB. 



of the horizon 



SEA. 




* Traite de Trigonometric par M. Cagnoli, Appendice, page 467. : or, Prop. 7. 
Chap. XIV. Book III. following. 
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Now theZ adf is a right angle, and the L abd is likewise a 
right angle, therefore the L fdb = L dab. Hence, in the right- 
angled triangle abd, there is given ab the radius of the sphere, 
ad= ac 4- dc, the radius of the sphere increased by the height 
of the eye above the surface of the sea, to find the L dab, or 
quantity to be subtracted from the observed altitude of any 

celestial obj ect. Hence cos L fdb = cos L dab == — 

ac + cd 

OTHERWISE, 

(ec + cd) x DC=DB a (36 Euclid III.), that is 

EC . DC + DC 2 = DB~ 

DC" 

DB 

tanAPDB= rad ^^Xy/^=r a d./-g- 

f V AC 



o r 2ac . DC + DC g =db 8 , and rejecting 



9 as being small >/ 2ac • dc = db, but ab = ac : rad 
: y/ 2ac . dc : tan d ab = tan L fdb, therefore 

i>a#l /Oa^i — n / O ....... 

X i/DC. 



AC 

Now the first of these terms is a constant quantity, and if the 
diameter of the earth be 7964 miles, the logarithm of this 
quantity in feet will be 6*48915; hence log tan Z-Fdb = 
6-48915 + \ log dc in feet. 

OF THE PARALLAX OF THE CELESTIAL BODIES. 

(184) That part of the heavens 
in which a celestial body appears 
when viewed from the surface of 
the earth is called its apparent 
place : and the point in which 
it would be seen at the same 
instant from the centre of the 
earth, is called its true place, the 
difference between the true and 
apparent place is called the pa- 
rallax in altitude. 

Let c be the centre of the earth, a the place of an observer 
on its surface, whose visible horizon is ab, true horizon cd, 
and zenith z. Let zifd be a portion of a great circle in the 
heavens, and E the absolute place of any object in the visible 
horizon ; join ce and produce it to F ; then f is the true place 
of the object, and b its apparent place in the heavens ; and the 
angle bef=aec is the parallax. 

The parallax is the greatest when the object is in the horizon ; 
for the angle aec is greater than agc, hence the more elevated 
an object is (its distance from the earth's centre continuing the 
same) the less is the parallax. When the object is in the 
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zenith the parallax vanishes, for then ac and az, are in the 
same straight line cz. 

Since the apparent place (h) of a celestial body is more 
distant from the zenith (z) then the true place (i), it therefore 
follows, that the parallax in altitude must be added to the ob- 
served altitude, in order to obtain the true place as seen from 
the earth's centre* The stars on account of their immense 
distance from the earth have no sensible parallax, and the sun's 
mean parallax is only 8"*6. The moon's greatest horizontal 
parallax is 61' 32", least 52' 50". 

( 185) The horizontal parallax being given, to find the parallax 
at any given altitude. 

In the right-angled triangle eac 

rad : ec : : sin aec : ac 
And in the triangle gac 

oc=ec ; sin gac : : ac : sin agc 
And by comparing these two proportions 

rad : sin gac : : sin aec : sin agc 
But the sine of an arc is equal to the sine of its supplement, 
therefore sin gac = sin gak, and gak is the complement of 
gae, therefore sin of gak=cos gae, hence 

rad : cos gae : : sin aec : sin agc. 
The last two terms being small, the arcs may be substituted 
for their sines without sensible error. 

Hence the following rule : 
Radius 

: Cosine of the apparent altitude, 
: : The horizontal parallax in seconds, 
: The parallax in altitude in seconds. 

EXAMPLE LIII. 

The apparent altitude of the moon's centre is 24° 29' 44", 
the horizontal parallax 55' 2". Required the parallax in al- 
titude. 

Rad=sin90° 10-00000 

: cos moon's altitude 24° 29' 44". . . 9-95904 
: : horizontal parallax 55' 2" =3302" log =3-51878 

Sarallax in altitude 3005" log= . . 3*47782 
le parallax in altitude is 3005" =50' 5". 

OF THE ADMEASUREMENT OF ALTITUDES BY THE BARO- 
METER AND THERMOMETER. 

(186) One of the most simple and easy practical rules for 
measuring the elevations and depressions of objects by means of 
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the barometer and thermometer, is that given in the Encyclo- 
paedia Brit. Article Pneumatics, or in Dr. Rees' New Cyclo- 
paedia, under the word Barometer. The directions are as 
follow : — Let the observers be provided with two portable 
barometers, each of the same construction, with a nonius pro- 
perly adapted to the scale, and a thermometer attached to 
each, having their bulbs each of the same diameter, nearly, as 
the diameters of the barometric tubes. 

Place one of these barometers in the shade at the top of the 
eminence, with a detached thermometer near it ; and let the 
other barometer be placed below in like manner, with a de- 
tached thermometer near it. When the thermometers have 
acquired the temperature of the air, that is, when the fluid in 
each becomes stationary, the observers must note down the 
temperatures shown by the thermometers, and the heights of 
the mercurial columns in the barometers. 

Then the elevation of the higher barometer above the lower 
may be determined by the formula, which is deduced from the 
following observations. 

( 1 87 ) 1 . The height through which we must rise in order to 
produce any fall of the mercury in the barometer, is inversely 
proportional to the density of the air ; that is to the height of 
the mercury in the barometer. 

2. When the barometer stands at 30 inches, and the air 
and quicksilver are of the temperature 32°, we must rise 
through 87 feet, in order to produce a depression of T ^th of 
an incn. 

3. But if the air be of a different temperature, the 87 must 
be increased or diminished by j^ of a foot for every degree 
of difference of the temperature from 32°. 

4. Every degree of difference of the temperatures of the 
mercury at the two stations makes a change of 2*833 feet, or 
2 feet 10 inches in the elevation. Hence, 

If d be the difference between 32° and the mean temperature 
of the air, d the difference between the barometric heights in 
tenths of an inch, 8 the difference between the mercurial tem- 
peratures, m the mean barometric height, and e the correct 

elevation- Then e= 30d ( 87 * >21 <*) ± 2-8838. 

m 

This formula may be given in words, thus : 

(188) 1. Multiply the difference between 32° and the mean 
temperature of the air by '21, and add the product to 87, if the 
mean temperature be above 32°, but subtract it if below. 

2. Multiply the sum or difference, found above, by thirty 
times the difference, between the barometric heights, in tenths 
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of inches, and divide the product by the mean of the barometric 
heights, the quotient will give the approximated elevation. 

3. Multiply the difference between the mercurial tempera- 
tures by 2*833 feet, and add this product to the approximated 
elevation, if that of the upper barometer be the greatest, 
otherwise subtract it, the result will be the corrected elevation 
in feet. 

EXAMPLE LIV. 

Suppose that the mercury in the barometer at the lower 
station was at 29*4 inches, that its temperature was 50° of 
Fahrenheit's thermometer, and the temperature of the air 
45° ; and let the height of the mercury at the upper station 
be 25*19 inches, its temperature 46°, and the temperature of 
the air 39°, what would be the elevation of the higher baro- 
meter above the lower ? 

Solution by the formula. 
Here! 




AndE = 30x42 1 x^21j<10) +(4x2 . 8 3 8) 

=4111*522 feet, the correct elevation. 

( 1 89) If several sets of observations be made at each station, 
after short intervals of time, and the mean of the separate re- 
sults be taken, the conclusion will probably be more accurate 
than that derived from a single observation. 



CHAP. V. 

OF THE SIGNS OF TRIGONOMETRICAL QUANTITIES, ETC. 

(190) In the investigation of some theorems in spherical 
trigonometry, and in the application of trigonometry to 
several astronomical and analytical problems, the changes of 
the signs of the tangents, sines, &c. from affirmative or +, to 
negative or — , reauire particular attention. They likewise 
serve to illustrate the use of the negative sign in the applica- 
tion of algebra to geometry. 

(191) The tangents, sines, and versed sines are counted 
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from, or have their origin at b, the beginning of the arc 
(Plate I. fig. 1.). The cosines, secants, and cosecants, ori- 
ginate at the centre c. 

(192) The cotangents and coversed sines originate at the 
end of the first quadrant, as at a. 

(193) The sine increases from nothing at B till it becomes 
equal to the radius, at the end of the first quadrant ab ; de- 
creases along the second qu&drant from a to ft, and vanishes 
at the point b, showing the sine of a semicircle to be nothing. 
After this, the sine will lie on the contrary side of the diame- 
ter; therefore being reckoned affirmative before, must now be 
counted negative. Through the third quadrant to, the sine iA 
increases negatively till it becomes equal to the radius ; after 
which it decreases negatively till it arrives at the point b, 
where it is nothing as before. 

(194) The cosine is equal to the radius when the arc is 
nothing ; but decreases through the first quadrant ba, at the 
end of which it is. nothing : during the second quadrant it is 
negative ; for the cosine ci will lie in an opposite direction to 
the cosine cg. Through the third quadrant bn the cosine de- 
creases negatively, at d the negation is destroyed ; and in the 
fourth quadrant db it again becomes affirmative. 

(195) The tangent at the beginning of the arc is nothing, 
and increases to infinity during the first quadrant ba, at the 
point a there is no tangent, for ca produced can never meet 
bt (99). In the second quadrant a6 the tangent Bt is nega- 
tive: for the tangents being reckoned from the point b, the 
tangent b£ will lie in an opposite direction from bt. Through 
this second quadrant the tangent decreases negatively, from 
infinity to nothing. In the third quadrant the tangent is 
again affirmative, and increases from nothing to infinity. In 
the fourth quadrant it decreases from negative infinity to 
nothing, just the same as in the second quadrant. 

(196) The cotangent at the beginning b, of the arc, that is 
when the arc is very small, is affirmative infinity, but in the 
second quadrant it will fall on the contrary side of ad, and 
consequently will be negative. In the third quadrant it will 
again be affirmative, and in the fourth negative, exactly the 
same as the tangent. 

(197) The secant at the commencement of the first quadrant, 
when the arc is nothing, is equ&l to the radius, and increases 
affirmatively to the end of the first quadrant ba, where it 
ceases to exist (100). In the second quadrant it is negative, 
for the revolving radius falls on the contrary side of ad, and 
continues so through the third quadrant ; but in the fourth 

h 2 



Digitized by 



Google 



100 



GENERAL PROPERTIES OF SINES. 



Book II. 



quadrant it is again affirmative, or falls on the same side of 
ad as in the first quadrant. 

(198) The cosecant will agree with the sine, for the same 
reason that the secant agrees with the cosine. 

(199) The versed sine increases from nothing during the 
first two quadrants, till it becomes equal to the diameter its 
utmost limit It decreases for the last two quadrants, till it 
becomes nothing, but being always counted in the same direc- 
tion from b to b is always affirmative. 

(200) We may hence lay down the following synopsis of 
algebraic signs for all the four quadrants : — 



From 0° 


From 90° 


From 180° 


From 270* 


to 90° 


to 180° 


to 270° 


to 360° 


Sine . . + 


> . + « 


— 


— 


Cosine . + 


. • — « 


— 


. . + 


Tangent + 


. . — 


. . + 


— 


Cotangent -f 


► . — 


. . + 


. . — 


Secant . + 


. . — 


» . — 


. . + 


Cosecant + 


. . + 


— 


— 


Versed sine + 


. + . 


. + 


. + 



(201) In analytical enquiries, arcs of all magnitudes % 
whether greater or less than 180°, are frequently used; but 
jn trigonometry, every arc or angle made use of must be less 
than 180°. If any arc be considered as affirmative, an equal 
arc in a contrary direction will be negative. 

Let bf and bh be two equal arcs (Plate L Fig. 1.) ; now if 
the arc bf be considered as positive, the arc bh in a contrary 
direction will be negative. The arcs bf and bh are equal and 
have the same cosine gc, and the same versed sine bo: but the 
sine hg, lying in a contrary direction to the sine fg, becomes 
negative, or contrary to the sine fg of the positive arc bf. 

It is shown in the xith proposition following, that if a= 

any arc, tan a = S1 " A x rad; cot a = c °^ A x rad; and 



cos A 



sin a 



cosec a=- 



_ rad g 
"sin a' 



These quantities will consequently have a 
different sign for a negative arc, to that which they will have 



• For if to any arc bf, there be added one or more circumferences of the circle,' 
they will terminate exactly in the point r, and the augmented arc will have the 
same positive or negative sine, cosine, &c. with the arc bf. Thus if c denote an 
entire circumference, or 360°, sine x= trine (c + x) = sine (2c + x)=sine (3c +x) f 
&c. and the same will take place with respect to the cosine, tangent, &c. Legtndrit 
Geometry, 6th edit page 336. 
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for a positive arc; but as sec a= , the secant will have 

. cos A 

the same sign for a negative arc as it will have for an affirma- 
tive arc. 

(202) If the side, tangent, cotangent, or cosecant of a— b be 
found at the conclusion of a problem, and the arc a be less than 
the arc b, the signs of the sine, tangent, cotangent, or cosecant 
of a— b, will be contrary to those which are given in the fore- 
going table. It may also be remarked, that in trigonometrical 
calculations, when a required quantity comes out a sine, the 
case is frequently ambiguous ; because the sine of an arc and the 
sine of its supplement are equal, and have die same sign. But 
when the required quantity is expressed by a cosine, tangent, 
or a cotangent, there is no ambiguity, for a positive cosine, 
tangent, or cotangent, shows the arc to be less than 90° ; and 
a negative cosine, tangent, or cotangent, denotes an arc be- 
tween 90° and 180°. 

(203) Since the sine of an arc=sine of its supplement, tan- 
gent of an arc = tangent of its supplement, &c. ; if a represent 
any arc less than 90°, we shall have, 

sin (90° + a) = sin (90° — a) = cos a 
tan (90° + a) = tan (90° — a) = cot a 
sec (90° + a) = sec (90° — a) = cosec a 
cos (90° + a) = cos (90° — a) = sin a 
cot (90° + a) = cot (90° — a) = tan a 
cosec (90° + a) = cosec (90° — a) = sec a 

Also sin (180° — a) = + sin a 

cos (180° — a) = — cos A 

tan (180° — a) = —tan a 

cot (180° — a) = — cot A 

sec (180° — a) = — sec a 

cosec (130° — a) = -f cosec a 

vers (180° — a) = rad — cos (180° — a) = rad + cos a, 

which is sometimes called the suversed sine of a, and is 

written suvers a. 

covers (180°— a) = rad— sin (180°— a) = rad— sin a. 

(204) The cosine of half an arc is equal to the sine of half 

the supplement of that arc, the sine of half an arc is equal to 

the cosine of half the supplement of that arc, &c 

For if £ a be substituted for a we shall have, 

i • /aao i \ • 180°— A 
cos £a = sm (90° — Ja) = sin 

• i /nn» i \ 180°— A 

sm £a = cos (90° — £a) = coa ^ 

H 3 
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lftO° — A 

cot $A = tan (90° - |a) = tan ^ 

180° a 
tan ja = cot (90° — £a) = cot - — 

cosecjA=sec (90°-$a) = sec ^— ^ 

1 80°— a 
sec^A = cosec(90°— £a) = cosec ^ — 

And as a, in trigonometry, must always be less than 180°, £a 
will always be less than 90°, and consequently its sine, tangent, 
&c will nave the same sign as in the table in art (200). 

GENERAL PROPERTIES OF THE SINES, TANGENTS, CHORDS, ETC. 
OF SINGLE ARCS. 

proposition viii. (Plate J. Fig. 1.) 

(205) The chord of any arc is a mean proportional between 
the diameter and the versed sine of that arc. 

The angle Bvb being in a semicircle, is a right angle 
(31 Euclid III). And fg, by the definition of a sine, is per- 
pendicular to £b, therefore the triangles 6gf, and bgf, are 
similar to each other, and to the whole triangle £fb (8 Eu- 
clid VI). Hence, 

Z>b : bf : : bf : bg, where Jb is the diameter, and bf the 
chord, and bg is the versed sine of the arc bzf. 

(206) Corol. The sine of any arc is a mean proportional 
between the versed sine of that arc, and the versed sine of its 



For the L f&g= L bfg, consequently Jg : gf : : gf : bg. 
proposition ix. (Plate I. Fig. 1.) 

(207) The square of the sine of any arc added to the square 
of its versed sine, is equal to the sqmre of the chord of that arc; 
or to four times the square of the sine of half that arc* 

For gf* + gb*=bf 2 (47 Euclid I). 

Draw ct parallel to Jf, and it will cut bf at right angles in 
z ; but if it cut it at right angles, it will bisect it (3 Eu- 
clid III), therefore bz=zf, and bf^2b2, and consequently 
bf*=4bz 2 . 

proposition x. (Plate L Fig. 1.) 

(208) The tangent of any arc is a mean proportional between 
the sum and difference of the radius and the secant; viz. 

sec+rad : tan : : tai\ : sec— rad 
Join fc, and produce it to h and to t, so as to meet the tan- 
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gent bt of the arc bf. Then At x fts=tb* (36 Euclid III), 
that is At : tb : : tb : ft. (17 Euclid VI) But far=sec cr + 
rad, and FT=sec ct— rad; therefore sec + rad : tan : : tan : 
sec— rad. 

proposition xi. (Plate I. Fig. 1.) 

(209) The right angled triangles fgc, tbc, cak, cef, are 
equiangular and similar. 

For fgc, tbc are right angles, and L fcb = L tcb, therefore 
the remaining Z.cfg=Z.ctA. 

The triangle cef = triangle cgf, for theZ.CFG = Z.FCE 
(29 Euclid I), andz.FEC=Z.CGF, being each of them right 
angles, and the side cf is common to both the triangles, there- 
fore thev are equal (26 Euclid I). Again, ak is parallel to 
ef, by the definition of a tangent and sine : therefore the tri- 
angle cak is equiangular with the triangle cef; and conse- 
quently with cgf and cbt. 



In the triangles cgf and cbt. 



(A) 
(B) 
(C) 

(D) 

(E) 
(F) 



CG 
COS 
CF 

rad 

CB 

rad 



GF 

sin 

FG 

sin 

CG 

COS 



CB 

rad 

CT 

sec 

CT 

sec 



BT 

tan 

TB 

tan 

CF 

rad 



In the triangle cef=cgf and cka. 



{ 

i 



CF 

rad 



CE=GF 

sin 



CK 

cosec 



In the triangles ctb and cka. 



cb 
rad 

AK 

cot 



bt 

tan 

EF=CG 

cos 



AK 

cot 

CK 

cosec 



CA 

rad 



CA 

rad 

CF 

rad 



(210) By comparing these analogies 
cos : sin : : cot : rad (A) and (E). 
sec : tan : : cosec : rad (B) and (D). 
see : rad : : coeec : cot (C) and (F). 

(211) From (E) tan. cotzzrad*. 

Therefore the tangent of any arc x its cotangent = the tan- 
gent of any other arc x its cotangent. 

(212) From (D) sin . cosec— rad 2 . 

Therefore the sine of any arc x its cosecants sine of any 
other arc x its cosecant. 

h 4 
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(213) From (C) cos . sec— rod 2 . 

Therefore the cosine of any arc X its secant =cosbe of any 
other arc x its secant. 

(214) Also rod* =sin*+co8*. 
For, cf 2 =gf 2 +cg 2 (47 Euclid I). 

(215) rad*=sec*-tan q =cosec q --cot q 

For, cb 2 =ct 2 -tb 2 (47 Euclid I), and ac 2 =ck 2 -ak 2 . 

(216) rad q —cos . sec (by C art 209) =*m . cosec (by D) 
=tan . cot (by E). 

(217) «n=*?^(byA) = *^^(byB)==^L(byD) 
x ' rod * sec w ' cosec y * 

_cos . m* (gl0) &c 
cot 

(218) Let a denote any arc*; then adopting the notation 

in arts (107) and (203), we have 

¥ . M — jo a — cos a . tan a rad . tan a 

I. sin a= ^/rad 2 -cos 2 a= ^ = — 

rad • cos a rad 8 rad . tan a rad 8 



cot a ^rad fl +cot fl A t/rad 2 + tan 2 A cosec a" 

sec a . cos a tan a . cot a rad m — 5 « — 

= := A/sec^A— rad* zz 

cosec a cosec a see a v 



V'suvers a, vers a= </2 rad . vers A— vers 2 A. 

II. cos a = rad — vers a = suvers a — rad = 

- — __ _ — rad . sin a rad 2 rad 2 

^rad 2 — sin 2 a = — — = — ======== : 

tan a V rad 2 + tan 2 a sec a 

ta n a . cot a __ sin a . cosec a __ sin a . cot a __ rad . cot a 

sec a ~~ secA "" rad ~" cosec a 

rad . cot a rad 



V cosec 2 a— rad 2 . 



v/rad 2 + cot a a cosec a 

TIT rad . sin a rad . sin a 

III. tan a=- 



cosa •rad 2 -sin 2 a 

rad r-J5 5T rad * rad 2 

.^rad 2 — cos*a= -7— ==- 



cos a. sec a 



cos a - cot a ^cosec 2 a— rad 2 cot a 

— • — 5 To 8 i n A • cosec a rad. sec a rad 5 . cos a 

— \Zsec* a— rad*= rrr^ = =-r— rs— : 



cot a cosec a sinA.cot 2 A"~ 



rady/2rad . versA— vers* a rady/(2rad . silvers a) —suvers 2 a 

rad— vers a """* "" suvers a— rad • 

TV ^* A — / 5 XT rad 2 _sin a . cosec a 

IV. cot a = v^cosec 2 A — rad 2 = - = 7 

tan a tan a 



• Emerson's Trigonometry, 2d Edit Prop. I. Scholium. 



Digitized by 



Google 



Chap. V. tangents, etc. op arcs. 105 

cos a. sec a **ad.cosecA rad.cosA rad , — - — ■■ '. 

= — i =: = : — ~ — vrad —8m 3 a 

tan a sec a sin a Bin a 

rad • cos a rad 2 rad 3 . sin a 



s/rad a -cos a v'see 2 a — rad 2 cos a . tan 2 a 
(rad— vers a) . rad (suvers a— rad) . rad 



^/(2 rad . vers a) —vers 3 a v* (2 rad . suvers a) —suvers 3 a 

, — r-r - — rad* rad . tan a 

V. sec a = v rad 2 4- tan 3 a = — = -. = 

cos a sin A 

rad 3 rad • cosec a tan a . cot a sin a • cosec a 



SUl A • COt A COt A COS A COS A 

rad 3 rad 7 — -- *- rad . cosec a 

Vrad 2 + cot 3 a = 



>/rad 3 — sin 3 a cot a v' cosec 2 a— rad 3 " 

tan a . cosec a__ rad* rad 3 

rad ""rad— vers A"~suvers a— rad' 

rad 3 rad . sec a 



VI. cosec a = \/rad 3 4- cot 3 a= 



sin a tan a 

rad . cot a rad 3 tan a . cot a cos a . sec a 



cos a cos a . tan a sin a sin a 

rad 2 rad , — = - — ' rad . sec a 

vrad 3 + tan 3 a=- 



v'rad 2 — cos 3 a tan a v'see* a— rad 2 

cot a . sec a rad 2 

rad ~~\/2rad. vers a— vers 3 a 

VII. vers a = 2 rad — suvers a = rad — cos a = rad —> 

rad 2 _ rad . cot a 



\/rad 2 — sin 3 A=rad— ==-=rad— 



v'rad 2 + tan 2 a v/rad 2 + cot 2 a 



rad 2 _, rad 



=rad =rad /cosec 2 a— rad 2 

sec a cosec a 



VIII. suvers A=2rad— vers A=rad+ a/ rad" 1 — sin* a = 

rad 2 T rad . cot a 

rad + cos A=rad+ . == = =rad + 



\/rad 2 + tan 2 a \/rad 2 +cot 2 a 

. , rad , jx (sin a + tan a) . rad 

rad + v cosec 2 a — rad 2 =■- 

cosec a tan a 

— A s * n A * cot A — rad-h ra< * 2 — ( cot A + C08ec A ) rac * 

"" rad """ sec a""~ cosec a 

(219) The coversed sine maybe found by subtracting the sine 
fr om radius ; that is , cove rs A=rad— sin a; also the chord = 
Vvers 2 a + sin 2 a = \/ (rad— cos a) 2 + (rad 2 — cos 2 a)=; 
^2 rad • (rad— cos a). 

(220) Besides the preceding formulae, others may be de- 
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duced, thus, sin* a -f cos* A=rad a (214),rad 2 + tan 2 A=sec 2 a, 
and rad 2 +cot 2 A=cosec a A (215). Now because tan a = 
rad . sin a (218)> ^ A= rad' . ma* a hence rad8+ ^ A 



COS A 



COS* A 



— rad* + rad 2 * sin 2 a _ rad 2 . (cos' 2 a + sin 8 a) _ rad 



cos' A 



cos* A 



COS- 4 A 



&C. 



GENERAL PROPERTIES OF SINES, TANGENTS, ETC. OF DOUBLE 
ARCS AND OF HALF ARCS. 

proposition xii. (Plate L Fig. 1.) 

(221) The right-angled triangles £gf, bgf, Jfb, and czb, are 
equiangular and similar ; and cz, the cosine of the arc bi, is 
equal to the half ofbF 9 the chord of the supplement of double the 
arc bz. 

For Jgf, bgf, and Sfb have already been shown to be equi- 
angular (205), and the triangles czb, fgb, have the angle at 
b common to both of them ; also the angle &fb, being an angle 
in a semicircle, is a right angle ; and since cz is parallel to &f, 
by construction (207), the angle czb is likewise a right angle. 
Now bz : cz : : bf : fJ, but bz = Jbf (207), therefore 
cz = JJf. 

Hence the following proportions. 

" cb : bz (sine arc Bi) : : bf(=2bz) : bg 
radius : sine of an arc : : double that sine : versed sine 
b of double that arc. 

cb : bz : : Jf (=2cz) : gf 
radius : sine of an arc : : double its cosine : sine doable 
m the arc. 

cb : cz : : Jf ( =2cz) : Jg 
radius : cosine of an arc : : double its cosine : su- 
m versed sine of double the arc. 

cb : cz : : bf ( =2bz) : gf 
radius : cosine of an arc : : double the sine : sine of 
_ double the arc. 

bf ( =2bz) : bg : : £f ( =2cz) : gf 
double the sine of an arc : versed sine double arc : : 
_ double cosine : sine of double the arc. 

bf ( =z2bz) : gf : : bv ( =2cz) : bo 
double the sine erf an arc : sine double the arc : : 
double the cosine : suversed sine of double the 
^arc. 

bz : cz : : gb : gf 
sine of an arc : its cosine : : versed sine double arc : 
sine double arc. 



(A) 



(B) - 



(C) 



(D) 



(E) 



(F) 



(G) 
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(H) 



(R) 



bz : cz : : gf : bo 

sine of an arc : its cosine : : sine double arc ' su- 
versed sine of double the arc. 

bg : gf: :gf : 4g 
versed sine double arc : sine double arc : : sine double 
m arc : suversed sine of double the arc 

(222) By comparing these proportions, with the propor- 
tions Prop. XI. and casting out the equal terms, various other 
proportions may be formed. Thus by (B) in art (209) 

radius : sine: : secant : tangent, and by (A) in art (221) 
radius : sine : : double sine : versed sine double arc, there- 
fore secant : tangent : : double the sine : versed sine double 
the arc, &c for others. 

(223) Corol. I. The rectangle of the radius and the sine of 
any arc, is equal to double the rectangle of the sine and cosine of 
half thai arc. 

For by (D) art (221) cb : cz : : 2bz : gf 
Therefore cb x gf=2bz x cz. 

(224) Corol. II. The rectangle of radius and half the versed 
sine of an arc, is equal to the square of the sine of half that arc. 

For by (A) art (221 ) cb ; bz : : bf : bg 

And cb : bz : : £bf : £bg 

That is cb : bz : : bz : £bg 
Therefore cb x £bg=bz 2 ; now cb is the radius, bg the versed 
sine of bf, and bz is the sine of bi, which is half the arc bf. 

(225) Corol. III. The rectangle of radius and half the *k- 
versed sine of an arc, is equal to the square of the cosine of half 
that arc. 

For by (C) art (221) cb : cz: : Jf : bo 

cb : cz: : £4f : £&g 
cb : cz : : cz : £&g 
Therefore CBxi*G— cz a , where cb is the radius, bo the 
suversed sine of the arc bf, and cz the cosine of half the arc 
bf == cosine of the arc bi. 

(226) Corol. IV. The diameter of the circle is to the versed 
sine of any arc, as the square of the radius is to the square of the 
sine of half that arc. 

For, (224) cb x Jbgzzbz 2 , multiply by the radius cb, 
then cb 2 x £bg=cb x bz* 
therefore cb : £bg: :cb* j bz* 
or 2cb : bg : : cb 2 : bx 2 

(227) Corol. V, The r ec tang l e of the sine of any arc, and 
of the cotangent of its half, is equal to double the square of the 
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cosine of half that arc. And the tame is true, writing tangent 
and sine, for cotangent and cosine, 

For, if A=any arc, we have by (218) sin a= *- , 

, rad . sin a 

and cos a= — - 

tan a 

And rad : cos a :: 2 sin a : sin 2a by (A) art (221), hence 

j 2 rad . cos a • o . *u r 

rad : cos a: : : sin 2a; therefore 

cot A 

2 COS* A 

sin 2a= ; or sin 2a • cot a =2 cos 3 a, that is 

cot A 

sin a • cot J a =2 cos 3 Ja. 

Again, by substituting the value of the cosine of a in the 
second term of the first proportion, we shall obtain 

sin 2a . tan a=2 sin 3 a, that is sin a . tan £a=2 sin 3 £a. 

(228) Using the same notation as before, the following 
formulae may be easily obtained, by simple algebraical re- 
ductions.* 

t v. o. 2 cos a . sin a 2 sin 3 a 2 cos 3 a 

1. sin 2a — = = == := 

rad tan a cot a 

2 rad . sin a _ 2 rad . cos a 2 rad 3 . tan a 2rad 3 .tanA __ 

sec a ~~ cosec a *~"rad 3 + tan 3 a ~~ sec 3 a "" 

2 rad 3 _ 2 rad 3 . cot a _ 2 rad 3 . cot a 

cot A+tan a"~ rad 3 +cot 3 a ~~ cosec 1 a 

cos 3 a — sin 3 a rad 3 — 2 sin 3 a 
IL cos2Azz — = _ = 

2 cos 3 a— rad 3 rad 3 — tan 3 a , cot a— tan a _ , _ 

3 = — is s — • rad= . rad — 

rad rad 3 +tan 3 a cot a + tan a 

cot 3 a— rad 3 , 2 rad 3 — sec 3 a , 2 cos a— sec a _, 

—a ir* rad= 5 • rad= . rad= 

cot 3 A-h rad 3 sec 2 a sec a 

cosec 3 a— 2 rad 3 , _ cosec a— 2 sin a *^ 

cosec 3 a cosec a 

2 rad 3 . tan a 2 rad 3 



III. tan 2a = 



rad 3 — tan 3 a cot a — tan a 

2 rad . cos a . sin a __ 2 rad . cos a . sin a _ 2 rad 3 . cot a 

rad 3 — 2 sin 3 a 2 cos 3 a— rad 3 ~~ cot 3 a— rad 3 ~~ 

2 rad 3 . tan a 2 rad 3 . cot a 

2 rad 3 — sec 3 A "cosec 3 a- 2 rad 3 * 

ixr ~ * o A rad 3 — tan 3 a cot 3 a —rad 3 cot a— tan a 

IV. cot 2a = — = — = z= 

2 tan a 2 cot a 2 

• Emerson's Trigonometry, 2d edit. Prop. IL Scholium. 
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rad*-2 sin 2 a ^,. 2 cos 2 a -rad 2 nA J^ rad 2 -sec 2 a 



2 cos a . sin a 2 cos a . sin a 2 tan a 

_ cosec 2 a— 2 rad g 
*~" 2 cot A 

T7 - o . — rad • sec 9 A rad • sec A 

v. sec za — 



2 rad 2 — sec 2 a 2 cos a — sec a 

rad 3 __ rad 3 _ jrad 2 + tan 2 a ^ = 

2 cos 9 a — rad 2 ""rad 2 — 2 sin* 2 A""rad 2 — tan' 2 a 

cot a +tan a , cot 8 A + rad 2 j rad . cosec 2 a 

• raa= — 5 .^ . raa= 5 _ — -j Q . 

cot a — tan a cot 2 a— rad 2 cosec" a — 2 rad 1 ' 

sec a . cosec a rad . sec a rad . cosec a 



VI. cosec 2 A: 



2 rad 2 sin a 2 cos a 

rad 3 _ rad 2 + tan 2 a sec 2 a _ cot a + tan a __ 

2 cos a . sin a"" 2 tan a ""2 tan a "" 2 *~ 

rad 2 + cot 2 a __ sec 2 a _ cosec 2 a 

2 cot a ""2 tan a"" 2 cot a * 

, 7TT A 2 sin 2 a 2 rad 2 — 2 cos 2 a 

VII. vers 2 a = ; = , = 

rad rad 

2 vers a . suvers a _ 2 vers a . (2 rad— vers a) ^_ 2 rad . tan 2 a __ 

rad " rad ^^ 2 + tan 2 a ~" 

2 rad . tan 2 a _. 2 rad . tan a _ 2 rad 3 __ 2 rad 3 __ 

sec 2 a "" cot A+tan a ""rad 2 + cot 2 a"" cosec 2 a~ 

2 rad . sin a sec 2 a— rad 2 n , sec a— cos a rt * 

= _ . 2rad= . 2 rad. 

cosec a sec 3 a sec a 

2 rad 2 — 2 sin 2 a 2 cos 2 a 



VIII. suvers 2 a = 



rad rad 



2 rad 2 rad _ 2 cot 2 a ^-2 rad • cot a_2 rad 3 



rad 2 +tan 2 a rad 2 +cot 2 a " tan A+cot a sec 2 a 

_2rad.cosA__2cosec 2 A— 2rad 2 i_ 2cosecA — 2sinA . 



sec a cosec* a cosec a 

_ 2 (suvers a— rad) 2 __ 2 (rad— vers a) 2 

~~ rad ~~ rad 

The coversed sine may be expressed in terms of the rest 
by substituting its value in any of the above forms. 

covers 2 a = rad - sin 2 a = rad - 2 cos A ! sin A = 

rad 

rad 2 — 2cosA.sin a a , , rt . 

= , and chord 2 a=2 sm a. 

rad 

(229) If £a be substituted for a in each of the foregoing 
expressions, we shall have, 



Digitized by 



Google 



110 GENERAL PROPERTIES OF SINES, BOOK II. 

T 2 cos i a. sin i a 2 An 2 l a q 

I. «« A= 1 «_= -*—, &C. 

rad tan £ a 

T¥ cos 2 Ja- sin 2 I a rad 2 —2 sin 2 J a 

II. cm a= = j »—=-, *_, &c. 

rad rad 

III. feBA =2^L 1 teniA = 2j^ &c> 

rad 2 — tan 2 £ a cot £ a — tan £ a 

IV. cot A= «d»-tan'JA =; cot^A-rad' 

2 tan £ a 2 cot £ a ' * 

V. «cc a= rad ' 8eca T A - rad. sec | a 

2 rad 2 — sec* | a 2 cos £ a— sec £ a ' 

, Tr sec i a . cosec i a rad . sec A a a 

VI. cotecK— — ±—^ — -= «_=__ — 2_ & c . 

2 rad 2 sin £ a 

, rl¥ 2 sin 2 A a 2 rad 2 -2 cos 2 A a „ 
VH. ver , A =-—JL-= — I_,&c. 

VIH. ^ers ^^-^^^^J- ,^. 
rad rad 

(230) By finding the values of sin £ a, cos \ a, tan J a, &c. 
from the most convenient of the foregoing equations, the sine, 
cosine, &c. of the half arc will be obtained in terms of the sine, 
cosine, &c. of the whole arc, by easy algebraic reductions. 



t • i j /rad — cos a _, /i 

I. sin £ a = rad /\/ 2rad = rad V 



sec a — rad 
2 sec a 



rad 2 — rad . cos a 



= k {/rad 2 + rad . sin a — 



v- 

•rad 2 -rad.sinA} ^ rad -^» A =ni^/: 



rad . vers a j /2 rad — suvers a 

~2~rad 



= £ chord a. 



tt» 1 .=-* A /-^fi=-d A /. 



sec A + rad_ 
2 sec a 



^ 



rad 2 +rad.cosA 



= H v^rad 2 +rad.sin A-f \/rad 2 — rad.sin a} 



rad . suvers a 



/ 2 rad 2 — rad . vets a / 

V 2 - = v 

III. ton^A=rad Aad -cos a = ^ /I 
V rad + cos a V s 



sec a -f rad 

rad . sin a rad 2 — rad . cos a 
zz cosec A — cot A = 



rad + cos a sin a 

V 2 rad— vers a v 



^2 rad— suvers a 



suvers a 
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IV. «rf*A = rad A / rad + C03 A =rad A / sec A + ' 
V rad — cos a V sec a-] 



= cosec a + cot a ;= 



rad 
rad 

rad .sin a _ rad g + rad . cos a _^ 
rad— cos a sin a "" 



/ 2 rad-vers a =to h /_j?m 
1 V vers a V 2 rad- 



r ^ .^ ™~ „ .« , suversA 

rad/ 



* 1=rad VsFf^T=Wi 



V. sec i*—*^i / * mu — — j - / 2 sec a 



______ rad + cos a V rac j + sec a 

, a / 2 tan a - / 2 rad _ , / 2 rad 

rad V s inA + tanA = rad V 2rad-v ersA" ra d V s^eTsV 

VI. « wee iA=iBd A / 2rad =radA /.^igi^ = 
V rad — cos a V sec a— rad 

r^/ZE^T =radv ^2^ / 2 rad ^ 

V tanA-smA V versA V 2rad— suversA 

And in the same manner the versed sines, coversed sines, 
chords, &c. of the half arcs may be found. 

GENERAL PROPERTIES OP SINES, TANGENTS, ETC. OF THE 
SUMS, AND OF THE DIFFERENCES OF ARCS. 

proposition xni. (Plate I. Fig. 2.) 

(231) The sum of the sines of two arcs is to their difference, 
as the tangent of half the sum of those arcs is to the tangent of 
half their difference. 

Let ba and bo be the two arcs ; draw the diameter bx, and 
od and ag perpendicular to it. Produce od to meet the cir- 
cumference in f, and draw hfn parallel to the diameter; join 
ao, and produce ag and ao to h and n ; from the centre c draw 
cwe perpendicular to ao, and op to ag ; and at e drawEiK per- 
pendicular to cwe, meeting co and cb (produced) in i and k. 

Because of is perpendicular to bc it is bisected in d (3 Eu- 
clid III) : hence ph is bisected in g; therefore ah is the sum 
of the sines ag and od, and ap their difference. The arcs ao 
and of are bisected in e and b (30 Euclid HI), therefore af 
is the sum of the arcs ba and bo, and ao their difference ; 
hence be is the half sum, and oe the half difference ; to 
which ek and ei are tangents. 

Now ph being bisected in g, on will be bisected in m; also 
since ao is bisected in w, and on in m, wm will be the half of 
an; therefore 

an : ao: :wm : wo and 

an : ao : : ah : ap per similar triangles. 
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Hence tim : wo : : ah : ap; 

but wm : no : : ek : ei per similar triangles; 
therefore ah : ap : ; ek : ei ; or 

sinAB + sinoB:sinAB— sinoB:: tan^(BA + Bo): tan£(BA— bo). 
(232) Hence, if the two arcs ba and bo be represented 
by a and b, we shall have 

sin A+sin b : sin a— sin b: :tan £(a + b) : tan £(a— b). 
sin A + sin B__tan £(a+b) 

OTf — ; -— v « 

sin a— sin b tan £(a— b) 



proposition xiv. (Plate I. Fig. 2.) 

(233) The sum of the cosines of two arcs is to their difference, 
as the cotangent of half the sum of those arcs is to the tangent of 
half their difference. 

Let ba and bo be the two arcs, as in the preceding propo- 
sition, be their half sum, and oe their half difference. 

Draw wq and cs parallel to ag, and nit to bc ; also produce 
ca to t, and wa, et to r, s. Then because ao is bisected in 
n> gd ( =po) will be bisected in q, viz. gq = qd. 
Hence 2cq=cd + cg the sum of the cosines, 
and 2gq=cd— cg the difference of the cosines. 
Now nt ( =cq) : ni ( =gq) : : nr : nx by similar triangles, 
or 2cq : 2gq : : nr : wa 
But nr : wa : : es : et 
therefore 2cq : 2gq : : es : et, where es is the tangent of the 
complement of the arc be, or its cotangent, and et=ei the 
tangent of the arc oe. 

.•. cos bo + cos ba : cos bo— cos ba : : cot £(ba +bo) : tan 
£ (ba— bo). 

(234) Let the two arcs ba and bo be represented by a and b, 

th COS B+CQS A __ COt ^ (A + B) 

cos b— cos A~~tan £(a— b) # 



proposition xv. (Plate I. Fig. 2.) 

(235) The sum of the tangents of two arcs is to their difference, 
as the sine of the sum of the arcs is to the sine of their dif 
ference. 

Let be and oe be the two arcs, the construction remaining 
as in Props. XIII. and XIV. 

Because ao is bisected in w, it will be bisected in e, so that 
tk is equal to the sum of the tangents ei and ek, and ik to 
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their difference. Since the arc ao is bisected in e, the arc 
ba is equal to the sum of the arcs be and oe, and bo to their 
difference; also ag and od are the sines of the arcs ba and 
bo. 

The lines tk and am being parallel, we have 
tk : ik:: am : om; 
but am : om:;ag : pg=od, 
.'. tk : ik ::ag : OD. 

(236) If the two arcs be and oe be represented by a and b 

., tan a + tan B_ sin (a + b) 
tan a — tan B""sin (a— b)" 

proposition xvi. (Plate I. Fig. 3.) 

(237) The difference between the rectangle of the sines and 
the rectangle of the cosines of two arcs, is equal to the rectangle 
of the radius and the cosine of the sum of these arcs. 

Let bo and oa be the two arcs, od and An their sines, cd 
and en their cosines ; then ag will be the sine of the sum of 
the arcs, and cg will be the cosine. 

Draw ni parallel to cb, and no, parallel to od ; then the 
triangles cod, oiq, and a/ii, are equiangular and similar ; for 
theZ-A7ic=Z-twQ, are each right angles, and if the common 
L inc be taken away, there will remain the L hm = L cwq. 

Then if the arc bo be represented by a, and the arc ao by 

b, we shall have 

j . cos a . cos B 

co : oi::cd : cq, viz. rad : cos b::cos a : cq= = 

* rad 

co : od : : An : ni = gq, viz. rad : sin a : : sin b : gq = 

sin a . sin b 

rad 

But cq— gq=cg (the cosine of the arc ba)=cos (a + b) 

a1% r cos a . cos b sin a . sin b / , \ 

therefore = = = cos (a + b) 

rad rad 

that is cos a . cos b— sin a . sin B=rad . cos (a + b). 

(238) The same construction remaining, we shall have 

, . . sin a . cos b 

co : cw::od : wq, viz. rad : cos b:.sui a : wq = 

rad 

cos a . sin b 



co : cd : : aw : At, viz. rad : cos a : ; sin b : ai = 



rad 

But ?tQ + At=AG (the sine of the arc BA)=sin (a+b) 

. r sin a . cos b cos a . sin b 
therefore — + rgd =sm (a+b) 

that is sin a . cos b + cos a . sin B=rad . sin (a+b). 

i 
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proposition xvii. (Plate I. Fig. 3.) 

(239) The sum of the rectangle of the sines and the rectangle 
of the cosines of two arcs, is equal to the rectangle of the radius 
and the cosine of the difference of these arcs. 

Let bo and oa be the two arcs, make or=ao, then the 
chord ar will be bisected in n, and br will be the difference 
between the arcs bo and ao ; through r draw rp parallel to 
ob, and rh parallel to ao, then will ag be the sine of the 
sum of the arcs bo and ao, and rh the sine of their 
difference. By similar triangles An : ar : : ai : ap; but An is 
the half of ar, therefore ai is the half of ap, that is, ai"— ip. 

Now cq + oq=cq + qh=ch=cos (a— b) ; and from the 
investigation of the preceding proposition, we have 
cos a . cos b sin a . sin b 
cQ + gq= ZZ2 +- 



rad ^ rad 
cos a . cos b sin a • sin b , v 

•*•— S3 + rad =cos ( A - B >> 

.•• cos a. cos B + sin a . sin B=rad. cos (a— b). 

(240) Again, hq— az=gi— Pt=pa=RH=zsin (a— b) ; 
and it may be shown, as in art. (238) that 

__. sin a . cos b cos a . sin B a 

'""" rad "" rad 
, a . sin a • cos b— cos a . sin B=rad . sin (a— b). 

proposition xviii. (Plate I. Fig. 3.) 

(241) The square of the radius is to the square of the radius 
diminished by the rectangle of the tangents of two arcs, as the 
tangents of the sum of these arcs is to the sum of their tangents. 

The same construction remaining, let bo and ao be the 
arcs. Draw the tangent Bt 9 and produce co, ca to meet it in 
t, t; through a draw ai perpendicular to ct, and through t 
draw et parallel to ai : when the arc ao is greater than the 
arc bo, the line et will fall within the circle, but that will not 
affect the investigation. 

The triangles cai and cet are equiangular and similar; 
also the triangles tec and £et are equiangular and similar ; 
for the triangles cbt and £et are right angled at b and e, and 
have the angle at t common. 

Hence tr (=te— tb) : tE (=£c— ec) : : tc : tB, 
or *b 2 — fa . tb=*c 2 — tc . EC, 

.'. tC . EC=£C 2 — *B*4*B . TB=CB 2 + fB . TB. 

By similar 1 tr : et : : tc : cb 
triangles J et : ai : : ec : ac=cb 
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Hence tr : ai : : tc . ec : cb 2 

or *b— tb : ai : : cb 2 + *b . tb : cb 2 

•\ tB . CB 2 — TB . CB 2 =AI . CB 2 + AI . tB . TB, 
Or tB (CB 2 — AI . ftB)=CB 2 (AI + TB), 

hence cb 2 : cb 2 — ai . tb::*b : ai+tb. 

(242) The square of the radius is to the square of the radius 
increased by the rectangle of the tangents of two arcs 9 as the 
tangent of the difference of these arcs is to the difference of their 
tangents. 

Let ba and bo be the two arcs ; then the last analogy but 
one in the investigation of preceding article is the property 
here enunciated. 

(243) If two arcs be represented by a and b, 
then rad2 - tan(A + B) 



and 



rad 2 — tan a . tan b tan a -f tan b 
rad 2 tan (a— b) 



rad 2 +■ tan a . tan b tan a— tan b" 

(244) From the propositions already given, a great variety 
of formulae for the sums and differences of arcs may be 
deduced, some of the most important of which will here be 
pointed out. 

By Props, xvi. and xvn. it is shown, 

. , , , sin a . cos b +cos a . sin b yi n 

sin (a + b)= 3 ... (1) 

rad 

v cos a . cos b— sin a . sin b ._. 

cos(a+b)= j^g . . . (2) 

. 7 v sin a . cos b— cos a . sin b /4n 

sin (a— b) = , . . . (3) 

rad 

. cos a . cos b -f sin a . sin b 
cos(a-b) = ^ . . . (I) 

(245) By adding the first and third equations together, and 
dividing by 2, 

L- =£ sin (a + b) -f i sin (a— b) . . (5) 

rad 

By subtracting the third equation from the first, and dividing 

by 2, 

cos A.sinB ,.,.., , v ,_ v 
= £ sm (a + b)— \ sin (a— b) . . . (6) 

By adding the second and fourth equations together, and 
dividing by 2, 

cos a . cosb , . x , '. / , v /„x 

— j = icOS(A-B) + icOS(A + B). . . (7) 

i 2 
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By subtracting the second equation from the fourth, and 
dividing by 2, 

sin a . sin B _i „ nQ (A - B )- i cos (a+b^ . . . (8) 
rad 

(246) If in these formulae there be substituted p for 
a+b, and q for a-b, then a=J (p+q), b=£ (p-q), and 
we shall obtain 

sin p i sin Q= A- • sin i (p+q) . cos i (p-q) . . (9) 
rad 

sin p-sin Q=-^r • sin £ (p-q) . cos i (p+q) . . (10) 
rad 

cos p +cos Q = A- • cos i ( p+Q ) " cos * < P ~ Q ) * ' (") 
rad 

cos q-cos p= A. . sin i (p+q) • sin * (p-q) . . (12) 
rad 

sin a tan a rad ,,, - . 

(247) Andbecause— =-^-=— , ~ shall obtam 

by division and reduction, 

sin p+sin Q _ sin j (p+ q) . cosfr (p-Q) _ tan j (p+ q) ^ 
sin p-sin q ""cos } (p+ q) . sin \ (p-q) tan J (p-q) 
sin p+sin Q __ sin \ (p+ q) _, tan \ (p+ q) ( 14 ) 

cos p -I- cos q cos £ (p+ q) rad 

sin p+sin Q _. cos| (p— Q) _ cotj (p— q) .... (15) 
cos q— cos p sin \ (p— q) rad 

sin p-sin Q _ sin \ (p-q) _. tan \ (p-Q) .... (16) 
cos p+ cos q cos £ (p— q) rad 

sin p— sin Q _ cot | (p +q) .. cot j (p+QJ .... (17) 
cos q— cos p sin ^ (p+q) rad 

cosp+cosq __cos i (p +Q) . cos £ (p-q) _ cotj(p + Q) ^ 18 j 
cos q-cos p~sin \ (p +Q) . sin \ (p-q) tan £ (p-q) 
sin (p + q) _ 2sini(p+Q).co sj(p+Q) = cosHP+Q) (19) 
sin p+sin Q~2sini (p+q) .cos* (p-q) cosi(p-Q) 
sin (p + q) _, 2sinj (p+q) . cosj (p+Q) _ sin£ (p+q) ^ 
sin p-sin q 2 sin £ (p-q) . cos £ (p+q) sini( P - Q ) 

Now if two fractions be equal to each other, the numerator 

of the one is to its denominator, as the numerator of the other 

is to its denominator. Equation (13) is therefore the same 

as Prop, xiii., and Equation (.18) is the same as Prop. xiv. 

(248) If b=a, we shall have, from the equations (7) 

and (8), 

cos* A=i rad 2 4 £ rad . cos 2 a 
sin 2 a=£ rad 2 — J rad . cos 2 a. 
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(249) Also when b=a, q=o (246) and cos 0°=rad; 
from equations in arts. (246) and (247), we have 

rsd + cosF=g cos ^ p 
rad 

. 2 sin 2 I p 

rad— cos p= j-= — 

rad 

sin P - 2sin^p.cos^P 

rad 

sinp tan£p_ rad 



rad+cos p rad cot £ j 
sin p __ cotj-p_ rad 
rad— cos p~~ rad ""tan £ p 



rad +cos p _ cot ^ p _ cot 2 j p _ rad 2 
rad— cos p~"tan £ p rad 2 "tan 2 £ p" 

(250) Because tan (a+b) =^-' l^i^ we have from 

COS IA"T*B1 

the first and second equations (244), 

tan (a + b)= 8in a . cos b + sin b . cos a ^ f , 
cos a . cos b — sin b . sin a 
and since sin A= c QSA.tan A> ^ sin p _ cosB.tanB 
rad rad * 

by substituting these values and dividing the numerator and 
denominator by cos a . cos b, we obtain 

tan(A+B)= tanA+tanB rada 

rad 3 — tan a . tan b 
which has been already obtained by another process in 
art. (243). r 

Also tan (a— b) = .?" A ~ — B rad' by art (243) 

rad a +tan a . tan b j v ' 

and .-. cot (a+b)^^ 2 -^-^ 8 by art (211) 
tan A+tan b 

*>t*a ~~+ /a «\ _rad 2 +tan a . tan b , A , ftl , x 

and cot (a— b) = . by art. (211). 

tan a — tan b * N 

(251) Let a, b, c, be any three arcs, and consider a+b as 
one, then by equations (1) and (2) of art (244), 

sin (a+b+c) — sin ( A + B ) ! cos c + cos ( a +b) . sin c 

rad 
_ (sin a . cos b+cos a . sin b) . cos c 
~ rad 2 

(cos a . cos b— sin a . sin b) . sin c 
+ ScP 

i 3 
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cos (A+B-t r)- c03 < A +B) • cos c " sin < A+B > • si " c 

rad 

_(cos a . cos b— sin a . sin b) . cos c 

" rad 2 

(sin a . cos b + cos a • sin b) . sin c 

"" rad 2 * 

Let now the sum of the three arcs be 180°, or any multiple 

of 180°, then the sine of this sum will be 0, so that the first 

of these equations gives 

sin a . sin b . sin c=sin a • cos b . cos c+cos a . sin b . cos c+ 

cos a . cos b . sin c ;• 

dividing both sides of this equation by cos a . cos b . cos c, 

we have 

sin a sin b sin c sin a sin b sin c 

COS A COS B COS C~~COS A COS B COS c' 

that is, 

tan a . tan b . tan c=tan A+tan B+tan c; 
a remarkable property of the angles of a plane triangle. 

Again, let the sum of the three arcs be 90°, or any multiple 
thereof, then the cosine of this sum will be 0, so that the 
second general equation above becomes, 
cos a . cos b . cos c=cos a . sin b . sin c+ sin a . cos b . sin c+ 
sin a . sin b . cos c ; 
Dividing both sides by sin a . sin b . sin c, we have 

COt A . COt B . COt C=COt A + COt B + COt C. 



GENERAL PROPERTIES OF SINES, TANGENTS, ETC. OF ARCS, 
IN ARITHMETICAL PROGRESSION. 

proposition xix. (Plate L Fig. 2.) 

(252) Let the three arcs bo, be, and ba, be in arithmetical 
progression ; viz. let ao be bisected in e, then ae=oe is half 
die difference between the arcs bo and ba, and therefore be 
is half the sum of the arcs bo and ba ( 1 16). 

Also bo + ba=bo + ae+be=bo + oe+be=2be, that is 
the sum of the extreme arcs, bo and ba, is equal to double 
the mean arc be. 

Draw the diameter acl, and join ol ; draw bz parallel to 
oa, join xz and draw zv perpendicular to bx ; also from l, 
draw lw perpendicular, and ow parallel to bx. 

Then the following triangles are equiangular and similar, 
viz. cbr, zbv, xzv, aop, and olw. For cbr and zbv are 
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right angled at r and v, and have the angle at b common. 
Also xzv is right angled at v, and the angle xzv is equal to 
the angle vbz, for each is the complement of vzb. 

The triangle aop having the sides ao and op parallel to 
the two sides zb and bv of the triangle zbv, is equiangular 
with it ; the angle aol is a right angle, being contained in a 
semicircle, therefore wol, the complement of aop,, is equal to 
the angle oap : hence the angle olw is equal to the angle aop. 

The following proportions, &c. are naturally derived from 
these similar triangles; but first we must observe that ag + od 
=ah=wl the sum of the sines of the extreme arcs; for ah 
is parallel to wl, and the angles wlc and hac being alternate 
angles are equal (29 Euclid I), therefore the right-angled 
triangles cga, cyl having one side ac=lc, and the angles 
equal, are equal in all respects ; hence lyzzag, and wy=od, 
consequently lw= ag+od. Again cg+cd is the sum of the 
cosines of the extreme arcs ; for on account of the equality 
of the triangles lyc and agc, Yc=Cd, therefore cg+cd = 
yc+cd=yd=wo, is the sum of the cosines of the extreme 
arcs. 

(A) 
(B) 

(C) 

(D) 

(E) 

(F) 
(G) 



cb : br : : bz : by 
radius : sine of the mean arc : : double the sine of the 
mean arc : versed sine of double the mean arc. 

cb : br : : zx ( =2rc) : zv 
radius : sine of the mean arc : : double the cosine of 
the mean arc : sine of twice the mean arc. 

cb : br : : ao (=2ow) : op (=cd— cg) 
radius : sine mean arc : : double the sine of the com- 
mon difference between the arcs : difference between 
to the cosines, or versed sines of the extreme arcs. 

cb : br : : ol ( =2cw) : lw 
radius : sine mean arc : : double the cosine of the 
common difference between the arcs : the sum of the 
sines of the extreme arcs. 

cb : cr : : bz ( =2br) : zv 
radius : cosine of the mean arc : : double the sine of 
the mean arc : sine of double the mean arc. 

cb : cr : : zx (=2cr) : xv 
radius : cosine mean arc : : double the cosine of 
the mean arc : suversed sine of double the mean 
arc. 

cb : cr : : ao (=2on) : ap (=ag— od) 
radius : cosine of mean arc : : double the sine of the 
common difference between the arcs : difference be- 
tween the sines of the extreme arcs. 
1 4 
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(«) 



(K) 



(L) - 



(M) 



(N)- 



cb : cr : : ol (=2cn) : wo (=cg+cd) 
radius : cosine of the mean arc : : double the cosine 
of the common difference between the arcs : sum of 
the cosines of the extreme arcs, 

br : cr : : bv : zv 
sine of the mean arc : cosine of the mean arc : : 
versed sine of double the mean arc : sine of double 
the mean arc. 

br : cr : : zv : xv 
sine of the mean arc : cosine of the mean arc : : sine 
of double the mean arc : suversed sine of double 
the mean arc. 

"br : cr : : po (=cd— cg) : ap (=ag— od) 
sine of the mean arc : cosine of the mean arc : : dif- 
ference between the cosines ( = difference between 
the versed sines) of the extreme arcs : the difference 
between the sines of the extreme arcs. 

br : cr : : lw (=ag+od) : wo (— cg+cd) 
sine of the mean arc : cosine of the mean arc : : the 
sum of the sines of the extreme arcs : the sum of the 
_ cosines of the extreme arcs. 
By comparing the above proportions, various others may be 
formed. Thus bz : bv : : zx : zv by comparing (A) with (B), 
that is double the sine of the mean arc : versed sine of double 
the mean arc : : double the cosine of the mean arc : sine of 
double the mean arc, &c. for the rest. 

(253) By what has been already shown, two arcs may be 
compared, and their sums and differences formed into a propor- 
tion. The arcs being in arithmetical progression, the mean 
arc be is half the sum of the extreme arcs bo and ba. There- 
fore, in all the above proportions, and their variations, where- 
ever the words mean arc occur, read half the sum of the arcs. 
Also the sine on, of the arc eo, the common difference be* 
tween the arcs, is the sine of half the difference between the 
arcs bo and ba ; hence in the above proportions for common 
difference between the arcs, read half the difference between the 
arcs. Thus for example (C) will run thus; radius : sine of 
half the sum of the arcs : : double the sine of half the differ- 
ence of the arcs : difference between the cosines of the arcs. 

(254) Hence it follows that the difference between the co- 
sines of two arcs x radius =2 x sine of half the difference X sine 
of half the sum of these arcs. 

But this has been obtained in another manner, see the fourth 
equation (246). 

Indeed from this proposition, the greater part of the formula? 



Digitized by 



Google 



Chap. V. • tangents, etc. of arcs. 121 

noted in Prop. xvm. may be deduced, and it will be no bad 
exercise for the young student to trace out the coincidence. 

proposition xx. (Plate I. Fig. 2.) 

(255) If three arcs be in arithmetical progression, the sum of 
the sines of the extreme arcs is to their difference, as the tangent 
of the mean arc is to the tangent of the common difference between 
the arcs. 

The same construction remaining as in the preceding pro- 
position, ah=ag + od= sum of the sines of the extreme arcs 
ba and bo, and ap=ag— OD=the difference of the sines of 
the extreme arcs. 

By Prop. xin. ah : ap : : ek : ei. 

Now ek is the tangent of the mean arc be, and ei is the 
tangent of eo, the common difference between the arcs. Hence 
the proposition is evident. 

(256) If the extreme arcs be represented by a and b, of 
which a is greater than b, then 

sin A + sinB __ tan j (a + b) g^ .^. 
sin a— sin b tan 4 (a— b) 

proposition xxi. (Plate I. Fig. 2.) 

(257) If three arcs be in arithmetical progression, radius is 
to double the cosine of the middle arc, as the sine of the common 
difference of the arcs is to the difference between the sines of the 
extreme arcs. 

Let the three arcs be bo, be, and ba, as in the preceding 
propositions, and oe=ae the common difference between the 
arcs. Then An is the sine of ae, and ap= difference between 
the sines of ba and bo. 

The triangles Kin, cnQ, are equiangular and similar; for 
A7ic and iViq are right angles, and taking inc away from both, 
there will remain theZ. am= L cwq. The triangle oiq is also 
equiangular with the triangle cewz. 

Therefore ce : cm: : An : At; but by (239) ai = tp. 

Hence ce : cm : : An : iv and doubling the consequents, 
ce : 2cm : : aw : ap. 

(258) If a and b represent the extreme arcs, a being the 
greater, 

rad _ sin ^ (a— b) 

2 cos £ (a+b) ~sin a— sin b* 
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proposition xxii. (Plate I. Fig. 2.) 

(259) If three arcs be in arithmetical progression, the rectangle 
of radius and the sum of the sines of the extreme arcs, is equal to 
the rectangle of double the cosine of the common difference of the 
arcs and the sine of the mean arc. 

The same construction remaining as in the foregoing pro- 
en x Em 
positions, ce : en : : Em : 7iQ= . 

CE 

As gh = pg and ai = ip, we have ai + gh = ip + pg =»q, 
therefore ag -j- od = ah = ai + zp + pg -f gh =2«q. 

Hence ag+ od = ■ that is 

ce ' 

( ag + od) . ce =2cn . EJR. 

(260) Let the extreme arcs be represented by a and b, then 
the mean arc will be J (a + b), and the common difference of 
the arcs £ (a — b). Hence, 

rad(sin A+sin b)=2 cos J (a— b) . sin£ (a + b); 

and if rad = l, 

sin A + sin b=2 cos J (a— b) . sin £ (a+b). 

Consequently, if the sine of the mean of three equidifferent 
arcs be multiplied by twice the cosine of the common difference, 
and the sine of either of the extreme arcs be deducted from the 
product, the remainder will be the sine of the other extreme arc, 
the radius being 1. 



OF THE SINES, COSINES, TANGENTS, ETC. OF THE MULTIPLES 

OF ARCS. 

(261) Taking rad=l, we have by (244) 
sin (a + b) =sin a . cos B+sin B . cos a; 
.•. sin 2A=sin (a+a)=2 sin a . cos a. - 
Again, sin 3A=sin (a-+2a) =sin a . cos 2A+sin 2a . cos a, 
but by (231) cos 2a =2 cos a— 1, 
hence sin a . cos 2a = sin a (2 cos *a— 1) = 

2 sin a . cos 2 a— sin A=sin 2a . cos a— sin a, 
and . • . sin 3a = sin 2a . cos a— sin A+sin 2a . cos a 
=2 sin 2a . cos a— sin a. 
By making b=3a, and following the same method, 
sin 4a =2 cos a . sin 3a— sin 2a. Hence we obtain 
sin AzrsinA 
sin 2a =2 cos a . sin a 
sin 3a =2 cos a • sin 2a— sin a 
sin 4a =2 cos a • sin 3a— sin 2a 
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sin 5a =2 cos a . sin 4a— sin 3a 
sin 6a =2 cos a . sin 5a— sin 4a 
where the law of continuation is evident. 

By substituting the value of cos A = */l — sin' a, &c 
sin A=sin a 
sin 2a =2 sin a>/1— sin a 

sin 3a=3 sin a— 4 sin a 

sin 4a =(4 sin a— 8 sin 3 a) ^1— sin 2 a 
sin 5a=5 sin a— 20 sin 8 a + 16 sin 5 a 
sin 6a=(6 sin a— 32 sin 5 a +32 sin 5 a) */l — sin 2 a 

sin a= */l— cos 2 ~a 

sin 2a=2 cos a>/1 — cos 3 a 



sin 3a=(4 cos 2 a— 1)>v/1— cos^a 



sin 4a =(8 cos 3 a— 4 cos a) >/l — cos- a 
sin5A=(16cos 4 A— 12cos 2 A-f l)y/l— cos 2 A 
sin 6a=(32 cos 5 a— 32 cos 3 a+6 cos a) / 1 —cos 2 a 

(262) Let rad=I, then by art. (244) 

cos (a+b)=cos a . cos b— sin a . sin b; 
.*. cos 2a=cos (a+a)=cos l a— sin - a 
=2cos a— 1 = 1— 2 sin' J a. 
Again, cos 3a=cos (a+2a) =cos a . C03 2a— sin a . sin 2a, 
but by (261) sin a . sin 2a=2 sin 2 a . cos a= 

cos a (1 —cos 2a) =cos a— cos a . cos 2a ; 
hence cos 3a = cos a . cos 2a— cos a+cos a . cos 2a 
=2 cos a . cos 2a— cos A. 
By making b=3a, and pursuing the same method, we shall 
find cos 4a =2 cos a . cos 3a— cos 2a 

COS A=COS A 

cos 2a=2 cos a . cos a— 1 
cos 3a =2 cos a . cos 2a— cos a 
cos 4a =2 cos a . cos 3a— cos 2a 
cos 5a=2 cos a • cos 4a— cos 3a 
cos 6a=2 cos a . cos 5a— cos 4a 

By substituting the value of cos a= Vl— sin 2 a, 
cos a = v/1— sin 2 a 
cos 2a =1—2 sin 2 a 
cos 3a=(1— 4 sin 2 a)/ I— sin 2 a 

cos 4a=8 sin 4 a— 8 sin 2 a+1 

cos 5a=(16 sin 4 a— 12 sin 2 A+l)v/l — sin 2 a 
cos 6a = 1 — 18 sin 2 a+48 sin 4 a— 32 sin 6 a 
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COS A=COS A 
COS2a=2cOS 2 A— 1 

cos 3a=4 cos 3 a— 3 cos a 
cos 4a=8 cos 4 a — 8 cos 2 a + 1 
cos 5a = 16 cos 5 a— 20 cos 3 a+5 cos a 
cos 6a=32 cos 6 a— 48 cos 4 a + 18 cos 3 a— 1 
(263) Making radczl, we have by art (250) 

tan(A+B)=«gL* +t » B 
1— tan a • tan b 

.\ tan 2A=tan (a+a) = 2 tm A 



1— tan*A 

Also tan3A=tan(A-h2A)= *™A+tan2A 

1 -tan a. tan 2a 
2 tan a 



tan a+ 



1— tan- a 3 tan a— tan 3 a 
2 tan a \~~ 1-3 tan 2 a ' 



1-tanAf-^LM 
U-tan a A/ 



Similarly for tan 4a, &c. Hence 
tan A=tan a 

2 tan a 



tan 2a = 



tan 3a=: 



tan 4a= 



1-tan 2 a 
3 tan A—tan 3 a 
1—3 tan 2 a 
4 tan a— 4 tan 3 a 



"1-6 tan 2 A+tan 4 a 
tan **— 5 ton A "" 10 ton3 A+tan 5 a 
1 — lOtan 2 A+5tan 4 A 

(264) And since tan a = — — , if be substituted for 

cot a' cot a 
tan a, we shall obtain, 
cot A=COt A 

eot *=•£*=! 

2 cot A 

cot3A= cot8A " 8cotA 

3 cot 2 A— 1 

^A.-C Ot^A-eCQ^A+l 

4 cot 3 A— 4 cot A 

cot 5rt— cot * A "~ 10 cot * A + 5 cot A 
5 cot 4 A— 10 cot 2 A + 1 

Also if be substituted for cos a, the secant of the 

sec a 

multiple of any arc may be obtained 
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QF THE SINES AND COSINES OF THE POWERS OF ARCS. 

(265) By art. (262) cos 2a=1-2 sin 3 a; 

therefore 2 sin 2 a = 1 —cos 2 a. 
By art. (261) sin 3 a=3 sin a— 4 sin 3 a; 

hence 4 sin 3 a=3 sin a— sin 3 a. 
By art (262) cos 4a=8 sin 4 a— 8 sin 3 a+1 
. • . 8 sin 4 a=cos 4a+8 sin 3 a— 1 

=cos 4a —4 cos 2a + 3, by substituting 
for 8 sin 3 a its value 4 — 4 cos 2a ; and by fol- 
lowing the same method we shall obtain 
gin A=sin a 
sin 3 a=£— £ cos 2a 
sin 3 A=| sin a — i sin 3a 
sin 4 A=f — J cos 2a+£ cos 4a 
sin 5 a=}§ sin a — -^ sin 3a+-j^ sin 5a 
sin A=£g — ££ cos 2A+ y \ cos 4a — ^ cos 6a 
sin 7 A=f| sin a— §£ sin 3a+/ t sin 5a — ^ sin 7a 

The law of continuation is obvious, for the odd powers are 
expressed in terms of the sines, and the even powers in terms 
of the cosines of the multiples of a; and the sines are alter- 
nately + and— . 

The numerators of the co-efficients (reckoning from the 
right hand towards the left), are the co-efficients of a binomial 
whose power is the same as that of the sine of a ; except in 
the even powers, where the term in which a is not found, has 
the numerator of its co-efficient only one half of the corre- 
sponding co-efficient of the binomial, and the denominators 
are 2 involved to the power of the sine— 1. 

(266) To deduce formulas for the successive powers of the 
cosine of any arc, we must apply the last set of cosines in art. 
(262) in the same manner as above; then 

cos a—cos A 
cos 3 a=J + J cos 2a 
cos 8 a=| cos A+i cos 3a 
COS 4 A=§ + $ cos 2a + £ cos 4a 
COS 5 A=-}$ COS A + -j^ cos 3a + T ^ cos 5a 
cos 6 A=£g+£f cos 2a+ 7 6 s cos 4a +3^ cos 6a 
COS 7 A =f 4 COS A + §£ cos 3a + / ¥ cos 5a + ^ cos 7a 
The law of continuation is the same as in the last article, 
only all the terms here are positive. 

(267) The sine and cosine of any arc, or the sine and cosine 
of any multiple of that arc, may also be derived by substituting 
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the imaginary quantities x/ — 1 and— -aV — 1, successively for 
in 



z, in the exponential expression e = 1 + — + — ^ — 1- 

1 1.2 1.2.3 



•+, &c 
1.2.3.4 

Where * is the number whose hyperbolic logarithm is 1. 
The addition of the two new equations, obtained by substitu- 
tion, if divided by 2, will give a series expressing the sine ; 
and the subtraction, if divided by 2\/ — 1 will give a series 
for the cosine of any arc. 



THE DETERMINATION OF THE VALUE OF THE SINE AND OF 
THE COSINE, ETC. OF ANY ARC, IN TERMS OF THAT ARC. 

proposition xxin. (Plate IV. Fig. 1.) 

(268) To determine the increment of an arc, in terms of the 
increment of the sine, tangent, secant, fyc. ; and thence to deduce 
several useful formulce. 

Let Am be any arc ; vm its sine, cp its cosine, at its tangent, 
ct its secant, &c. Take the arc mo indefinitely small, draw 
owv parallel to pro, and mn parallel to ac; also, from the centre 
c, with the radius ct, describe the arc sr. 

Then mo is the increment of the arc Am ; mn is the decre- 
ment of tbe cosine, or the increment of the versed sine ; on is 
the increment of the sine ; Tt the increment of the tangent, 
and st the increment of the secant. 

The triangles mno, and cpto, are equiangular and similar; 
for the arc mo, being extremely small, may be considered as a 
straight line. Likewise the triangles cat and Tst are equian- 
gular and similar, for the lines ct and ct are supposed nearly 
to coincide, so that is may be considered as a straight line, the 
L rst a right angle, and theZ. stT= L cta. Lastly, the sectors 
com and csr are similar. Hence we deduce the following 
proportions : 

; on, hence mo=cm.on-±-c? 
: ts, or TS=CT.roo-*-cro 
its : it, hence roorrcroVrt-f-cr 2 
st, hence mo —cm*. st-*-AT.ct 
mo, hence moz=cm.mn-*-vm 

(269) Now it is shown by writers on the differential cal- 
culus, that the limiting ratio of the cotemporary increments or 
decrements of any two quantities, will be the ratio of the 



cm 


: cp: 


:mo : 


cm 


: ct:: 


: mo : 


CA = 


zcm : 


ct:; 


ca : 


at;: 


: ts : 


vm 


: cm: 


: mn 
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differentials of those quantities. If, therefore, we put *=the 
arc aiw, om will be represented by dz; and if at=£, pm=jr, 
AP=rt?, and ct=s, then Tt will be represented by dt 9 no bydx 9 
vp(=nm) by dv, and st by ds; hence by the preceding art 

T , rdx rdx 
I. dzzr 



II. dzz 



III. dz= 



cp v/r 2 — a 2 
j*dt r 2 ^ 

rta r 2 <fc 



IV. <fe= 



AT . ct 5 / s 2 — r 2 
rdv rdv 



vm v /2rv— w 2 

(270) If these formulae be expanded, and the integrals of 
each term be taken, we shall obtain the common series for the 
arc, in terms of its sine, tangent, &c. 

T _ J rdx j / 1 ar* &r 4 t 3^ x> 
I. lnus dz— — - zzraarf h^-a + ?r^ — *t a a * i + 

3.5.7 x 8 \ • x*dx Sx'dx 3.5 * 6 & ^ 3.5.7 x 9 dx ^ 

2.4.6.8r 9,&C V "" d,r+ '2^ + 2X7 :5 " f 2.4.6 r 6 + 2.4.6.8 r«' 

x 3 3r 5 3.5 x 7 

the integral of which is z=x+ ^^5 + 2X5~F + 2.4.6.7 r* + 

3 ' 5 ' 7 * si &c. and by reversion of the serfcs x=z— -— -^ 
2.4.6.&9r" J J 2.3 r 2 

s 5 * 7 &c 

+ 2.3.4.5 r*~ 2.3.4.5.6.7 r 6 ' ' 

r 2 + <2 V r J r 4 r 6 r 8 y ,5 r 4 

+Lf?, &c. the fluent of which is 2=t —^ + -^. ~f r 6> &c ' 

2* 2z b 17 z 7 
and by reverting the series * = *+_+_+-_ + 

62 *\, to 



2835r* 

In a similar manner the rest may be found. 



But ^r 3 — .r*=cos z; rad— cos zizvers z; 

r* r* r* 

• =cot z\ =sec z,- — =cosec z. 

tan z cos z sin z 
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Hence, if A=rany arc, and r=radius, then 

, sin 3 a , 3 sin ' a , 3.5 sin 7 a , 3.5.7 sin 9 a q 



sin a = a — 



A A A 

±3~? + 2.3.4.5 r 4 2.3.4.5.6.7 r 6 

&C. 



2.3.4.5.6.7.8.9 r 8 ' 

The same series will apply to the chord of any arc by sub- 
stituting the diameter d> or 2r instead of r.* 

(271) If 90°— Abe substituted for a, then we shall obtain 

90°-A=sin (90<>-A)4- sin3 ( 90 l- A ^ 8sin5 ( 90O r A ), **; 

2.3 r 2 2.4.5 r 4 

u ft A o _ A cos 8 A 3 cos s A 3.5 COS 7 A 

hence a=90 — cos a— -, &c. ; or 

2.3 r 2 2.4.5 r 4 2.4.6.7 r 6 

_r— cos a r 3 — cos* a 3 /r 5 — cos^ a\ 

A ~ 1 + 2.3 r 2 + 2X5V ^ J + 

3.5 /r 7 — cos 7 a 



/r 7 — cos 7 a^ 



2.4.6.7 

- - A 3 , A 4 A 6 A 8 

cos A ~ r 2"r + 2.3.4 r 3 ~2.3.4.5.6 r* +2.3.4.5.6.7 ?' - 

,„,„, . tan 3 a . tan 5 a tan 7 a tan 9 a „ /0 „ a > 
(272) A =tanA--^ 5 -+- 5 - i ^ g _ + _ 9 __,& c . (270) 

„ t L a 3 L 2a s 17a 7 , 62a 9 1382a" 

Hence tan a=a+_+— + _ + __ 8 + T ^^- ro 

21844 a 13 „ . 
+ 608l075r~*' & + 

r a r { r 6 r 8 r'° 

A = — — -J — — -= — -i s — , &C. 

cot A 3 cot 3 A 5 cot' A 7 cot 7 A 9 cot 9 A 

r 2 a a 3 2a 5 a 7 2a 9 

COt A = 



a 3 "" 45r> 945r 4 4725r 6 93555r 8 
1382a 11 



638512875r °* 



&c 



A 8 

* Viz. chord a = a — r-r-r^ 1 hence the difference between an arc and its chord, 
2.S.4r 3 

A? 

the radius being 1, is —» the 24th part of the cube of the length of the arc nearly. 

See Note, Chap. IV. (154.). 
f Emerson's Trigonometry, 2d edit, page 32. &c. 
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(273) a ^ 90 - gec A -2.3sec n A"~2.4.5 sec'A~2.4,6.7sec 7 A* 
&c or, 

r 1 r 4 3r* 3.5r 8 

A ~"cosec a"*" 2.3 cosec* a + 2.4.5 cosec' a"*" 2.4.6.7 cosec ; a* 
&c 

_ -i* J^l 61a 6 277a 8 50521a to 
sec a - r + 2r + 24r , + 720r 5 + 0064^ + 3628800r 9 + 
540553a' 2 &g 
95800320r *' 

r 3 a 7a 3 31a* 127a' 



coscc A =-—- + -2 — h 



a T 6 x 360r* T 15120r* ^ 604800/- 6 
73a9 &c 



3421440r b ' 
_ /. vers a 3vers a A 3. 5 vers 8 a \ 

_ A a A* A 8 A 8 

VerS A ~ 2r "2.3.4 ^""2.3.4.5.6 r 1 " 2.3.4.5.6.7.8 r»* 

_ A 8 A* A? 

covers A_r-A+ 23r9 - 2 .3.4.5 r* + 2.3.4.5.6.71*" 

.9 



2.3.4.5.6,7.8.9 r 8 



THE CONSTRUCTION OF A TABLE OF SINES, ETC. 

(275) There are various methods of constructing a table of 
sines, but the following, though not the least laborious, is the 
most simple. 

sin 90° =j rad=cos 60° (98) 



am 



15°=i chord 30°=^*' 2 -v / 3 



sin 7*°=* chord 15° =^^ ^2- V6 ^ 

These sines are found thus. From the square of the radius 
subtract the square of the sine, the square root of the dif- 
ference is the cosine. The r adius dimin ished by the cosine 
leaves the versed sine; and \/ vers 3 + sin 3 ==chord, the half of 
which is the sine of the next arc, &c. 

From the sine of 7° 30 7 , find the sine of 3° 45', and so on 
continually, till the sines are as the arcs, which will be found 
at the end of the twelfth division from 30° : that is, at the end 
of the twelfth division, the arc will be 52" 44"' 3 ,,,/ 45'"", and 

K 
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its sine -0002556634 ; but at the end of the 1 1th division the 
arc is 1' 45" 28"' 7"" 30'"", and its sine 0005113269 ; there- 
fore the sine of the 12th division is just half the sine of the 
eleventh, in the same manner as the twelfth arc is half the 
eleventh. Now in indefinitely small arcs, the arcs will be 
to each other as their corresponding sines, hence 
52" 44'" 3"" 45'"" : 1' : : -0002506634 : -0002908882 the sine 
of one minute. 

The cosine of l'=the square root of the radius 1, diminished 
by the square of the sine of 1', viz. cosine 1'= 9999999577. 

And it is shown (261) that 
2 cos 1' . sin 1' - sm 0' =-000581 7764= sin 2', or cos 89° 58' 
2 cos 1' . sin 2' - sin 1' =-0008726645 =sin 3', or cos 89° 57' 
2 cos 1' . sin 3' - sin 2'=001 1635526 =sin 4', or cos 89° 56' 
2 cos 1' . sin 4' — sin 3' =-0014544406 =sin 5', &c &c. 

This method may likewise be extended to the cosines by 
means of the formulae in art. (262). 

2 cos I' . cos 1' — cos 0'=-9999998308=cos 2', or sin 89° 58' 
2 cos 1' . cos 2' — cos V = -9999996192 =cos 3', or sin 89° 57' 
2 cos 1' . cos 3' - cos 2' =-9999993231 =cos 4', or sin 89° 56' 
2 cos 1' . cos 4' - cos 3'=-9999989423=cos 5'* or sin 89° 55' 
Proceed thus to find the sine and cosine of every minute of 
the arc as far as 30°. 

,<>«,»\ t j i_ i /Ai , x sinA.eosB 

(276) Let a and b be any two arcs, then (245) — ? 

= J sin (a+b)+£ sin (a — b); let a = 30°, then sin a= 
| rad, and cos b= sin (30°-fB) + sin (30° — b); hence 
sin (30°+b)=cos b — sin (30° — b). 
If, therefore, b=1', 2', 3', 4', &c successively, we shall have 
sin 30° l'=cos 1'— ain 29° 59' 
sin 30° 2'=cos 2 / -- sin 29° 58* 
sin 30° 3'=cos 3'— sin 29° 57', &c. 
And in this manner find *D the sines, and thence all the 
cosines, as far as 45°. By these means all the sines and co- 
sines .from 0° to 90° will be obtained; for ski (45° + a)=cos 
(45°-a), andcos(45°+A)=sin (45°-a). 

(277) The sines and cosines being constructed, we have 
by (209) 

cos : sin : : rad : tan; hence the tangents are found. 

tan : rad :.: rad : cot; hence the cotangents are found* 

cos : rad : : rad : sec; hence the secants are found. 

sin : rad : : rad : cosec ; hence the cosecants are found. 

The versed sines are found by subtracting the cosine from 
radius for an arc less than a quadrant, and adding the cosine 
to the radius for an arc greater than a quadrant. 
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(278) Artificial, or Logarithmic sines, &c. are only 
the logarithms of the natural sines, &c 

The natural sines are generally calculated to the radius 1, 
and being in all cases, except when the arc is 98*, lfess than 
radius or 1, thity most of course be decimals. 

Now the logarithm of a whole number and the logarithm of 
a decimal is the same* only the index or whole number pre- 
fixed to the former is affirmative, and that to the latter, nega- 
tive. Hence if logarithmic sines, &c were knmediatdyibrmed 
from natural sines which are calculated to the radius 1, their 
indices would all be negative. To avoid this, the logarithmic 
radius instead of being taken 1, as in the natural sines, is ge- 
nerally considered as ten thousand millions. 

(279) To find the logarithmic sine of V to 7 places of figures, 
without the index* 

rad=l : rad= 10,000,000,000 :: -0002908882 (the natural 
sine of 1', the radius being 1 ) : 2908882 (the natural sine of 1', 
the radius being 10,000,000,000.) The logarithm of 2908882 
=6-4637261 the logarithmic sine of T. The indices to the 
logarithmic sines from 0' to 4', will be 6 ; from 4' to 35' the 
indices will be 7; from 35' to 5° 45' the indices will be 8 ; from 
thence upwards to 89° they will be 9 ; and at 90° the index will 
be 10=the logarithm of the radius 10,000,000,000. 

(280) Hence if we take the natural sine of any arc from a 
table of natural sines {where the radius is unity), and multiply it 
by 10,000,000,000 ; the logarithm of the product will give the 
logarithmic sine of that arc to as many places of figures as the 
natural sines are carried to* It may be proper to inform the 
learner, that this method will not be exactly true for the first 
five degrees ; because the natural sines in the tables are not 
carried to a sufficient number of places. 

(281) In logarithms the operation of multiplication is per- 
formed by addition, and division by subtraction. The loga- 
rithmic sines being constructed, the tangents, &c are formed 
from art. (209) thus : 

10 + sin— cos=tan 
20 -tan =cot 
20— cos =sec 
20— sin =cosec 

If you double the logarithmic sine of half an arc. and subtract 
9*6989700 from the product* the remainder will be the logarithmic 
versed sine of that arc* 
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For £ rad . vers=sin a £ arc (224), 
.-. log 5,000,000,000 + log vers =2 x log sin | arc, 
or 9-6989700 + log vers =2 x log sin £ arc* 
••• log vers =2 x log sin £ arc— 9-6989700. 
(282) The following logarithmic formulae for the sine, co- 
sine, &c. of any arc, may in some cases be useful, viz. 

sin=cos + tan — 10= tan + 10 — sec = cos + 10 — cot= 
SO— cosec 

cos = sin + 10 — tan = 20-^sec=sin + cotr- 10=cot + 
10 — cosec 
tan=sin + 10— cos =20— cot 
cot=cos + 10— sin=20— tan 

sec = tan + 10 — sin=30 — sin — cot=cosec + 10 — cot = 
20— cos 

cosec =cot + 10 — cos =30 — cos — tan=sec + 10— tan= 
20— sin 
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BOOK III. 
SPHERICAL TRIGONOMETRY. 

CHAPTER L 

DEFINITIONS, ETC. OF SPHERICAL ANGLES, ARCS, AND TRI- 
ANGLES. 

(283) SPHERICAL TRIGONOMETRY treats on the 
properties of spherical triangles, or the position and magni- 
tudes of arcs of circles described on the surface of a sphere 
or globe. 

(284) A sphere, or globe, is a round solid body, each part 
of its surface being equidistant from its centre. This centre 
is common to every circle described on the surface of the 
sphere, wherein spherical trigonometry is concerned, and such 
circles are called great circles. 

(285) All great circles divide the globe into two equal 
parts, and consequently bisect each other at the distance of a 
semicircle or 180°. Hence two arcs cannot inclose a space, 
unless they are both semicircles. 

(286) A spherical angle is the inclination of the planes of 
two great circles to each other, which circles intersect or meet 
each other on the surface of the sphere, in a point called the 
angular point The inclination of these planes must always 
be measured on the arc of a great circle, 90° from the angular 
point 

(287) A spherical triangle is formed on the surface of the 
sphere by the intersection of three great circles, and consists 
of three sides and three angles; any three of which parts being 
given the rest may be found. 

(288) All the sides of a spherical triangle are arcs of equal 
circles, and the angles of a spherical triangle are measured by 
arcs of circles, having the same radii as the sides. Hence the 
sides and angles of spherical triangles are always expressed in 
degrees, and parts of degrees. 

(289) If one angle of a triangle be 90°, it is called a right- 
angled triangle. — If one side oe 90°, a quadrantal triangle. 
— If n.) angle or side be 90°, it is called an oblique-angled 
triangle. 
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(290) The pole of a circle is a point on the surface of the 
sphere equidistant from every part of that circle of which it is 
the pole. Consequently every circle has two poles diametri- 
cally opposite to each other, and the arc of a circle compre- 
hended between each of these poles, and the circumference of 
such a circle, is a quadrant. No two circles can have the same, 
or a common pole. If a straight line be drawn from the pole 
of any circle to the centre of the sphere, it will cut the dia- 
meter of that circle at right angles. 

(291) All great circles passing through the pole of another 
great circle, cut that circle at right angles ; and if two circles 
cut each other at right angles, in the poles of a third circle, the 
four points of intersection with that third circle, will be the 
four poles of the cutting circles; viz. the two opposite points 
will be the poles of that circle which is described between 
them. 

(292) Sides and angles of spherical triangles are said to be 
of die same species, kind, or affection, when by comparing any 
two sides, any two angles, or any angle and a side together, 
you discover each to be greater or less than a right angle, or 
equal to a right angle. 

But when by comparing a side with a side, an angle with 
an angle, or a side with an angle, you discover one to be less 
and another greater than a right angle, such sides and angles 
are said to be of different species. 

(293) Spherical triangles are equilateral, isosceles, or sca- 
lene, according as they have three equal sides, two equal sides, 
or three unequal sides. 

N.B. In any of the following propositions, wherever the 
word circle, or arc of a circle occurs, it must always be under- 
stood to be a great circle, or the arc of a great circle. And, 
that all circles concerned in spherical trigonometry are equal 
to each other. 

PROPOSITION I. 

(294) If one great circle intersect another G 
great circle in any point a, all the angles at 

the point a, on the same side of any arc, cad / \ 

or eab, are equal to two right angles; and all 
the angles about the point a, are equal to four L* V 
right angles. £v^>>v 

Let ca be perpendicular to eb, then will the angles eac 
and cab be each of them a right angle. If al be drawn, then 
lab and eal are equal to two right angles, for the angle cab 
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is increased by the angle lac, and cae is diminished by the 
same, therefore lab + eal=eac + cab. 

In the same manner it may be proved that the angles ead 
and dab are together equal to two right angles; for if ac be 
perpendicular to eb, ad will likewise be perpendicular to it, 
therefore all the angles about the point a are equal to four 
right angles. 

(295) Corollary I. If two arcs of circles intersect each other, 
the vertical or opposite angles will be equal. 

For the angles eac and cab are equal to two right angles, 
also cab and bad are equal to two right angles ; from each of 
these equals take the angle cab, then eac is equal to bad. In 
the same manner it may be shown that the angle cab is equal 
to the angle ead. 

(296) Corollary II. All the exterior and interior angles of 
<jl spherical triangle are together equal to six right angles. 

For the interior angle cab and exterior angle bad are equal 
to two right angles ; likewise acb and bcg are equal to two 
right angles ; and abc and cbg are also equal to two right 
angles. 

PROPOSITION II. 

(297) If a great circle bc be described 
meeting two great circles abg and acg, 
which pass through the pole a oftlie cir- 
cle bc; the angle cdb at the centre of 
the sphere, upon the circumference bc, is C J) £ A 
the same with the spherical angle bac, and the arc bc is called 
the measure of the spherical angle bac. 

Since a is the pole of bc, ab and ac are quadrants (290), 
and the angles abc and acb are right angles (291). 

Let d be the centre of the sphere, and join dc and db ; then 
because the arcs ac and ab are each of them quadrants, the 
angles adc and adb are right angles : therefore the angle 
-cdb is the inclination of the planes of the circles abg and acq 
to each other, and consequently (286), it is the measure of the 
angle cab. 

(298) Corollary. If two circles cut each other in two points, 
the angles at these points are equal to each other, and to the dis- 
tance between the poles of these circles. 

The angle bac is equal to the angle bgc, for the arc bc is 
the measure of them both; and the distance between the 
point b and the pole of abg is a quadrant, also the distance 
between c and the pole of acg is a quadrant (290), therefore 
the difference of these distances will be equal to bc 
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PROPOSITION III. 

(299) If to the point of intersection a of two great circles, two 
tangents ke and \f be drawn, the angle esfwiU be the measure of 
the spherical angle bac. 

For ag is the diameter of the sphere, and adc and adb are 
right angles ; but /ad and €AD are also right angles, being 
tangents to the circles abg and acg; hence yk and eA are pa- 
rallel to db and dc, and the angle e/fis therefore equal to the 
angle cdb; but cdb is the measure of the spherical angle bac, 
therefore eAfis the measure thereof. 

In the same manner it may be shown, that the angle ilh is 
equal to cdb, for it is likewise the inclination of the planes 
abg and acg. All spherical angles must be measured on the 
arc of a great circle 90° distant from the angular point, for cb, 
and not im, is the measure of the angle bac. 

proposition IV. 

(300) Any two sides of a spherical triangle are together 
greater than the third side. 

Demonstration. Let abc be a 
spherical triangle, any two sides ac 
and bc, are together greater than ab. 
Let d be the centre of the sphere, and 

join DA, DC, DB. 

The solid angle at d is contained 
by the three plane angles bdc, bda, 
cda, any two of which bdc, cda, are ^ 
together greater than the third bda. (Kejtii's Geom. Prop. 1, 
BookX.) 

Now the arc bc is the measure of the angle bdc, the arc ac 
of cda, and the arc ab of bda. 

Therefore ac and bc together are greater than ab. 

(301) Corol. The three sides of a spherical triangle are to- 
gether less than the circumference of a circle. 

For every solid angle is contained by plane angles which 
are together less than four right angles (Keith's Geom. Prop. 2, 
Book A.), and the three sides of a spherical triangle are the 
measures of the three plane angles which contain the solid 
angle, and are therefore less than four quadrants, or the cir- 
cumference of a circle. 
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PROPOSITION V. 

(302) If from the angvlar points a, b, c, of a spherical tri- 
angle abc as poles, there be described three arcs of circles ef, de, 
and df, forming a new spherical triangle dfe ; each side of this 
new triangle is the supplement of the measure of the angle at its 
pole, viz. the side fe is the supplement of the measure of the 
angle a, de of the angle B, and df of the angle c — Likewise 
each angle of this new triangle is the supplement of the measure 
of that side of the original triangle abc, to wluch it is opposite, 
viz. the angle D is the supplement of the measure of bc, the angle 
F of ac, and the angle e is the supplement of the measure of the 
side ab. 

Since b is the pole of de, the arc of a great circle drawn 
from b to any point in de, and therefore to the point e is a 
quadrant (290) ; similarly, since a is the pole of ef, the arc 
of a great circle from a to any point e in ef is a quadrant . 
hence the point e is distant the length of a quadrant from 
each of the points a and b, and is therefore the pole of ab. In 
the same manner it may be proved that f is the pole of ac, 
and that d is the pole of bc. 

Produce the sides of the triangle bac, if necessary, till they 
meet the sides of the triangle fde in 
the points g, h, l, m, n, k. Then em, 
eg, fl, fk, dn, dh, are quadrants ; 
likewise am, al, bh, bg, cn, ck are 
quadrants; consequently (286) lm 
is the measure of the angle a, and nh 
the measure of the angle d. 

Now em and fl are together equal 
to a semicircle, or fl, le, and lm are 
together equal to a semicircle ; but fl 
and le are equal to fe, therefore fe 
and lm are together equal to a semi- \ / 

circle; that is, they are supplements of \ % /' 

each other ; but lm is the measure of s s£- # ' 

the angle a ; therefore the measure of the angle a in the tri- 
angle abc, and the side ef in the triange dfe, are supplements 
of each other. In the same manner it may be proved that 
de is the supplement of the measure of the angle b, and that 
df and the angle c are supplements of each other. 

It remains now to prove that the angles in the new triangle 
dfe, and the sides of the original triangle abc, are supple- 
ments of each other. 
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Since cn and bh are quadrants, they are together equal to 
a semicircle, or cn, ch, and bc, are together equal to a semi- 
circle; but nc and ch are equal to nh, therefore nii and bc 
together make a semicircle ; now nh is the measure of the 
angle d ; therefore the angle d in the triangle dfe is the sup- 
plement of the side bc in the triangle abc In the same 
manner it may be shown, that the measure of the angle f is 
the supplement of ac, and the angle e of ab. 

(303) Corollary I. The three angles of any spherical tri- 
angle abc are together greater than two right angles, and less 
than six. 

The angle a and the side fe are equal to two right angles. 
The angle b and the side de are equal to two right angles. 
The angle c and the side df are equal to two right angles. 
Therefore the three angles a, b, c, together with the three 
sides fe, de, and df, are equal to six right angles ; but the 
three sides fe, de, and df, are together less than four right 
angles (301), therefore the three angles a, b, c, are together 
greater than two right angles. 

Every spherical angle is less than two right angles (294) ; 
therefore the sum of any three spherical angles is less than six 
right angles. 

(304) Corollary II. The sides of spherical triangles may 
be changed into angles, and the contrary. 

Thus if three angles of a triangle are given to find the 
sides ; subtract each of the angles from 180°, and the three 
remainders will be the three sides of a new triangle, with 
which sides find the angles of the new triangle ; then subtract 
each of these angles from 180°, and the three remainders will 
be the respective sides of the original triangle, whose angles 
were given. And the contrary when the sides are given to 
find the angles. 

(305) Corollary III. When the three angles (a, b, c,) of a 
triangle (abc) are given to find a side (ac), take the angle (b) 
opposite to the side required from 180°, and use the remainder 
and the other two angles (a and c) as sides in a new triangle 
(dpe) : In this new triangle find the angle (p) opposite that side ' 
{de) where the supplement is used. Subtract this angle from 
180°, and the remainder will be the side (ac) required. 

For if fd and fe be continued till they meet in p ; dp and 
ep being the supplements of fd and fe, are equal to the angles 
c and a ; and the side de is the supplement of the angle b 
opposite to ac the side required. 

Now find the angle p which is equal to the angle f (298), 
but the supplement of the angle f is equal to the side ac, 
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therefore the supplement of the angle p is equal to the side 
ac Also the angle pde will be equal to the side bc, and ped 
will be equal to the side ab. For pde and edf are supple- 
ments of each other, and edf and bc are supplements of each 
other, therefore the angle pdb is equal to the side bc 
. (306) Corollary IV. A quadrantal triangle may be 
changed into a right-angled triangle, by calling the supplement of 
the angle opposite to the quadrantal side, the hypothenuse, and 
the other angles, the legs. 

For if ac be a quadrant, the angle at p is a right angle, 
being the supplement of ac (305), and de is the hypothenuse, 
being the supplement of the angle b (302). 

PROPOSITION VI. LEMMA. 

(307) If two solid angles be composed of three plane angles, 
such, that the plane angles of the one are equal to the plane angles 
of the other, each to each ; the planes in which these equal 
angles are situated, shall have the same inclination to each otJier. 

Let b and e be two solid an- 
gles, and let the plane angle abc 
be equal to the plane angle def, 
abo to dei, and obc to ief ; the 
angle formed by the planes abc 
and abg is equal to the angle 
formed by the planes def and" 

DEI. 

For, suppose the straight line 
bg to be elevated above the plane abc, then from any point g 
in that line let fall the perpendicular gh upon the plane abc 
(Keith's Geom., Prop. 11. Bk. IX.), in which plane draw ha 
and hc perpendiculars to ab and bc, and join ag, gc. 

Make ei =bg, and from the point i draw ik perpendicular 
to the plane def, in which plane draw kd and kf at right 
angles to ed and ef, and join id, if. 

Then because gh is perpendicular to the plane abc* and 
diat ha is at right angles to ab a straight line in that plane, 
the angle bag is a right angle (Keitii's Geom., Prop. 4. Bk. IX. 
Corol. 3.) : for the same reason edi is a right angle, therefore 
the triangle abg is equal to the triangle dei ; hence ab is 
equal to de, and ag to di. In the same manner it may be 
shown that bc is equal to ef, and cg to fi. That granted, 
the quadrilateral figure abch, situated in the plane abc, is 
equal to the quadrilateral figure defk, situated in the plane 
def. For if the angle abc be applied to the angle def, ab, 
bc will coincide with de and ef ; and because all right angles 
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are equal to each other, ah, which is at right angles to ab, 
will fall upon dk, which is at right angles to ed, and for the 
same reason ch will fall upon fk, therefore the point H will 
fall upon the point k, and ah will be equal to dk. 

Now because the triangles ahg and dki are right-angled 
at h and k, the hypothenuse ag equal to the hypotnenuse di, 
the side ah to dk, these triangles are equal (Keith's Geom., 
Prop. 14. Bk. HI. note 11.), therefore the angle hag is equal 
to the angle kdi. But the angle hag is the inclination of the 
two planes abc, abg ; and the angle kdi is the inclination of 
the two planes def, dei; therefore these planes have equal 
inclinations to each other. 

Scholium. If the angle hag be obtuse, viz, if the point 
h, and the straight line bc fall on contrary sides of ab ; the 
angle kdi will be equally obtuse. 

PROPOSITION VII. 

(308) In any two spherical triangles, if the three sides of the 
one be equal to the three sides of the other, each to each, the 
angles which are opjwsite to the equal sides wiR be equal. 

Let abc be any triangle on 
the surface of the sphere. — 
From a as a pole, with the 
distance ac, describe the small 
circle cmD; from b as a pole, 
with the distance bc, describe 
the small circle cgd, crossing 
cwid in the point d. From the 
points a and b draw the great ** 

circles ad and bd, then ac=ad and bc=bd, by construction, 
also ab is common to the two triangles abc and abd, therefore 
the three sides of the one are equal to the three sides of the 
other, each to each. 

The angles which are opposite to the equal sides in each tri- 
angle are equal For, 

Conceive o to be the centre of the sphere, and let a solid 
angle be formed at the point o by the three planes aob, aod, 
bod ; also let another solid angle be formed at the same point 
o by the three planes aob, aoc, boc. 

The sides of the triangles abc and abd are equal, each to 
each, by construction ; and as these sides are the respective 
measures of the plane angles which constitute the solid angles 
at the centre of the sphere, it follows, that the plane angles 
which form one of these solid angles, are equal to the plane 
angles which form the other solid angle, each to each. But 
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the planes in which such angles are situated have the same in- 
clination to each other (307) ; therefore the angles of the spher- 
ical triangle abc are equal to those of the spherical triangle 

ABD, Viz. Z-DAB=Z.CAB,Z.DBA= Z-ABC, and L ADB = L ACB. 

Scholium. The equal angles acb and adb being situated 
on contrary sides of the centre of the sphere, the triangle abc 
will not coincide with the triangle adb, unless we conceive the 
convexity of the one to be applied to the concavity of the 
other. 

If the equal angles acb and adb were situated on the same 
side of the centre of the sphere, the triangle abc when applied 
to the triangle adb would coincide with it. 

Triangles which are equilateral, or isosceles, will coincide 
when applied to each other. 

PROPOSITION VIII. 

(309) In two triangles, if the three angles of the one be equal 
to the three angles of the other, each to each, these triangles are 
equal in all respects. 

The supplements of the three angles in one triangle are 
equal to die supplements of the three angles in the other : and 
each of these three supplements form a new spherical triangle, 
whose sides and angles are respectively equal (Prop. v. 
and vn.) ; and the supplements of the equal angles in the new 
spherical triangles are equal to the sides of the original tri- 
angles whose angles were given ; but the supplements of the 
angles of the new triangles being equal, the sides of the original 
triangles are equal ; and if the sides be equal, the triangles 
are equal in all respects. (Prop, vn.) 

PROPOSITION IX. 

(310) If there be two sides and the included angle in one 
spherical triangle, equal to two sides, and the included angle in 
another, each to each, these two triangles are equal in all respects. 

Let abc and efg be two tri- 
angles on the surface of the sphere, 
and let the side ab=ef, ac=eg, 
and the angle bac= L feg. The 
triangle abc is equal to the tri- 
angle efg. 

First, let the triangles be on 
the same side of the centre of the 
sphere. Then if the triangle efg 
be applied to the triangle abc, ef will coincide with ab and 
eg with ac (like plane triangles when they have an equal 
angle included between equal sides.) 
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The point F coinciding with b, and g with c, the arc fg 
must coincide with bc, since only one * great circle can be 
drawn through two given points on the surface of the sphere. 

Hence, the three sides of the one triangle being equal to the 
three sides of the other, each to each, the triangles are equal. 
(Prop, vii.) 

Secondly, let the triangles be situated on contrary sides of 
the centre of the sphere ; then a triangle adb may be consti- 
tuted contiguous to abc, and equal to egf (as in Prop, vn.), 
and consequently egf will coincide with adb. Therefore the 
side fg=bc, the angle efg = L abc, and L egf= L acb. 

(311) Corollary. If a side and the two adjacent angles in 
one spherical triangle be equal to a side and the two adjacent 
angles in another, each to each, these triangles are equal in all 



For by taking the supplements of each of the two angles, 
and of the sides contained between them, two new triangles 
will be formed which will be equal, by the proposition, and 
therefore their supplements, viz. the original triangles will be 
equal. 



* For the centre of every great circle is the centre of the sphere, and three 
given points determine the position of a plane. {Keith's Geom. t Prop. 2 Bk. IX. 
Corol.) 
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Make Bt> equal to ae, and draw eb and ad, then the tri- 
angle bae is equal to the triangle abd (310) ; therefore ad is 
equal to be, the angle aeb equal to the angle adb, and the 
angle dab equal to the angle eba ; now the angle bec is equal 
to the angle adc, being each of them supplements of the equal 
angles aeb and bda, therefore the triangle adc is equal to the 
triangle bec (311) ; consequently ae+ec is equal to bd + dc, 
or ac is equal to bc. 

(314) Corollary II. Hence every equilateral triable is 
likewise equiangular, and the contrary. 

(315) Corollary III. A line drawn from the vertex of an 
isosceles triangle to the middle of the base, is perpendicular to the 
base. 

For the two sides fb and bc are equal to the two sides pa 
and ac, and the angle fbc is equal, to the angle fac, therefore 
the angle cfb is equal to the angle cfa (310) ; but cfa and 
cfb are equal to two right angles (294), therefore cr is per- 
pendicular to AB. 

(316) Corollary IV. A perpendicular drawn from the 
vertex of an isosceles triangle upon the base, always bisects tlie 
base and the vertical angle, except when the two sides are qua- 
drants, in which case there may be an indefinite number of per- 
pendiculars. 

For the triangles fbc and fac are equal in all respects. But 
if ac and bc are quadrants, that is, if c is the pole of the base, 
then an infinite number of lines may be drawn from the point 
c upon the base to cut it at right angles. 

proposition XI. 

(317) In a spherical triangle (abc), if & 
the angle (b) be greater than the angle (a), " 
the side (ac) opposite to (b), will be greater 
than the side (bc) opposite to (a); and 
conversely, if the side (ac) is greater than 
(bc), the angle (b) will be greater than A. 
the angle (a). 3) 

First. Suppose the angle b greater than a, and make the 
angle dba equal to the angle bad, then ad is equal to bd (313) : 
but bd + dc is greater than bc (300) ; hence, putting, ad in 
place of bd, we shall have ad + dc or ac greater than Be. 

Secondly. If we suppose ac greater than bc, the angle 
abc will be greater than bac. For if the angle abc were equal 
to bac, we should have ac=bc; if the angle abc were less 
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than bac, we should then, as has just been shown, have ac less 
than bc. Both these conclusions are contrary to the supposi- 
tion : hence the angle abc is greater than bac 

proposition XII. 

(318) If one side (dc) of a spherical triangle (dcb) be pro- 
duced, and if the sum of the other sides (cb + bd) be greater, 
equal to, or less than a semicircle, the internal angle (d) at the 
tese (dc) is accordingly greater, equal to, or less than the outward 
and opposite angle (bca) adjacent to the side produced* 

Produce the sides db and dc till 
they meet in a. Then the arcs abd 
and acd are each of them a semi- 
circle (285), and the angle at d is 
equal to the angle at a (298). 

1. If cb + bd be greater than 180% 
Be will be greater than ab, and the angle cab, or which is the 
same thing, the angle d will be greater than the angle bca 
(317). 

2. If cb+bd be equal to 180°, then BAandBc will be equal, 
and the angle cab will be equal to the angle bca, or the angle d 
will be equal to the angle bca (312). 

3. If cb+bd be less than 180°, bc will be less than ab, 
and the angle cab, or the angle d will be less than the angle 
acb (317). 

(319) Corollary. In any spherical triangle, if the sum of 
any two sides be greater, equal to, or less than a semicircle, the 
sum of the opposite angles will be greater, equal to, or less than 
two right angles. 

For, according as cb + bd is greater, equal to, or less than a 
semicircle, the angle d opposite to the side bc is greater, equal 
to, or less than the angle bca ; but the angle bca and the angle 
bcd, opposite to the side db, are always equal to two right 
angles (294) ; therefore whenever d is greater than bca, the 
sum of the angles bcd and bdc is greater thaii two right 
angles ; et cetera. 

proposition xiii. 

(320) A right-angled spherical triangle may have either, 

1. One right angle and two acute angles. 

2. One right angle and two obtuse angles. 

3. One obtuse angle and two right angles. 

4. One acute angle and two right angles, or, 

5. Three right angles. 
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Let the angles a and d be right 
angles ; and the arcs ae, ed, ag, and 
od quadrants; then e will be the 
pole of the circle acgd, and ec and 
eg will be quadrants (290). 

1. Because ae and ec are qua- 
drants, the angles eac and ace are 
right angles (291); therefore the 
angle acb is less than a right angle. Suppose ac+bc less than 
a semicircle, then the sum of the angles abc and bac are less 
than two right angles (319) ; but bac is a right angle, there- 
fore abc is less than a right angle; so that the right-angled 
triangle cab has two acute angles and one right angle. 

2. The triangle bdc right-angled at d, has two obtuse angles 
*ind one right angle. For the angles dbc and dcb are sup- 
plements of the two acute angles abc and acb, and therefore 
must be obtuse. 

3. The triangle ced has one obtuse angle, and two right 
angles. For, since dg and de are quadrants, the angle deg 
is a right angle, therefore dec is an obtuse angle. But ec 
is a quadrant, and e is the pole of cgd, therefore ecd is a right 
angle (291). 

4. The triangle aec has already been shown to have two 
right angles ; and aeg is a right angle, therefore aec is less 
than a right angle. 

5. The right-angled spherical triangle gae has three right 
angles, for a is a right angle by the proposition, and a is the 
pole of the circle eg, therefore aeg and age are right angles. 

(321) Corollary I. In any right-angled triangle, if the 
two legs be of the same species, viz. both acute, or both obtuse, the 
hypothenuse will be less than a quadrant, and the contrary. 

For bc the hypothenuse, or side opposite to the right angles 
a and d, is common to the triangle bac having two acute angles, 
and to the triangle bdc having two obtuse angles. 

(322) Corollary II. In any right-angled spherical tri- 
angle, if the legs be of different species, the hypothenuse will be 
greater than a quadrant, and the contrary : but one of the legs % 
at least, will be a quadrant, if the hypothenuse be a quadrant. 

For, in the triangle icd, right-angled at c, ci is less than a 
quadrant and cd greater, from what has already been demon- 
strated ; but since d is the pole of the circle ehg, dh is a 
quadrant, therefore di the hypothenuse is greater than a 
quadrant. And when ci becomes equal to ce, di will become 
equal to de ; but de is a quadrant, therefore if the hypothe- 
nuse be a quadrant, one of the legs, at least, will be a qua- 
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drant But both the legs will be quadrants when all the 
angles are right angles, as in the triangle aeg. 

(323) Corollary III. In any right-angled spherical tri- 
angle, each of the oblique angles is of the same species as the op- 
posite side ; and tlte sides containing the right angle are of the 
same species as their opposite angles. 

In the triangle bac, right-angled at c, let ab be less than a 
quadrant ; then, since e is the pole of ac, the angle ace is a 
right angle, and consequently acb is less than a right angler 
If ab be taken greater than a quadrant, it is obvious that acb 
will become greater than a right angle. And if ae be a 
quadrant, then ace is a right angle. 

On the contrary, if ace be a right angle, then e is the pole 
of AC, and ae a quadrant Now it is obvious that if acb be 
less or greater than a right angle, the opposite side ab will 
be less or greater than a quadrant 

(324) Corollary IV. If the hypoihenuse be less than 90°, 
the legs are of the same species as tlieir adjacent angles. If the 
hypothenuse be greater than 90°, the legs and their adjacent 
angles are of different species. 

This is evident from the triangles bac, cdb, and dci, 

(325) Corollary V. According as the hypothenuse and one 
side (or its opposite angle) are of the same, or different species; 
the other side (and its opposite angle) will be less or greater than 
a quadrant 

This is also evident from the triangle dci. 

proposition XIV* 

(326) If any number of arcs of circles cpb, owe, cuf, cda, 
csh, cog, be drawn from one and the same point c, on the sur- 
face of the sphere, to the circumference of a great circle ahgfeg; 
the greatest arc will be that which passes through the pole p of 
tlte great circle ahgfeb ; and the least arc will be the supple- 
ment adc of the greatest cpb. And that arc which is the nearest 
to the greatest will be greater than any one more remote ; like- 
wise, that arc which is nearest to the least arc, will be less than 
any one more remote from it. 

Let z be the centre of the sphere, or of the great circle 
ahgfeb, and ab a diameter; from c, the point where all the 
circles intersect each other, draw ci perpendicular to ab, and 
join ie, if, ig and ih. 

Then, of all the straight lines which can be drawn from the 
point i to the circumference of the circle ahgfeb, that line ib 
is the greatest which passes through the centre z, and its op- 
posite line i a is the least; that line ie which is nearest to IB, 
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is greater than the line if which is more remote ; and the 
line ih which is nearest to ia, is shorter than the line 10 
which is more remote* (7 Euclid III.) 

Let ac, hc, gc, fc, &c. be 
joined by straight lines ; then 

will CIB, CIE, C1F, CIG, CIH Slid 

ciA be all right-angled plane 
triangles, having the perpen- 
dicular ci common to each; 
therefore that triangle cib * 
which has the greatest base 
ib, will have the greatest hy- 
pothenuse bc; and that tri- 
angle cia which has the least base ia, will have the least hy- 
pothenuse ac, &c. ; of the others, ec will be greater than fc, 
and mc less than gc. 

But these several hypothenuses are all chords of equal 
circles, and the greater chord cuts off the greater arc, or cir- 
cumference, therefore cpb is the greatest arc, and adc the 
least ; cmE is greater than cwf, and csh is less than cog. 

proposition xv. 

(327) If the angles at the base of an oblique-angled spherical 
triangle be of the same species, viz. both acute or both obtuse, a 
perpendicular front the vertical angle upon the base will fall within 
the triangle ; if they be of different species, it will fall without. 

In the right-angled triangle £ 

cdb, cd is of the same species as / 

cbd (323), and in the right- / 
angled triangle cda, cd is of the / 
same species as cad, therefore the j\£^ 

perpendicular in the first figure jj~ jh*— J-^D 

fells between the angles a and b. ** 

In the second figure, cbd and cba are supplements of each 
other (294), and the perpendicular cd falls opposite to both 
cbd and cad being of the same species, therefore it cannot 
fall opposite to cba at the same time, hence it must neces- 
sarily fall without the triangle. 

(328) Corollary. In an isosceles triangle, the equal angles 
are of the same species as their adjacent, or opposite sides. 

For then adzzdb (316) and these segments are always acute, 
since their sum can never be equal to a semi-circle. 

But according as db and dc, or ad and dc, are of the same, 
or different species, bc or its equal ac is acute or obtuse ; or 
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since the segments are always acute, bc and ac will be of the 
same species as dc, but dc is of the same species as a and b, 
therefore the sides are of the same species as their adjacent or 
opposite base angles. 

proposition xvi. 

(329) If the two least sides of a spherical triangle be of the 
same species, the perpendicular drawn from their included angle 
upon the third side, will fall within the triangle. — Or, if the 
third side be less than either of the others, they being of the same 
species, but greater than their supplements, the perpendicular will 

fall within the triangle, and the less segment of the base and less 
vertical angle will be adjacent to the greater side, and the greater 
segment, and greater vertical angle will join the less side. 
First. Let abc be the triangle, cd a ^ G 
perpendicular upon its base ab; make JR^— "^Jfc— \K 
bn equal to the hypothenuse bc, and ai A //\\ ~\ 
equal to the hypotnenuse ac, then bcn / \/ I \\ \ 
and aci are isosceles triangles; the angle f Y\ f^ \\\cy 
bnc is of the same species as bc, and the y / \/q j \j 
angle aic is of the same species as ac. ^^f^^J^JL 
(328) But ac and bc are of the same jfciZN^^ 
species, by the hypothesis, therefore the . ^) I O 
angles bnc and aic are of the same species ; consequently cd 
falls between them (327), and of course within the triangle 

ABC 

Secondly. In the triangle avb, where av and bv are each 
greater than ab, the two least sides of the supplemental tri- 
angle fve, which by the hypothesis are each less than ab or 
fe, are of the same species, and consequently vg fells between 
them, therefore vd falls between av and bv. But av is greater 
than bv, and ad is less than db ; consequently avd is less than 
bvd. 

(330) Corollary I. The perpendicular let fall on the base 
of an oblique spherical triangle is either less or greater than each 
side. 

For since cd is perpendicular to ab, it must pass through p 
the pole of ab (291) ; and if c be below the pole p, that is, if 
cd be less than a quadrant, it will be the least of all the. lines 
that can be drawn from the point c to the circumference of 
the circle abef, and cg will be the greatest (326). 

If c the vertex of the triangle abc fall above the pole p, 
suppose at v, then vd will be the perpendicular, and of all 
the arcs that can be drawn from v upon the arc ab, vd is the 
greatest (326), therefore the perpendicular is either less or 
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greater than each side. When it becomes equal to one of the 
sides, the triangle will be right-angled, as bdc. 

If the perpendicular fall without the triangle, as in boc, or 
bov, the demonstration will hold equally true. 

(331) Corollary II. When the perpendicular falls without 
the triangle, it may be either less or greater than a quadrant. 

In the triangle boc, either cd or co may be esteemed the 
perpendicular upon the base ob continued ; the former cd is 
less than a quadrant, and less than either co or cb, and the 
latter cg is greater. 

(332) Corollary III. When the perpendicular falls without 
the triangle, the less perpendicular is next the less side, and the 
greater perpendicular is next the greater side; and either of 
them mag be considered as the proper perpendicular on the base 
produced. 

In the triangle boc, cd the less perpendicular is next the 
less side co, and cg the greater perpendicular is next the 
greater side bc, and either of them may be used for deter- 
mining the several parts of the triangle boc, but one is some- 
times more convenient than the other. 

(333) Corollary IV. In any triangle abc or boc, the per- 
pendicular cd falling within the triangle abc upon the base ab, 
qt nearest perpendicular cd falling without the triangle boc, 
is always of the same species as half the sum of the two sides of 
the triangle ; and if half the sum of the two sides of the triangle 
be acute, this perpendicular falls nearest the less side ; if obtuse, 
it falls nearest the greater side, 

in the triangle abc the perpendicular dc is less than a 
quadrant, and each side ac and bc is less than a quadrant, 
therefore half their sum is less than a quadrant, and the per- 
pendicular cd falls nearest to ac. 

In the triangle boc, cd is less than a quadrant, and each of 
the sides co and cb is less than a quadrant, therefore half 
their sum is less than a quadrant, and the perpendicular falls 
nearest to co. 

And in the triangles abv and bov, where the perpendicular 
vd is greater than a quadrant, and each of the sides av, bv, ov 
greater than a quadrant; consequently half their sum must 
be greater than a quadrant, and the perpendicular vd falls 
nearest to av in the former triangle, and to ov in the latter. 

(334) Corollary V. If an oblique spherical triangle have 
two acute sides and one obtuse, a perpendicular drawn on the 
longest side will always fall within the triangle (329). — But if it 
has two obtuse sides and one acute, a perpendicular drawn to fall 
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on the longest side may sometimes fall within^ and sometimes 
without the triangle. 

Take the right-angled triangle bdc, and produce bb, bc 
to meet in f ; now because db and dc are each less than a 
quadrant, the hypothenuse bc will be less than a quadrant 
(322), consequently its supplement cf will be greater than 
a quadrant. The angles b and c being acute or each less than 
a right angle, bc is greater than bd (317), therefore df is 
greater than cf. 

Make fa equal to fc, then a great circle as hc may be drawn 
between a and d; now in the triangle fhc, fh is greater than 
fc ; fc, hc are of different species, and the perpendicular cd 
falls without the triangle fhc 

In the triangle foc, of is greater than fc; fc and oc are 
of different species, and the perpendicular en falls within the 
triangle foc. 

Therefore there can be no general rule for drawing a per- 
pendicular when the three sides of a triangle are given, espe- 
cially if two of those sides be obtuse. 

(335) Corollary VI. If the two obtuse sides of an oblique- 
angled triangle be equal, a perpendicular drawn from their in- 
cluded angle will fall within the triangle. 

For then the triangle is isosceles, and the angles at the base 
are equal to each other (312), and are therefore of the same 
species. 

PROPOSITION XVII. 

(336) If the three angles of a spherical triangle be each acute, 
each side will be less than a quadrant; and if the three angles be 
each right angles, each side will be a quadrant 

Let all the angles a, b, and c of the 
triangle abc be acute, then a perpendi- 
cular as cd drawn from any angle will 
fall within the triangle. 

In the right-angled triangle adc, the 
angles a and acd are acute, and there- 
fore by (321) and (323) ac is less then 
a quadrant. By the same manner of 
reasoning from the triangle bdc, bc is 
less than a quadrant; and because the angles a and abf are 
acute, ab is less than a quadrant. 

When the three angles are each right angles, it is obvious 
that each side is a quadrant. 

(337) Corollary I. In any spherical triangle having two 
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obtuse angles and one acute, the sides are of the same species as 
their opposite angles. 

Imagine the triangle aec to have an acute angle at a, and 
twd obtuse ones at e and c ; then the triangle ceg has three 
acute angles, viz. the angle g is equal to the angle a (298), 
and the acute angles at e and c are supplements of the obtuse 
angles in the triangle aec. But when the three angles are 
acute, each side of the triangle ceg is less than a quadrant, 
therefore ae and ac, opposite to the obtuse angles c and E, 
are greater than quadrants, and ce opposite to the acute 
angle a, is less than a quadrant. 

(338) Corollary II. If a spherical triangle have two sides 
each less, and one greater than a quadrant, the angles xoiU be of 
the same species as their opposite sides. 

In the triangle ahc, let ah and hc be each of them lesth an 
a quadrant, and ac greater ; the supplemental triangle to it 
(304) will have two obtuse angles and one acute, and conse- 
quently the sides thereof, by the preceding corollary, are of 
the same species as their opposite angles: but the supple- 
ments of these sides are the angles of the original triangle 
ahc ; therefore this triangle has two acute angles hac, ach, 
and one obtuse, viz. ahc 

(339) Corollary III. If the three sides are each quadrants, 
the angles will he right angles; and if the three sides are each 
greater than quadrants, the three angles will be each obtuse. 

These follow from considering the supplemental triangles 
(304). 

PROPOSITION XVIII. 

(340) If two sides of a spherical triangle be of the same species, 
and the angle included acute, the third side is less than a qua" 
drant ; but if the two sides be of different species, and the included 
angle obtuse, the third side is greater than a quadrant. Or, 

When two angles are of the same species, and the included side 
greater than a quadrant, the third . angle is obtuse; but if the 
two angles be of different species and the included side less than a 
quadrant, the third angle is acute. 

Let the triangles bac and bdc be 
right-angled at a and d, then bc 
will be less than a quadrant (322) ; 
but as the arc abb approaches 
nearer to acd, it will diminish the 
angles a and d, and ci will conse- 
quently be less than cb, which has 
been proved to be less than a quadrant. 
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In the triangle cid right-angled, suppose at i, when id is 
greater and ic less than a quadrant, the other side, or hypo- 
thenuse, cd is greater than a quadrant (322) : and as the 
angle Die increases, viz. when it becomes equal to dig, the 
side dc increases till it becomes equal to dg ; hence the first 
part of the proposition is evident. 

In the second part, the supplemental triangle (304), will 
have exactly the same properties as the first part of this 
proposition. 

proposition xix. 

(341) In any right-angled spherical triangle abc, if the sides 
be produced, viz. ac to i, ab to h, and bc to d, so that ci, cd, 
and ah be quadrants, or each 90° ; and if from the point a, as a 
pole, the great circle hgfe be described, 
and from the point c, • as a pole, ide 
be drawn to intersect hgfe in E ; tlien 
shall the triangles cgf and edf have 
their respective sides and angles either I 
equal to those of the triangle abc, or they 
will be complements of each other ; and 
eight right-angled spherical triangles will 
be formed, Iiaving (every two of them) 
equal angles at their bases. 

Since a is the pole of the circle hgfe, ag and ah are qua- 
drants and perpendiculars to fgh ; and the arcs fgh, fcb, 
being perpendicular to abh, are quadrants, and f is the pole 
of abh. Therefore the triangle cgf is right-angled at g ; cg 
is the complement of ac, cf of bc ; bh, the complement of ab, 
is the measure of the angle f ; and gh, the complement of fg, 
is the measure of the angle a. 

The arcs efg, edi, being each perpendicular to acgi, are 
quadrants, and e is the pole of acgi ; and the arcs cfd and 
cgi being quadrants, for c is the pole of ide, are perpendi- 
cular to ide. Therefore the triangle edf is right-angled at 
d; ed is the complement of id, and id measures the angle 
acb equal to dci (295) ; df is equal to bc ; the hypothenuse 
ef is equal to the angle a, for it is equal to gh the measure of 
a, and for the same reason fed is equal to ac, and efd is equal 
to the complement of ab. 

The right-angled triangles abc, ahg, have the angle a com- 
mon ; fgc, fhb have the angle f common ; cgf, cid have the 
angle c common ; and edf, eig have the angle e common. 
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CHAP. II. 

THE STEREOGRAPHIC PROJECTION OF THE SPHERE. 

(342) The stereographic projection of the sphere^ is such a 
representation of the various parts of its surface, on the plane 
of one of its great circles, as would be formed by lines drawn 
from the pole of that great circle, to every point of the circle, 
to be projected, viz. 

Conceive a point e (Plate IV. Fig. 8.) situated any where 
on the surface of a globe, and a plane cd to stand at right 
angles to an imaginary line eo, connecting the centre of the 
globe and the point e. Then, if an indefinite number of 
lines be supposed to be drawn from the point e, to every point 
of the circumference of any circle described upon the spherical 
surface, they will trace out upon the cutting plane cd a stereo- 
graphic projection of the sphere. 

(343) The plane on which the points, lines, and circles of 
the sphere are represented, is called the plane of projection ; 
and the point from which all the lines are drawn through the 
several parts of the circles of the sphere, to this plane, is called 
the projecting point. 

(344) The primitive circle is situated in the plane of pro- 
jection ; and the projecting point, on the sphere, is one of the 
poles of this circle ; but on the plane of projection, the pro- 
jected poles of the primitive are in its centre. 

(345) A circle, the plane of which is parallel to the plane 
of the primitive, is called a parallel circle, and is represented on 
the plane of projection by a circle parallel to, and compre- 
hended within, the primitive. 

(346) A circle, whose plane is perpendicular to the plane 
of the primitive, is called a right circle; because, passing 
through the projecting point, its circumference becomes a 
straight line on the plane of projection. 

(347) A circle whose plane is oblique to the plane of the 
primitive, is called an oblique circle. 

(348) Lines drawn from the projecting point to every part 
of the circumference of a circle to be projected, will form the 
convex surface of a cone, whose vertex is the projecting point 
Thus if ab be a diameter of a circle to be projected, and e 
the projecting point, then aeb will be a cone, of which e is the 
vertex. 

(349) All writers on conic sections have demonstrated, 
that if a cone be cut by a plane ab parallel to the base ab, the 
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section will be a circle ; hence it follows, that all small circles 
parallel to the primitive will be projected into circles. And 
the radii of all projected small circles, parallel to the pri- 
mitive, will be equal to the semi-tangent of their distances 
from the remoter pole; thus ao=obis the tangent of the 
angle «eo, or the semi-tangent of the arc Ae where e is the 
remoter pole. 

(350) It is also shown by writers on conic sections, that if 
a scalene, or oblique cone, be cut by a plane not parallel to 
the base, but in such a manner that the cone cut from the base 
towards the vertex be equiangular with the original cone, the 
section shall be a circle. 

Thus (Plate IV. Fig. 9.) if the cone abe be so cut by a plane 
cd, that the angle cde be equal to the angle bae, and dce 
equal to abe, then the section will be a circle, having cd for 
its diameter. And this is what is termed cutting a cone in a 
subcontrary position, 

Emerson's Conic Sections, Book I. Prop. 89th. 

proposition i. (Plate IV. Fig. 10.) 

(351) Every circle of the sphere which does not pass through 
the poles of the primitive, is projected into a circle. 

Let dc be the diameter of a circle to be projected on the 
plane. of the primitive fb, from the point e. Lines from the 
point e to the circumference of that circle form a cone, whose 
triangular section is ced. 

Now the extremity c, of the diameter cd, will be projected 
into the point a, and the other extremity d into the point b 
in the plane of the primitive. Through d draw nd parallel 
to fb, that is, perpendicular to Ee, then will the arc vd be 
equal to the arc ed ; and since an angle at the circumference of 
a circle is measured by half the arc on which it stands (20 Eu- 
clid III), the angle ecd will be equal to the angle <£de, or, 
which is the same thing, equal to the angle abe, because ab 
is parallel to do. 

Hence the cone ecd is equiangular with the cone eba, and 
it is cut by the plane of projection in a subcontrary position, 
therefore (350) the section is a circle. 

(352) Corollary. The centre, and consequently the poles 
of every circle oblique to the primitive, have their projections in 
the line of common section of the primitive, and a great circle per- 
pendicular both to the primitive and to the oblique circle. 

For the centre and poles of the circle whose diameter is 
cd, have their projections in the line fb, the common section 
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of the primitive, and die great circle fcde which is perpendi- 
cular to the primitive and to the circle whose diameter is cd. 

proposition ii. (Plate IF. Fig. 11.) 

(353) The distance of the centre of any projected oblique great 
circle from the centre of the primitive, is equal to the tangent, and 
the radius of the projected circle is equal to the secant of the in- 
clination of the oblique circle and primitive. 

Let e be the projecting point, fg the diameter of the pri- 
mitive efcg, and cd the diameter of a circle to be projected. 
The point c will appear at a, and d at b ; therefore ab is the 
projected diameter. Bisect ab in /?, and p will be the centre 
of the projected circle iaeb. 

Now ced=ceb, being an angle in a semicircle, is a right 
angle ; and epa and epb are likewise right angles ; hence the 
triangles aeb, ape, and epb are equiangular and similar. The 
angle epc is double of the angle aec, the one being at the 
centre and the other at the circumference of the circle, and 
for the same reason ajpe is double of abe ; but the angle eEc 
has been shown to be equal to abe, therefore evc=ppE, and 
CPF=PEp : and it is plain that vp is the tangent of pejo to the 
radius of the sphere, therefore it is equal to the tangent of the 
angle cpf, the angle of inclination of the oblique circle and 
primitive. 

It is also obvious that Ajp=Ep, the radius of the projected 
circle, is the secant of the angle VEp or cpf. 

(354) Corollary. The distance (ap) of the extremity of 
the diameter of any projected circle from the centre of the primi- 
tive, is the semi-tangent of the complement of (cf) the circle's in- 
clination to the primitive. 

For ap is the tangent of the angle aep, which is the half of 
eve, the complement of fpc. 

proposition hi. (Plate IV. Fig. 11.) 

(355) The distances of the projected poles of any oblique great 
circle from the centre of the primitive, are equal to the tangent 
and cotangent of half the inclination of the oblique circle and 
primitive. 

Let e be the projecting point, fg the diameter of the pri- 
mitive, and cd the diameter of the circle to be projected. 

Make eM=CF, then cm will be a quadrant; draw mpn, 
which will be the axis of cd ; and m, n, its poles. If em be 
joined, the pole m will appear at m in the primitive ; but pot 
is the tangent of the angle petw, which is die half of cpm, or 
of its equal cpf, the angle of inclination. 
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Likewise a fine drawn from e through n, the other pole, will 
cut pf, produced beyond f, in the exterior projected pole. 
Now pf, produced to meet en, is evidently die cotangent of 
the angle petr, or half of (cpf) the angle of inclination. 

proposition iv. (Plate IF. Fig. 12.) 

(356) The distance of the centre of a projected small circle 
(perpendicular to the primitive) from the centre of the primitive, 
is equal to the secant of its distance from its own pole ; and the 
radius thereof is equal to the tangent of that distance. 

Let cd be the diameter of a small circle cutting the primi- 
tive at right angles, or, which amounts to the same thing, 
whose poles o and f lie in the circumference of the plane of 
projection. Now ab is the diameter of its representative on 
the plane of projection fg ; bisect ab in p, and draw pc, cp, 
and cb ; then the radius pc of the projected small circle is 
the tangent of the arc oc, the distance of the small circle from 
its pole g, and vp is equal to the secant of the same arc. 

For since the triangles Ece, Bve, are right-angled at c and 
p, and have the angle e common, the remaining angle pea 
will be equal to the remaining angle csp—pcB, for pc=pB; 
but the angle pca is equal to pea, because pc is equal to pe, 
hence vca= pes, therefore the angle acb is equal to the angle 
pep, but acb is a right angle, therefore pqp is a right angle ; and 
consequently pc is the tangent of the arc gc, and vp its secant 

proposition v. (Plate IV. Fig. 13.) 

(357) The angle comprehended between two great circles, 
passing through the same point, on the surface of the sphere, is 
equal to the angle comprehended between Oteir representatives on 
the plane of projection. 

Let bgk be any spherical angle. Through the angular 
point g and the centre p, draw the plane of a great circle 
gde, perpendicular to the plane phl of projection. Let a 
plane ghl touch the sphere in g ; then since the plane of the 
circle gde is perpendicular to this plane and to the plane of 
projection, it is perpendicular to their intersection hl. The 
angles made by great circles at any point on the surface of a 
sphere are equal to the angles made by their tangents (299) ; 
therefore in the plane ghl draw the tangents gh, gf, gl to 
the arcs gb, gd, gk, and their projections are the lines gu, 
gf, gh : the angle hgl is equal to HgL. For the angle pgf = 
aright angle = vgE + pe^ ; therefore taking away the equal 
angles pge and peg, we have the angle ^gf=p^e=g^f, and 
consequently ^f=gf. Hence in the right-angled triangles 
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ofl and ^fl, there are two aides equal and the included 
right angle, and therefore the hypothenuse gl = gi*. And, for 
the same reason, in the triangles gfh and gru 9 we have gh = 
gn. Lastly, in the triangles ghl and ^hl, all the sides are 
respectively equal, and therefore the angle hgl=h</l; but 
the angle hgl is equal to the spherical angle bgk (299) : con- 
sequently the angle bgk=h^u 

proposition vi. (Plate IV. 2fy.il.) 

(358) The projected extremities of the diameter of any circle 
m the sphere inclined to the primitive, are distant from the centre 
of the primitive the semirtangents of the circle's nearest and 
greatest distance from the pole opposite to the projecting point ; 
and the diameter is equal to the sum of these semi-tangents. 

For the diameter cd of a circle ot the sphere inclined to the 
plane of projection in an angle cpf, is projected into the line 
ab from the projecting point at e. Now ap is the semi- 
tangent of ec the circle's nearest distance from the pole i, and 
pb is the semi-tangent of en the circle's greatest distance from 
the pole e» Also the diameter ab is the sum of these semi- 
tangents. 

(359) Corollary I. The projected diameter of a small 
circle inclined to the plane of projection and encompassing the 
pole (e) of the plane of projection, is equal to the sum of the semi- 
tangents of that circles greatest and least distance from the pole of 
projection. 

For such a small circle may be conceived to be parallel to 
the great circle, and therefore its projected diameter will fall 
on both sides of the centre p of the primitive. 

(360) Corollary II. The projected diameter of a small 
circle inclined to the plane of projection, and situated wholly on 
one side of the pole (e), is equal to the difference of the semi- 
tangents of that circle's greatest and least distance from the pole 
(e) of projection. 

For a small circle on the sphere whose diameter is mo, will 
be projected into mp ; vp is the semi-tangent of eo, the circle's 
greatest distance from the pole ; vm the semi-tangent of eM, the 
circle's least distance from the pole ; and the difference between 
these semi-tangents is mp. 

(361 ) Corollary III. The points where the projected dia- 
meter of a great circle terminates, are distant from the centre of 
the primitive, tlie tangent and cotangent of half the complement 
pfthe circle's inclination to tlie primitive. 

For ce is the complement of fc the circle's inclination to the 
primitive, and ap is the tangent of the half of ce 9 or the angle 



Digitized by 



Google 



158 THE STEREOGRAPHIC BOOK III. 

aep. And, because aeb is a right angle, peb is the comple- 
ment thereof; but pb is the tangent of peb, that is, the tangent 
of the complement of aep, or the cotangent of £ ce. 

proposition vn. (Plate V. Fig. 5.) 

(362) In any projected great circle, inclined to the primitive, 
the radius of the projected circle, is to the radius of the primi- 
tive, as the distance of the projected pole from the centre of the 
projected circle, is to the distance of the projected pole from the 
centre of 'the primitive. 

Let faabc be the projection of a great circle cutting the pri- 
mitive ENFea in e and e, and the line fo produced, in a and c ; 
also let p be the centre of the primitive, o the centre of the 
projected circle, and p and r its projected poles. Then 

eo : ep : : po : pv ; or eo : ep : : ro : rp. : 
Join eo, Ep, and Er; then the angle peo is the measure of the 
circle's inclination to the primitive : for po is the tangent of peo 
to the radius of the sphere, and it is likewise the tangent of the 
circle's inclination to the primitive (353). 

The angle PEp is the measure of half the circle's inclination 
to the primitive (355) ; therefore Ep bisects the angle peo. 

And, because Ep is perpendicular to Er (for p and r are the 
two poles), the angle rEp is equal to the angle pEK, being 
each of them a right angle ; also VEp and pEo have been 
shown to be equal, therefore the angle rEP is equal to the 
angle oek. 

Consequently Ep makes equal angles internally, and tek 
equal angles externally with the sides EP and eo of the triangle 
peo. Therefore (by Props. 3 and a Euclid VI.) 
eo : ep : : po : pv ; and eo : ep : : ro : rp. 

(363) Corollary I. The line ro, comprehended between the 
centre of the projected circle and its external pole, is harmoni- 
cally* divided by the internal pole of the projected circle, and the 
centre of the primitive. 

For eo : ep : : po : pv 

and eo : ep : : ro : rp ; 

ro : rp : : po : pv. 

(364) Corollary II. Every projected great circle, making 
an angle with the primitive, is greater than the primitive. 

For the radius eo of the projected great circle ea^bc, is 
the secant of that circle's inclination to the primitive (353) ; 



* When a straight line is divided into three such parts, that the whole is to the 
first part, as the third part is to the second, it is said to be divided in harmonical 
ratio. 
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and therefore is always greater than ep, the radius of the 
primitive. 

proposition vm. {Plate V. Fig. 6.) 

(365) If through the internal projected pole of a great circle, 
and the extremities of an arc of that projected circle, straight 
lines be drawn to cut the primitive, the intercepted arcs of the 
projected circle and the primitive will be similar. 

Let EF£G represent the primitive circle, and ELAehfthe pro- 
jection of a great circle inclined to the primitive ; p the centre 
of the primitive, and p the internal projected pole of the great 
circle; draw ApQ and ljpk, then will the arc gk be similar to 
the arc al. 

For, it is obvious that if a straight line be drawn from a point 
within a circle to meet the circumference, the angle formed at 
the circumference between this line and the radius, will be less 
than a right angle : therefore in the triangles pk/?, pho, the 
angles pkjo and pho are each less than a right angle. The 
angle ppK is equal to the angle hpo (15 Euclid I), and the 
■sides about the remaining angles at p and o are proportional ; 
for ol : pk : : op : vp (362), or pk : vp : : ol : op. There- 
fore the triangles pvm and /?ol are equiangular and similar 
(7 Euclid VI), and consequently the angle KPp is equal to the 
angle jpol. 

But equal angles at the centres of circles are subtended by 
similar circumferences, therefore the arc gk is similar to the 
arc al ; and because ol : pk : : arc al : arc gk, whatever part 
of the circumference of the projected circle al is, the same part 
of the circumference of the primitive circle will gk be. 

(366) Corollary I. If straight lines be drawn from the 
projected pole of a great circle {towards the pole of the primitive) 
to cut the projected great circle and the primitive, the arc of the 
primitive intercepted between these lines, will be the measure of an 
arc on the sphere, represented by that part of the projected great 
circle intercepted between these lines. 

Let pv,pn, andjOE be drawn; fh will be the measure of a 
part of a great circle on the sphere represented by al ; and 
fe will be the measure of a part of a great circle on the sphere 
represented by ae; for, join oe and vm, then, art. (365) 
ol : pk : : arc al : arc gk, and oe : pw : : arc ae : arc am. 
But oe=ol and piw=pk, therefore arc al : arc gk : : arc ae : 
arc Gm. 

Hence, whatever part of the great circle EAehfis represented 
by ae, the same part of the primitive am must represent ; but 
ae is the projection of a quadrant of a circle on the sphere, 
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having the same radius as the primitive, therefore it must be 
measured by fe, and not by Gin; for the same reason al must 
be measured by fh and not by ok* 

(367) Corollary II. Hence it follows that all great circles 
inclined to the primitive, have equal arcs on the sphere, represented 
by unequal arcs on the plane of projection. 

proposition ix. Problem. (Plate IV. Fig. 14.) 

(368) To find the pole of any great circle. 

I. The pole of the primitive oebd is the centre P. 

II. Let ab be a right circle. Through p the centre of the 
primitive draw de perpendicular to ob, then d and e are the 
poles of as* 

III. Let CKe be an oblique circle. Through the centre of 
the primitive draw mvn at right angles to cve> cutting the 
oblique circle in o ; draw ev through o, and make vw an arc 
of 90 degrees ; join ew 9 then p is the pole. 

Or, the semi-tangent * of the complement of po set from P 
to p> will give the pole. 

The pole of a small circle is the same with the pole of 
its parallel great circle. 

The truth of this proposition is shown at (355) ; for on, the 
measure of the angle c, is the complement of po, and the semi- 
tangent of on is applied from y top. 

proposition x. Problem. (Plate TV. Fig. 14.) 

(369) Through any given point in the circumference of the 
primitive circle^ to describe a great circle making any given angle 
with the primitive. 

Let ecxdb be the primitive circle, and c the given point 

Through c draw cpc, and mvn at right angles to it ; make 
the angle per equal to the given angle, and draw cr ; with r 
as a centre, and distance re, describe the circle cac, then acb 
will be equal to the given angle. 

Or, make pr equal to the tangent of the given angle to the 
radius cp ; or make cr the secant thereof. 

Or thus : Set off the semi-tangent of the complement of the 
given angle from p to o, and through the three points coe de- 
scribe a circle. 

These constructions are obvious from arts. (353) and (354). 



* The common plane scale generally contains a line of semi-tangents, marked 
S. T. See Book I. Chap. IV. page 16. 
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proposition xi. Problem, (Plate IV. Fig. 15.) 

(370) Through a given point a in a right circle aB, to describe 
a great circle cAe, making an angle at a, equal to a given number 
of degrees. 

Draw de at right angles to aB ; find the centre s of a circle 
which will pass through the three points dae. Through s 
draw dsm parallel to djs ; with the centre a, and a radius equal 
to pb, describe an arc ww 9 set off bo from a scale of chords 
equal to the complement of the given angle a, and draw Aod ; 
then d is the centre of the circle CAe required. 

The truth of this construction may be shown thus : s is the 
centre of the circle dae, and since all great circles cut each 
other at the distance of a semicircle (285), all circles passing 
through a must necessarily pass through the point o, and there- 
fore their centres must be somewhere in the line dm. Now 
dxe'is a right angle, therefore sa*=cab (295) taken from d\e f 
leaves dAs the complement of the angle cab, agreeably to the 
construction. 

proposition xn. Problem. (Plate IV. Fig. 16.) 

(371 ) Through a given point c, within the primitive, to draw 
a great circle Ace making a given angle bac with the primitive. 

From the centre p of the primitive, with the tangent of the 
given angle as a radius, describe an arc ; and from the point c, 
with the secant of the same angle as a radius, cross it in o. 
The point o is the centre, and oc is the radius of the circle 
Ac* required. 

The truth of this construction is shown in art. (353). 

proposition xiii. Problem. (Plate IV. Fig. 17.) 

(372) Through two given points within the primitive, to draw 
a great circle. 

Let o and m be the two points. Through one of the points, 
as o, and the centre of the primitive, draw ab of an unlimited 
length towards b, and draw cd at right angles to ab. Join co, 
and produce it till it cuts the primitive in v 9 draw the diameter 
vw meeting the circumference in w 9 and draw cwe meeting 
ab in e. Then a circle described through the three points, 
o, w, E, will be the great circle required. 

The angle vcw being in a semicircle is a right angle 
(31 Euclid III), therefore the distances po and pe, measurec 
on the line of semi-tangents are together equal to 180 degrees : 
consequently the point e is diametrically opposite to o, and 
owe is a great circle. 

M 
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proposition xiv. Problem. (Plate IV. Fig. 18.) 

(373) Through a given point in any projected great circle, to 
draw another great circle perpendicular to the given one. 

General Rule. Find the pole of the given circle (368), 
and through that pole and the given point draw a great 
circle (372), which will be the circle required. For if one 
great circle pass through the pole of another, it cuts it at right 
angles (291). 

Or, I. The pole of the primitive is in the centre, therefore a 
diameter of the primitive always cuts its circumference at right 
angles. 

II. To draw an oblique circle perpendicular to an oblique 
circle. 

Let bad be the given oblique circle and a the given point, 
find p the pole of the oblique circle bad (368), and through 
the points/? and a, draw the great circle eca/? (372). 

III. To draw an oblique circle perpendicular to a right circle. 
Let hg be the right circle and a the given point, draw db 

at right angles to hg, then b and d are the poles of hg, 
through the three points B, a, d, draw the circle bad, and it 
will cut hg at right angles. 

proposition xv. Problem. (Plate IV. Fig. 19, 20, and 21.) 

(374) About any given point, as the pole of a great circle, to 
describe a small circle at a given distance from that pole. Or, 
at a proposed distance from a given great circle to describe a 
parallel circle. 

I. If the small circle be parallel to the primitive. With the 
radius pc equal to the semi-tangent of the circle's distance from 
the pole of projection opposite the projecting point (Plate IV. 
Fig. 19.), describe the circle cde. 

IL If the small circle be parallel to a right circle. Let the 

fiven right circle be ab, whose poles are c and d (Plate IV. 
'ig. 20). Set off the chord of the small circle's distance from 
its pole, from c to n and m ; or the chord of its distance from 
the right circle ab, from b to n, and from Atom; and draw 
atwf and Aon intersecting pf in o and f, which are the ex- 
tremities of the diameter of the circle man to be projected, the 
middle point e being the centre. 

Or, Having found the points m and », join vn and draw jie 
at right angles to it; it will cut the axis pc produced in e, the 
centre of the parallel circle man (356). 

Or, Find the three points, w, o, and n, as above, and draw 
a circle through them. 
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III. If the small circle be parallel to an oblique circle. Let 
the oblique circle be dab (Plate IV. Fig. 21). Find p the 
pole of the oblique circle dab, and through p draw DpE ; make 
ev and Et0 each equal to the proposed distance from the pole, 
and draw dm? and dv 9 cutting gf produced in o and f, the two 
extremities of the diameter of the circle man to be projected, 
the middle point c being the centre. 

Or, Find p the pole of the oblique circle dab (368), and 
measure its distance vp from the centre of the primitive by a 
scale of semi-tangents. Then add and subtract this distance to 
and from the complement of the parallel circle's distance from 
the oblique circle ; set off the sum by a scale of semi-tangents, 
from p to f, and the difference from Ptoo; the middle point 
between o and f, (viz. c) is the centre (359). 

proposition xvi. Problem. (Plate V. Fig. 1.) 

(375) About any given point, as the pole of a great circle, to 
describe a great circle in a given primitive circle. 

I. If the given point be (p) in the centre of the primitive, 
the primitive is the great circle required. 

II. If the given point be (c) in the circumference of the 
primitive, through c, draw a diameter cve 9 and another bvB at 
right angles to it Then 5pb is the great circle required. 

III. If the given point be (p) 9 neither in the centre nor in 
the circumference of the primitive. Through p and the 
centre of the primitive, draw a straight line rPB, and cross it 
at right angles with the diameter ec ; through p draw epw 9 make 
torn equal to trc, and through m draw emr 9 then with r as a 
centre and radius re, describe the required great circle CAe. 

This problem is easily deduced from arts. (353) and (355). 

proposition xvii. Problem. (Plate V. Fig. 2.) 
(376) To measure any arc of a great circle. 

General Ride. Find the pole of the given circle (368), 
from which draw straight lines through the ends of the arc to 
be measured, cutting the primitive in two points, the distance 
between these points applied to a scale of chords, will give the 
measure of the arc. 

Or, I. The pole of the primitive is the centre p, therefore 
any arc of the primitive is measured by taking the extent of the 
arc (as be) and applying it to a scale of chords. 

II. To measure any part of a right circle as po, vp 9 pv 9 &a 
From c the pole, draw caf 9 cpe, cpg 9 cvw ; then ef applied 
to a Scale of chords is the measure of pa, eg of vp 9 and gw 
of pv. 

m 2 
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Or pa, vp, w applied to the line of semi-tangents, will give 
their respective measures. And it is evident that vp is the 
difference between the measures of pi? and pp, and that ap is 
the sum of the measures of pa and pp. 

III. To measure any part of an oblique circle as cr, ro, oa, 
&c. Find p the pole thus : draw oaf, make fg an arc of 90 
degrees, and join gc, then p is the pole. From^? through r, o, 
a, m, draw pn, po, pA, pM. Then ro, applied to a scale of 
chords, is the measure of an arc on the sphere represented by 
ro ; oa is the measure of an arc on the sphere represented by 
oa ; and am is the measure of an arc on the sphere represented 
by am, &c. (366). 

proposition xviii. Problem. (Plate V. Fig. 2.) 

(377) To cut any number of degrees from the arc of a great 
circle; or, from a given point, in a projected great circle, to cut 
off an arc equal to a given arc. 

This proposition is the reverse of Prop. XVII. 

I. If the projected great circle be the primitive whose pole 
is p, and e the given point. Take the number of degrees in 
the given arc from a scale of chords and apply the extent from 
e to b, then eb is the arc required. 

II. If the projected great circle be a right circle (as xa) 
whose pole is c, and a the given point. From the pole c, 
through a, draw cafi makefg equal to the given arc, by a scale 
of chords, and join eg, then will pa contain the required number 
of degrees. 

Or, any number of degrees may be cut from xa by the 
scale of semi-tangents, in the same manner as the arcs were 
measured in the XVIIth Problem. 

III. If the projected circle be an oblique circle (as cae) whose 
pole is p, and the given point. From p through draw poo, 
make or equal to the given number of degrees, and join pn, 
then or will contain the number of degrees required. 

proposition xix. Problem. (Plate V. Fig. 3.) 

(378) Any great circle ca* in the plane of projection being 
given : to describe another great circle bad, which shall cut the 
given circle CAe, and also the primitive in any assigned angles. 

About the pole p of the primitive describe, the parallel circle 
no, at a distance equal to the angle which bad is required to 
make with the primitive (374). About p, the pole of CA£, at 
a distance equal to the measure of the angle which bad is re- 
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quired to make with CAe, describe the parallel circle ab cutting 
no in d. 

About d as a pole describe the great circle bad (375), 
cutting the primitive in b, and eke in a : then bad is the great 
circle required. 

For po?, pdy the distances of the poles on the sphere are the 
measures of the inclinations of the plane of the great circle bad 
with the planes of the primitive and the great circle CAe, or of 
the projected angles which that circle makes with the primitive 
and with CAe. 

When the small circles thus described do not meet each 
other, the problem is impossible. 

proposition xx. Problem. (Plate V. Fig. 4.) 
(379) To measure any spherical angle. 

General Rule. Find the poles of the two great circles which 
form the angle (368). Straight lines drawn from the angular 
point through these poles, will cut the primitive in two points ; 
the distance between which, applied to a scale of chords, will 
give the measure of the required angle. 

The truth of this appears from (298). 

Or, I. If the angular point be at p, and rw the angle to be 
measured, then pr, w are quadrants ; and as a spherical angle 
is always measured on the arc of a great circle at a quadrant's 
distance from the angular point (297), rv applied to a scale of 
chords is the measure of the angle rw. 

II. If the angle be formed by the primitive, and an oblique 
circle, as oce. 

Find m the pole of CAe, and from c draw cmw ; through p, 
the pole of the primitive, draw cpc, then we applied to a scale 
of chords gives the measure of oce. To measure ocp, the 
angle formed by the right circle cpe, and £he oblique circle 
CAe ; through m the pole of ca£, and r the pole of cpe, draw 
cw and cr ; then wr applied to a scale of chords is the mea- 
sure of ocp. 

Or, The angle oce may be measured by the line of semi- 
tangents ; thus, let oe be applied to the scale of semi-tangents 
from 90 towards the left hand, the number of degrees con- 
tained between the points of the compasses, will be the mea- 
sure of oce ; and po, applied to the scale of semi-tangents, 
from the beginning of the scale towards 90, will give the 
measure of ocp. 

III. If the angle be formed by two oblique circles, as CAe 
and bad. 

m 3 
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Find m the pole of ca<? and n the pole of bad (368). From 
the angular point a, through m and n, draw \ms and atw 9 
cutting the primitive in * and v; then sv applied to a scale 
of chords, will give the measure of the angle bac, or of its 
equal iad. 



CHAP. III. 

INVESTIGATION OF GENERAL RULES FOR CALCULATING THE 
SIDES AND ANGLES OF RIGHT-ANGLED SPHERICAL TRI- 
ANGLES. 

PROPOSITION XXI. 

(380) In any right-angled spherical triangle, 
' Radius is to the sine of either side^as the tangent of the 
adjacent angle is to the tangent of the opposite side. 

Let abc be a spherical triangle, 
right-angled at a, 

rad : sin ab : : tan b : tan ac 

For, let d be the centre of the 
sphere, join dc, da, and db, and 
draw ae perpendicular to db ; also, 
in the plane dbc, draw ef perpen- 
dicular to db, meeting dc produced 
in f, and join af. 

Then since de is perpendicular to 
both ea and ef, it will be perpen- 
dicular to the plane aef ; also because 

the plane adb passes through de, it will also be perpendicular 
to the plane aef ; or, which is the same thing, the plane aef 
will be perpendicular to the plane adb. But the angle bac 
being a right angle (by hypothesis), the plane adc or. adf will 
also be perpendicular to the same plane adb. Hence the planes 
aef, adf being each perpendicular to the same plane adb, their 
common section af will also be perpendicular to adb. And 
since ae, ef which lis in the planes adb, bdc, are each per- 
pendicular to bd, the angle aef will be the measure of their 
inclination, or of the spherical angle abc Also fad, aed 
being right angles, af will be the tangent of the arc ac, and 
ae the sine of the arc ab, to the radius ad of the sphere. 
Hence fae being a right-angled triangle, we have 

rad : ae : : tan fea : af 

or rad : sin ab : : tan abc : tan ac. 
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SCHOLIUM. 

The foregoing proposition is of con- 
siderable importance in spherical trigo- 
nometry, and therefore ought to be 
clearly understood. — It will perhaps be 
of advantage to some students, to illus- 
trate the nature of it in a mechanical 
way, in order to render the preceding 
demonstration more perspicuous. 

Upon a piece of pasteboard, with any radius describe a circle, 
and make ac of any length less than a quadrant ; draw af per- 
pendicular to the radius ad, and draw dcf through c ; let ab be 
of any length less than a semicircle, and draw db. From a draw 
aef cutting bd at right angles, make df equal to dcf, and draw 
bg a tangent to bd. 

Then cut out the figure fabgfdcf, next cut the back of the 
line ad half through, do the same with the line db, and raise af 
till it is perpendicular to the plane adb ; then raise up the plane 
debgf, so that the points f may coincide, and you will have a 
plane triangle fae right-angled at a, which will show the nature 
of the problem as clearly as possible. 

PROPOSITION XXII. 

(381) In any right-angled spherical triangle, 

Radius is to the sine of the hypothenuse, as the sine of any 
angle is to the sine of its opposite side. 

Let abc be a spherical triangle, 
right-angled at a. 

rad : sin bc : : sin b : sin ac 

For, let d be the centre of the 
sphere, and join dc, db, da. 

In the plane dbc draw cg perpen- 
dicular to db, and it will be the sine 
of the hypothenuse bc. 

From the point g in the plane dba, 
draw gh perpendicular to na,* and join ch ; then, it may be 
proved as in art (380), that ghc will be a right angle, and the 
angle cgh will be equal to the spherical angle abc. 

The plane triangle ghc is right-angled at h, the hypothenuse 
gc is the sine of the spherical hypothenuse bc, the perpen- 
dicular ch is the sine of the spherical perpendicular ac, and 
the angle cgh is equal to the spherical angle abc Hence, 
rad : gc : : sin cgh : ch ; that is, 
rad : sin bc : : sin cba : sin ac. 
m 4 
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SCHOLIUM. 

This proposition may perhaps be rendered more familiar to 
the understanding by a mechanical illustration. 

Upon a piece of pasteboard, with any 
radiu3 describe a circle, make bc, the hy- 
pothenuse of any length less than a qua- ; 
drant; and draw the radii bd, cd; from ! 
c draw cg at right angles to bd ; set off ' 
ab of such a length that when cg is pro- 
duced it may cut ad somewhere, as in h ; 
at h erect the perpendicular hc, and let dc be drawn. 

Cut out the figure cdcabc, then cut the lines ad and bd half 
through, as in the xxist proposition, raise the plane adc per- 
pendicular to the plane adb, and the plane bdc, till the points c 
coincide ; you will then have a right-angled plane triangle chg, 
from which the whole proposition will appear exceedingly 
simple and easy. 

PROPOSITION XXIII. 

(382) In any two right-angled spherical triangles, having 
the same acute angle at the base, 

The sines of their bases have the same ratio 
to each other as the tangents of their perpen- 
diculars; and the sines of their hypothenuses 
have the same ratio to each other as the sines of 
their perpendiculars. 

Let the right-angled spherical triangles 
abc and ahg have the acute L a common ; ^ 
then 




rod : sin ab : 
rod : sin ah : 
Therefore, sin ab 
rod : sin ac : 
rod : sin ag : 



: tan a : tan bc (380). 
: tan a : tan hg (380). 

sin ah : : tan bc : tan hg. 

sin a: sin bc (381). 
: sin a : sin hg (381). 



Hence, sin ac : sin ag : : sin bc : sin hg. 



scholium. 



(383) The different cases or varieties that may happen in 
the solution of right-angled spherical triangles, wherein two 
things, together with the right angle, are always given to find 8 
third, are in all sixteen, and from this proposition alone, by pro* 
during the sides of the triangle to quadrants (341) the whole 
may be solved. The five following corollaries, or cases, in- 
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elude the whole practice of right-angled spherical triangles, 
and are the foundation of Baron Napier's rules : — 
Case I. sin ah : sin ab : : tan gh : tan bc (382) 
Viz. rad : sin ab : : tan a : tan bc (341) 
But rad : tan : : cot : rad (209) 
.'. cot a : rad : : sin ab : tan bc 
Also rad : sin ac : : sin c : sin ab (381) 
Case II. rad : sin bc : : tan c : tan ab (380) 
But rad : tan : : cot : rad (209) 
.\ cot c : rad : : sin bc : tan ab 
Also sin ag : sin ac : : sin hg : sin bc (382) 
Viz. rad : sin ac : : sin a : sin bc (341) 
Case III. sin ei : sin ed : : tan ig : tan df (382) 
Viz. rad : cos c : : tan ac : tan bc (341) 
But rad : tan : : cot : rad (209) 
.\ cot ac : rad : : cos c : tan bc 
Also sin dc : sin id : : sin cf : sin fg (382) 
Viz. rad : sin c : : cos bc : cos a (341) 
Or rad : sin a : : cos ab : cos c 
Case IV. sin fh : sin fg : : tan bh : tan cg (382) 
Viz. rad : cos a : : cot ab : cot ac (341) 
But rad : cot : : tan : rad (209) 
.*. tan ab : rad : : cos a : cot ac 
Also sin cf : sin cd : : sin fg : sin id (382) 
Viz. cos bc : rad : : cos a : sin c (341) 
Case V. sin cg : sin ci : : tan fg : tan di (382) 
Viz. cos ac : rad : : cot a : tan c (341) 
But rad : tan : : cot : rad (209) 
.\ cos ac : cot a : : cot c : rad 
Also sin bh : sin cg : : sin fb : sin cf (382) 
Viz. cos ab : cos ac : : rad : cos bc (341) 
(384) If the extremes and means of each case be multiplied 
together, we shall obtain the same equations as are produced 
by Baron Napier's rules. 

I. rad x sin AB=tan bc x cot a 
rad X sin AB=sin ac x sin c 

II. rad x sin Bc=tan ab x cot c 
rad x sin Bc=sin ac X sin a 

III. rad x cos c =cot ac x tan bc 
rad x cos c =sin a x cos ab 

IV. rad x cos a =cot ac x tan ab 
rad x cos a =cos bc x sin c 

V. rad x cos Aczzcot a x cot c 
rad x cos ac=cos ab x cos bc 
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(385) If we use the notation of Legendre*, and call die 
hypothenuse ft, the base c, and the perpendicular a, and their 
opposite angles b, c, and a, the equations may be thus ex* 
pressed. 

I. rad x sin c=tan a x cot A=sin b x sin c 

II. rad x sin a=tan c x cot c=sin b x sin a 

III. rad x cos c=cot b x tan a=cos c x sin a 

IV. radxcos A=cot ftxtan c=cosaxsin c 
V.f rad x cos J=cot a x cot c=cos c x cos a 

Any two of these quantities, together with the right angle, 
being given, the rest may be found. 

baron napier's universal rules for solving right- 
angled SPHERICAL TRIANGLES. 

PROPOSITION XXIV. 

(386) I. Radius x sine of the middle part —rectangle of the 
tangents of the extremes when conjunct. 

And, 

II. Radius x sine of the middle part— rectangle of the cosines 
of the extremes when disjunct. 

Observing to use the complements of the hypothenuse and 
angles. 

EXPLANATION OF THE RULES. 

In every right-angled spherical triangle there are five cir- 
cular parts, exclusive of the right angle, which is not taken 
into consideration : and these five parts are the hypothenuse, 
the two legs or sides, and their opposite angles; they are 
called circular parts, because the measure of each of them is 
the arc of a circle. 

Now in every case proposed for solution, there are three of 
these five parts concerned, viz. two given and a third required. 



• Elements de Geom£trie, page 380. 

f A late writer on trigonometry, after telling us in his preface that the well- 
known rules of Napier, called the mvx circular parts, are " too artificial and 
restricted to be generally employed in the present advanced state of the science; * 
gives the rules above, and actually solves aU his cases of right-angled spherics by 
them, though they are exactly the same as those of Napier, but less commodiously 
expressed. And whatever improvements may have been made in trigonometry, 
either by the English or Foreign mathematicians, it is a certain truth that '< Ma- 
thematical science cannot boast of a neater compendium of results, or a more 
valuable aid to the memory of the student/' than Napier's rules. Vide Monthly 
Review, Vol. LIII. page 280. 
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It is therefore obvious that when the three parts follow each 
other in a successive order, the middle one is the middle part, 
and the two others the extremes conjunct, that is, joined to the 
middle part 

Suppose in the triangle abc, that 
the angles a and c, and the hypothe- 
nuse ac are the parts concerned, it is 
evident ac is the middle part, and that 
a and c are joined, or adjacent to ac, 
and therefore are conjunct. 

Again, if the three parts do not fol- 
low each other in a successive order, 
that which is not connected with either ^vJ7lL^^^ 
of the other two is invariably called the 
middle part; and the other two, which are not connected with 
it, are called the extremes disjunct; that is, not joined to the 
middle part. 

Suppose the hypothenuse ac, the base ab, and the perpen- 
dicular bc, the parts concerned; Ac will be the middle part, 
for It is not connected either with ab or bc, the angle A inter- 
vening in the former case, and the angle c in the latter; the 
sides ab and bc are extremes disjunct, that is, not joined to ac, 
because of the intervention of the angles a and c, but the 
sides ab and bc are considered as joined, though the right 
angle b is between them, for, as we have before observed, it 
is excluded, or not taken into consideration. 

It must be remembered that, in speaking of the hypothe- 
nuse or either of the angles x as a middle part, or extremes 
conjunct or disjunct, their complements are to be used; but 
when we speak of the sides or legs, their complements are 
not to be used, but the real sides or legs. 

Hence the middle part must universally be either the base 
ab, the perpendicular bc, the complement of the angle c, the 
complement of the angle a, or the complement of the hypo- 
thenuse ac, that is, it must be some one of the five circular 
parts. 

(387) Case I. First, let ab, bc, and the angle a, be the parts 
under consideration, in the triangle abc. 

Here the three parts are joined together, because the right 
angle b is not regarded. Therefore ab is the middle part, bc 
and the complement of a, are the extremes conjunct. 
Hence, rad x sin ab = tan bc X cot A. 

Secondly. Let ab, ac, and the angle c, be the parts under 
consideration, in the triangle abc. 
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The base ab is still the middle pari, for it is not connected 
either with ac or the angle c, therefore these parts are the 
extreme disjunct; the former being separated from ab by the 
angle a, and the latter by the side bc Here we apply the 
second rule, recollecting that the cosine of the complement of 
an angle, or the hypothenuse, is the sine itself. 
Hence, rad x sin AB=sin ac X sin c. 

(388) Case II. First, Let ab, bc, and the angle c, be the 
parts under consideration, in the triangle abc 

This is exactly like the first part of the preceding case ; the 
three parts are connected, bc is the middle part, ab and the 
complement of c are the extremes conjunct. 

Hence, rad x sin sc=tan ab x cot c. 

Secondly. Let bc, the hypothenuse ac, and the angle a, be 
the parts concerned in the triangle abc. 

This is similar to the second part of the preceding case ; 
the perpendicular bc is still the middle part, for the angle c 
separates it from ac, and the side ab from the angle a : there- 
fore ac and the angle A are extremes disjunct; that is, not 
joined to bc the middle part. Here we must apply the second 
rule, taking care to remember that the cosine of the comple- 
ment of the hypothenuse, or an angle, is the sine itself. 
Hence, rad x sin Bc=sin ac X sin a. 

(389) Case III. First, Let bc, ac, and the angle c, be the 
parts under consideration, in the triangle abc 

The three parts follow each other, without the intervention 
of any other quantity ; therefore the complement of c is the 
middle part, bc and the complement of ac are the extremes 
conjunct, that is, joined to the angle c. 

Hence, rad x cos c=cot ac x tan bc 

Secondly. Let ab, the angle a, and the angle c, be the parts 
under consideration, in the triangle abc 

The complement of the angle c is here the middle party 
being separated from the angle a by ac ; and from the side ab 
by the perpendicular bc ; therefore ab and the complement of 
the angle a, are the extremes disjunct, or not joined to c 
Hence, rad x cos c=sin a x cos ab. 

(390) Case IV. First, Let ab, ac, and the angle a, be the 
parts under consideration, in the triangle abc 

This is exactly similar to the first part of Case III. 
The complement of the angle a is the middle part, ab and 
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the complement of ac, are the extremes conjunct, that is, they 
are joined to the angle a. 

Hence, rad x cos A=cot ac x tan ab. 

Secondly. Let bc, the angle a, and the angle c, be the parts 
under consideration, in the triangle abc. 

This is exactly of the same nature with the second part of 
Case III. The complement of the angle a is the middle 
part ; bc and the complement of c, are the extremes disjunct, 
the former being separated from the middle part a, by the 
base ab, and the latter by the hypothenuse ac 
Hence, rad x cos a =cos bc X sin c. 

(391 ) Case V. First, Let the hypothenuse ac, the angle a, 
and the angle c, be the parts under consideration, in the triangle 

ABC 

The three parts follow each other ; therefore the comple- 
ment of ac is the middle part, the complement of a and the 
complement of c are the extremes conjunct, that is, they are 
joined to the middle part ac 

Hence, rad x cos ac =cot a x cot c 

Secondly. Let the hypothenuse ac, the base ab, and the 
perpendicular bc, be the parts under consideration, in the tri- 
angle ABC 

The complement of ac is here the middle part, being sepa- 
rated from ab by the angle a, and from bc by the angle c ; 
therefore ab and bc are the extremes disjunct. 

Hence, rad x cos ac=cos ab x cos bc 

scholium. 

The preceding cases include all the varieties that can pos- 
sibly happen in the practice of right-angled spherical tri- 
angles. 

Any of the equations may be turned into a proportion by 
putting the required term last, that with which it is connected 
first, and the other two in the middle of any order. These 
equations are exactly the same as those already given (384), 
and therefore Napier's rules are universally true. 
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CHAP. IV. 

INVESTIGATION OF GENERAL RULES FOR SOLVING THE DIF- 
FERENT CASES OF OBLIQUE SPHERICAL TRIANGLES, BY 
DRAWING A PERPENDICULAR FROM THE VERTICAL ANGLE 
UPON THE BASE. 

PROPOSITION XXV. 

Showing the manner of applying Baron Napier's rules to ob- 
lique spherical triangles, from which several useful corollaries 
are deduced. 

(392) When the three given parts do not follow each other 
in a regular order, viz. when an unknown part intervenes, a 
perpendicular should always be drawn from the end of a given 
side, and opposite to an adjacent given angle. 

But when the three given quantities follow each other with- 
out the intervention of an unknown quantity, the perpendi- 
cular should be drawn in such a manner, as to fall not only 
from the end of a given side and opposite to an adjacent given 
angle, but likewise from the end of a required side, or oppo- 
site to a required angle, according as a side or an angle is the 
subject of inquiry.f 

(393) Having drawn a perpendicular, agreeably to the 
foregoing directions ; then, if the vertical angle of the oblique- 
triangle be given or sought, find the vertical angle of that 
right-angled triangle wherein two things are given ; but if the 
base of the oblique triangle be given or sought, find the base 
of that right-angled triangle wherein two quantities are given. 

Compare the perpendicular, the part given, and the part 
sought, in that triangle wherein only one quantity is given ; 
find the middle part, and make an equation agreeably to Na- 
pier's Rules, marking the term sought with an asterisk (*). 

Compare. the perpendicular and the similar parts in the tri- 
angle where two quantities are given, and make an equation, 
which place exactly under the former, and strike out such 
terms as are common to both the equations. 



+ The reason of these rules for drawing a perpendicular is founded on practice 
and observation. For in every right-angled triangle there must be two given 
quantities, exclusive of the right angle, and it is obvious that the perpendicular 
must be so drawn as to form one right-angled triangle wherein two quantities 
are given. 
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Turn the remaining quantities into a proportion ; thus, if 
all the terms which are to be struck out of the equations be 
on the same side of both, put the required term last, that with 
which it is connected first, and the other two in the middle in 
any order. 

But if the terms which are not struck out of the equations 
stand on both sides ; one unmarked term, in the lower equa- 
tion, is to the unmarked term exactly above it, as the other 
unmarked term in the lower equation, is to the marked or re- 
quired term which stands above it. 

(394) Case I. Suppose two angles at the base of an oblique- 
angled triangle, and a side opposite to one of these angles were 
given, to find the vertical angle. 

First, find the vertical angle J§. d C I) 

BCDf in the triangle bdc, / \\ \ — /ST : 

where two entire quantities are ^— L \ \ / \^ 
given. A &^b J£ X^/ 

Here bc is the middle part 9 and the other parts are the ex- 
tremes conjunct. Hence, # 
rad x cos Bc=cotZ. b x cot bcd. 
Therefore cotZ. b : rad : : cos bc : cot bcd. # 
In the triangle adc, rad X X cos L a zzcos dc x sin acd. 
In the triangle bdc, rad x cosZ.b=co* dc X sin bcd. 
Therefore cos L b : cos L A : : sin bcd : sin acd. 

Had the L c been given, and the L a required, we must have 
proceeded exactly in the same manner, only theZ. a must have 
been marked instead of acd, and the proportion would have 
been thus; sin bcd : sin acd : : cosZ-B : cosZ. a. 

The sum, or difference, of acd and bcd, gives acb according 
as the perpendicular falls within or without the triangle. 

(395) Corollary I. The cosines of the angles at the base, 
ore in proportion to each other as the sines of the angles at the 
vertex, made by a perpendicular drawn from the vertical angle 
upon the base. 

(396) Corollary II. The sum of the cosines of the angles 

at the base. 
Is to their difference, 



f When both the angles at the base are given ; if the perpendicular fall 
without the triangle, it is the roost convenient to draw it so that two known parts 
may come between the perpendicular and the given angle to which it is opposite ; 
hence en is the proper perpendicular in this case. 

\ The terms which are to be struck out of the equations are printed in italics. 
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As the sum of the sines of the angles at the vertex. 
Is to their difference, For, 

cos B : cos A : : sin bcd : sin acd ; 
And by composition and division, 
cos a + cos b : cos a ~ cos b : : sin acd + sin bcd : sin acd ~ 
sin bcd. 

(397) Case II. Suppose the two angles at the hose of an 
oblique spherical triangle, and a side opposite to one of these 
angles were given to find the base. 

First find the base db in the^ Q d C D 

triangle bdc, where two entire /^v r"""v^~* ; 

quantities are given. Here the / \ \\ / Nc 
complement of cbd is the mid- jf jT^*)j\. ^^£* 
die part, and the other parts ^^o— ^B 

are the extremes conjunct. Hence, 

* 
radxcosZ-B=tan DBXcot bc; 
therefore cot bc : rad : : cos L b : tan db. 

# 
In the triangle adc, rad x sin ad = cot a x tan dc. 
In the triangle bdc, rad x sin db =cot b x tan dc. 

Therefore cotZ.B : cotZ. a : : sin db : sin ad. 
Had the base ab been given, and the angle a required, the 
same method of solution must have been observed, only the 
angle a must have been marked instead of the segment ad, 
and the last proportion would have been, 

sin db : sin ad : : cot L b : cot L a. 
The sum, or difference, of ad and db, gives the base ab, 
according as the perpendicular falls within or without the 
triangle. 

(398) Corollary I. The cotangents of the angles at the 
base are in proportion to each other, as the sines of the segments 
of the base. 

(399) Corollary II. The sum of the cotangents of the 
angles at the base, 

Is to their difference, 
As the sum of the sines of the segments of the base, 
Is to their difference. For, 
cotZ- b : cot L a : : sin db : sin ad, 
And by composition and division, 
cot L b + cotZ. a : cotZ b ~ cotZ. a : : sin db + sin ad : 
sin db ~ sin ad. 

(400) Case III. Suppose the two angles at the base, and a 
side opposite to one of them were given, to find the side opposite 
to the other. 
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Neither the base nor vertical <t 

angle being here concerned, it p\\ $ \ 3? 

would be superfluous to find £ \J \ \ p\ 
any thing in tne triangle bdc. A S^^jb \£ \ 



In the triangle adc, rad x sin dc = sin ac x sin L a. 

In the triangle bdc, rad x sin DC=sin bc X sinZ. B. 
Therefore sinZ a : sinZ_B : : sin bc : sin ac. 

Had the side ac been given, and the angle a required, the 
angle a must have been marked, and the proportion would 
have been, sin ac : sin bc : : sin b : sin a. 

(401) Corollary I. The sines of the sides are in propor- 
tion to each other as the sines of their opposite angles, et contra. 

(402) Corollary II. The sum of the sines of the sides, 

Is to their difference, 

As the sum of the sines of the angles 

at the base, 
Is to their difference. For, 
sin ac : sin Bc::sinZ_B : sinZ.A; 
and by composition and division, 
sin ac + sin bc : sin AC~sin bc: :sinZ. B+sinZ-A : sinZ.B~ 
sinZ.A. 

(403) Case IV. Suppose two sides and an angle opposite to 
one of them were given, to find the base. 

First find the segment ADf c 

in the triangle adc where two / / T N \ <£.'....£. B 

entire quantities are given. r \ \ \ V\ 7 

Here the complement of a is a! °iT^B % -£ *v / 
the middle part, and the other ^v^pi 

two parts are die extremes con- 
junct. # 
Hence, rad x cos L A=cot ac x tan ad ; 
therefore, cot ac : rad : : cosZ. a : tan ad. 

In the triangle bdc, rad x cos bc —cos dc x cos db. 
In the triangle adc, rad x cos ac— cos dc x cos ad ; 
therefore cos ac : cos bc : : cos ad : cos db. 
Had the side ab been given, and bc required, the opera- 
tion would have been the same, only bc must have been 



f When only one angle at the base is given; if the perpendicular fall without 
the triangle, let it be drawn so as to fell opposite to that given angle, whether it 
be acute or obtuse, hence co is the proper perpendicular in this case. 

N 
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marked instead of db ; then we should have had this pro- 
portion, 

cos ad : cos db : : cos ac : cos bc. 
The difference between the base ab and the segment ad gives 
the segment db ; if ab exceeds ad the perpendicular fells within 
the triangle, if not, it fells without. 

(404) Corollary I. The cosines of the sides are in propor- 
tion to each other, as the cosines of the segments of the base. 

(405) Corollary II. The sum of the cosines of the sides, 

Is to their difference, 
As the sum of the cosines of the seg- 
ments of the base, 
Is to their difference. For, 
cos ac : cos bc : : cos ad : cos db ; 
and by composition and division, 
cos ac + cos bc : cos ac ~ cos bc : : cos ad + cos db : cos ad 

~ COS DB. 

(406) Case V. Suppose a side, and its two adjacent angles 
were given, to find a side opposite to one of these angles. 

Find the vertical angle acd, q 

in the triangle adc /^S* 4. G t> 

Here the complement of ac / \ *\ \'""yf\y ;. 

is the middle part, and the com- fe- — fr-A \ / «t 
plements of a and c are the B \£ ^^S^'" 

extremes conjunct ^**— *^& 

* 
Hence rad x cos AC=cot L a x cot acd ; 
therefore cot L a : rad : : cos ac : cot acd. 
Then the difference between acb and acd gives bcd. If 
acd be less than acb the perpendicular fells within the triangle, 
if greater, it falls without. 

In the triangle bdc, rad x cos bcd z=itan dc x cot bc 
In the triangle adc, rad x cos acd = tan dc x cot ac. 
Therefore cos acd : cos bcd : : cot ac : cot bc 
Had the side bc been given, and the angle acb required, the 
same mode of operation must have been observed, only mark- 
ing bcd instead of bc, and the proportion would have been 
thus, 

cot ac : cot bc : : cos acd : cos bcd. 

(407) Corollary I. The cosines of the vertical angles are in 
proportion to each other as the cotangents of the sides. Or the 
tangents of the sides are reciprocally as the cosines of the vericul 
angles. For, 

cot ac . cot bc : : cos acd : cos bcd • 
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but the tangents are inversely as the cotangents : 
hence tan bc : tan ac : : cos acd : cos bcd. 
(408) Corollary II. The sum of the cotangents of the sides 
is to their difference, as the sum of the cosines of the vertical angles 
is to their difference. 

And, The sum of the tangents of the sides, 
Is to their difference, 

As the sum of the cosines of the vertical angles, 
Is to their difference* For, 

cot ac : cot bc : : cos acd : cos bcd, 
and tan bc : tan ac : : cos acd : cos bcd. 
By composition and division, 
cot ac + cot bc : cot ac ~ cot bc : : cos acd + cos bcd: 
cos acd ~ cos bcd, and 

tan bc -f tan ac : tan jbc~ tan ac : : cos acd + cos bcd : 

COS ACD ~ COS BCD. 

SCHOLIUM. 

From die preceding cases and their corollaries, we deduce 
the following general rules for solving ten cases of oblique 
spherical triangles, viz. 

I. The sines of the sides are directly proportional to the sines 
of their opposite angles, et contra* 

II. The cosines of the vertical angles (made by a perpendicu- 
lar) are as the cotangents of their adjacent sides; and the sines 
thereof as the cosines of the angles at the base. 

III. The cosines of the segments of the base (made by a per- 
pendicular) are as the cosines of their adjacent sides ; and the, 
sines thereof as the cotangents qftlieir adjacent angles at the base. 

PROPOSITION XXVI, 

(409) In any spherical triangle. 

I. If the perpendicular fall within 
the triangle, 
The cotangent of half the sum of - 

the two sides, ___ 

Is to tangent of half their difference, ^ P 

As the cotangent of half the base, 
Is to the tangent of the distance of a perpendicular from the middle 
of the base. 

II. Or, if the perpendicular fall without the triangle, 
Tangent of half the difference of the sided is to cotangent of 

half their sum, as tangent of half the base is to cotangent of 
the distance of a perpendicular from the middle of the base. 

n 2 
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By art (405) cos ac + cos bc : cos ac~cos bc : : cos ad -f- cos 

DB : COS AD ~ COS DB. 

By art (233) cos ac + cos bc : cos ac~cos bc : : cot \ (ac + 
bc) : tan \ (ac ~ bc). 

and cos ad + cos bd : cos ad ~ cos bd : : cot \ (ad + bd) : 
tan \ (ad ** db). 

.*. cot \ (ac+bc) : tan \ (ac~bc) :: cot \ (ad + db) : tan 
\ (ad^db). 

When the perpendicular fells within the triangle, we have, 
since ab is bisected in e, \ ( ad + db) = ae, and J (ad ~ db) =de ; 

.•. cot \ (ac + bc) : tan \ (ac~bc) : : cot ae : tan de. 

When the perpendicular falls without the triangle, 

4 (ad~db)=ae and \ (ad + db)=de. 

.*. cot \ (ac + bc) : tan \ (ac^bc) : :cotDE : tan ae; and 
by inversion, tan \ (ac ~ bc) : cot \ (ac +bc) : : tan ae : cot 

DE, 

(410) Corollary I. The distance of a perpendicular from 
the middle of the base, or as some writers call it the altera, or 
alternate base, is always equal to half the difference of the 
segments of the base, when the perpendicular falls within the 
triangle ; or equal to half the sum of the segments, when a 
perpendicular fells without the triangle. Either of die above 
rules will bring the same conclusion, whether the perpendi- 
cular falls within or without the triangle ; only in the first 
case, the fourth number will be less than half the base, and in 
the second case, it will be greater. 

That the rules are both the same may be shown thus, 
When the perpendicular falls within the triangle : 

cot £ (ac + bc) : tan J (ac ~ bc) : : cot ae : tan de; and 
inversely, tan £ (ac~bc) : cot J (ac + bc) : : tan de : cot ae. 

But tangents are reciprocally as their cotangents. 

.\ tan i (ac,n,bc) • cot £ (ac + bc) : : tan ae : cot de; 
the same conclusion as when the perpendicular falls without 
the triangle. 

(411) Corollary II. The tangent of half the base, 
Is to the tangent of half the sum of the sides. 
As the tangent of half the difference of the sides, 

Is to the tangent of the distance of a perpendicular from the 
middle of the base. Or, 

The tangent of half the sum of the sides, is to the cotangent of 
half their difference, as the tangent of half the base, is to the 
cotangent of the distance of a perpendicular from the middle of 
the base. And, 

According as this distance is less or greater than half the 
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base, the perpendicular falls within or without the triangle. 
For we have already shown, that 

cot i (ac +bc) : tan £ (ac ~bc) : : cot ae : tan de ; 
and tan £ (ac^bc) : cot ± (ac + bc) : : tan ae : cot de. 

But since tangents are reciprocally as their cotangents, 

• \ tan ae : tan J (ac+bc) : : tan £ (ac~bc) : tan de; 
and tan £ (ac+bc) : cot £ (ac~bc) : : tan ae : cot de. 

If the triangle be isosceles or equilateral, the perpendicular 
will fall on the middle of the base, except the sides be qua- 
drants, and then it may fall on any part of the base. 

(412) Corollary III. In a right-angled triangle, Ae rect- 
angle of the tangents of half the sum and half Ae difference of 
the hypoihenuse and one leg, is equal to the square of Ae tangent 
of half the other leg. For in this case b and d will coincide, 
and de will be equal to £ ab, or equal ae. 

proposition xxvu. (See Ae Fig. to prop, xxvi.) 

(413) In any spherical triangle, 
I. If the perpendicular fall within the triangle : 
The cotangent of half the sum of the angles at the base, 
Is to the tangent of half their difference, 
As the tangent of half the vertical angle. 
Is to the tangent of the excess of the greater of the two vertical 
angles, made by a perpendicular, above half the aforesaid vertical 
angle. 

II. Or, if the perpendicular fall without the triangle : 
The tangent of half the difference between the base angles, 
Is to cotangent of half their sum, 
As the cotangent of half the vertical angle, 
Is to the cotangent of the excess of the greater of the two 
vertical angles, formed by a perpendicular upon Ae base, above 
half the aforesaid vertical angle. 

By art. (396) cos a + cos b : cos a ~ cos b : : sin acd + sin 
bcd : sin acd „ sin bcd. 

By art. (233) cos a + cos b : cos a „ cos b : : cot J (a+b) : 
tan i (a ~b). 

By art. (231) sin acd + sin bcd : sin acd ~ sin bcd : : tan 
J (acd+bcd) : tan £ (acd ~ bcd). 

.\ cot £ ( a -j- b) : tan £ (a ~ b) : : tan £ (acd + bcd) : tan 
i (acd~bcd). 

When the perpendicular falls within the triangle, we have, 
since ce bisects the angle acb, 
£ (acd+bcd) =£ acb, and £ (acd ~ bcd) =ecd, 
.". cot £ (a + b) : tan £ (a ~ b) : : tan £ acb : tan ecd. 

N 3 
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But when the perpendicular falls without the triangle, 
£ (acd— bcd)=£ acb, and ecd=£ (acd+bcd). 
.-. cot i (a+b) : tan £ (a~b) : tan ecd : tan £ acb. 
But tangents and cotangents are reciprocally proportional. 
.%• tan £ (a~b) : cot £ (a + b) : : cot £ acb : cot ecd. 

(414) Corollary I. The excess of the greater of the two 
vertical angles (formed by a perpendicular) above half the ver- 
tical angle,is equal to half the difference of those vertical angles, 
when the perpendicular falls within the triangle ; or half their 
sum, when it falls without. Either of the above rules will bring 
the same conclusion, whether the perpendicular falls within or 
without the triangle; only in the former case, the fourth number 
will be less than half the vertical angle, and in the latter it will 
be greater. That the rules are the same may be shown thus : 

When the perpendicular falls without the triangle, 
tan £ (a ~ b) : cot| (a+b) : : cot £ acb : cot ecd; by inver- 
sion, cot £ (a + b) : tan £ (a ~ b) : : cot ecd : cot £ acb. 
But tangents are reciprocally as their cotangents. 
.\ cot £ (a+b) : tan £ (a ~b) : : tan £ acb : tan ecd, the 
same expression as when the perpendicular falls within the 
riangle. 

(415) Corollary II. The cotangent of half the sum of the 
ingles at the base, is to the tangent of half their difference, as 
he tangent of half the vertical angle, is to tangent of half the 

difference between the two vertical angles, formed by a perpendi- 
cular, or to tangent of half their sum, according as their perpen- 
dicular falls within or without the triangle. 



CHAP. V. 

investigation of general rules for calculating the 
sides and angles of oblique-angled spherical tri- 
angles without making use of a perpendicular. 



(416) If the cosine of any side of a spherical triangle be multi- 
plied by the radius, and the rectangle of the cosines of the other 
two sides be deducted from the product ; the remainder divided 
by the rectangle of the sines of these two sides, will be equal to 
the cosine of the included angle divided by the radius. 



* Legendre*s Geometry, 6th Edition, page 386. et seq. 
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viz. in any spherical triangle abc, 

cos ab . rad— cos ac . cos bc _ cos c 

sin ac • sin bc ~~ rad 

Let abc be the proposed tri- 
angle, and o the centre of the 
sphere; join ao, bo, and co. 
Take any point d inoc, and in 
the planes aoc, boc, draw de and 
df each at right angles to oc, 
and join ef. 

Then because the L edf is the 
measure of the inclination of the 
planes aoc, boc, it is also the measure of the spherical L acb. 




In the plane triangle edf, 



COS EDF ED* + DF a — EF 9 



(119); 



rad 2de . df 

! . A , i _.• i COS EOF EO a + OF a — EF a 

also in the plane triangle eqf, — = — -J . 

r ° rad 2eo . of 

From the second of these equations, 

™a „~2 i ^„a ^EO . OF . COS EOF 
EF—EO^ + OF*— = , 

rad 
which substituted in the first equation gives 

,_rad (ED 2 + DF 2 — EQ 2 — OF 2 ) + 2eq . of . cos EOF 
_____ __ __ m 

But OE a - ed 2 = bD a (47 Euclid I), and oF a - df 2 = od 2 , 

A i eo • of • cos eof— od 2 . rad 

consequently cos edf= — . 

de . df 

Now, Z.edf=Z.c;/,eqf= AB;g£= . ra(i nd 

DE Sm DOE 

rad rad 



COS EDF: 



OF 
DF 
OD 



sm dof sin bc 

COS DOF COS BC 



OD 

DE 



COS DOE 



sm AC' 
COS AC 



sm doe sm AC 

; and if these values be substituted in 



df sin dof sm BC 

the last expression for cos edf, we have 

rad 2 . cos ab— rad . cos ac . cos bc 



cos EDF: 



cos c 



sm ac . sm bc 
cos ab . rad— cos ac . cos bc 



rad 



sm ac . sm bc 



(417) Since the preceding conclusion does not depenc 
any peculiar relation which the L c has to the other an 
a similar equation will be equally true for the angles a ai 
Hence 

n 4 
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rad* . cos a— rad . cos b . cos c 

cos a = — , -. — - — : , 

sin o . sin c 

rad 2 . cos i — rad . cos a . cos c 

cos b= : ; , 

sin a . sin c 

rad 2 . cos c— rad . cos b . cos a 

cos c = -. — r — -. . 

sin b . sin a 

These are the formulae from whichLagrange and Legendre* 

begin their investigations, and of the four quantities involved, 

any three being given the fourth may be found. They are 

applicable to every species of spherical triangles, whether 

right-angled, quadrantal, or oblique-angled, but the formulae 

for right-angled and quadrantal triangles have already been 

given in arts. (384) and (385). 

(418) If a, b, c represent the three angles of a spherical 
triangle, the opposite sides may be represented by 180°— a, 
180°— b, 180°— c; and if a, b, c represent the three sides, 
their opposite angles maybe represented by 180°— a, 180° — i, 
180°—c (304). Hence 

^a C / 1 ftll° a\ _ rada.cos(I80 o -A)-rad.c06(180 -.B).co6(180°>c X 

But cos (180°— a) = — cos a; cos (180°— a) = — cos a, &c 

(203); consequently 

rad 3 . cos a 4- rad . cos b . cos c 

cos a = ^ ; . 

sm b . sm c 

In the same manner the cosines of the other sides may be 

determined. 

(419) It has been shown (401) that the sines of the sides 
of any spherical triangle have the same ratio to each other 
as the sines of their opposite angles ; hence by using the no- 
tat ion of Legendre we shall have 

T • . sin a . sin b sin a . sin c 



X. Cll» *x — . 

sm b 


sin c 


sin b . sin a 

sin b — " 


sin b . sin c 


sm a 


sin c 


sm c . sm a 
sm c~"~ 


sm c . sin b 


sm a 


- sin b 


U einfr- 8inft - sinA 


sm c . sm a 


sm b 


~" sin c 


«:„ * sm a . sm b 

sin ff — 


sin c . sm b 


sm a 


"~ sin c 


. M sm a . sin c 
sin c= ■ 


sin b • sin c 



sm a sm b 



* The former in the Journal de VEcoU Polytechnique, and the latter in his 
Elements de Geomitrie. 
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(420) The general expressions for the cosines, which have 

been obtained by this proposition, may be arranged thus : 

___ rad 2 . cos a— raid . cos b . cos c 
III. cos a= 



COS B = 



sin b . sin c 
rad 2 . cos i— rad . cos a . cos c 



cos c= 



sin a . sin c 
rad 2 . cos c— rad . cos b . cos a 



sin b . sin a 



And by reducing these last equations 

j\t ~ cos a . sin b . sin c + rad • cos b . cos c 

IV. cos a=z ^ • 

rad 2 

_ , cos b . sin a . sin c + rad . cos a . cos c 

cos 0= ^r . 

rad 2 

cos c . sin b . sin a + rad • cos b • cos a 

cos c= ±r . 

rad 2 

V. cos ff - rad 2 . cos A-h rad. cos b. cose (418) 

sin b . sin c 

_ » rad 2 • cos b 4 rad . cos a . cos c 

COS 0— ; ,. 

sin a • sin c 
cos ,.— . rcd 3 > cos c -f rad . cos a . cos b 
~" sin a . sin b 

And by reducing these equations, we shall have 

cos a . sin b . sin c— rad . cos b . cos c 



VI. cos A= 



cos b= 



rad 2 
cos b . sin a . sin c— rad . cos a . cos c 



cos c=- 



rad 2 
cos c . sin a . sin b— rad • cos a • cos b 



rad 2 



(421) The six sets of equations in the two preceding articles 

afford solutions to all the different cases of oblique-angled 

spherical triangles. 

The 1st Finds the angles, when two sides and an angle 
opposite to one of them are given. 

The lid. Finds a side, when two angles and a side opposite 
to one of them are given. 

The Hid. Finds the angles, from the three sides being given. 

The IVth. Finds the third side, when two sides and their con- 
tained angle are given. 

The Vth. Finds the sides, from the three angles being given. 

The Vlth. Finds the third angle, when two angles and the 
side adjacent to both of them are given. 
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(422) But as none of the foregoing formulae are conveniently 
adapted to logarithmic calculation, let the value of the cosine 
of c (420) be substituted in the formula 2 sin 3 £ c = rad 2 — 
rad . cos c (249), we shall have 

2 sin* j- c , cosc ^i __ rad 2 . cos c— rad . cos a . cos b 

rad 2 *~" rad "" sin a . sin b . rad 

„, sin a . sin b 4- cos a . cos &— rad . cos c m 

sin a . sin b 
but sin a . sin 6 + cos a . cos 5=rad • cos (a~b) (244), 
hence 2 8in * I c _ rad . [cos (a-6)-cos c] 
rad 2 sin a . sin b 

From art (246), 
rad . (cos q— cos p)=2 sin £ (p + q) . sin | (p— q), 
which, by putting Q=(a— i), and p=c, becomes 
rad. [cos (a— J)— cos e]=2sin£ (c+a—b) . sin£ (c—a + b) 9 
hence we obtain 

2sin 2 £c _ 2sin f (c+a— ft). sin (c— a + 6) 

rad 2 "~ Bin a . sin b 

... Bin 4 c=rad /™ U'+* 7 b) .*m j (c-a + S) 

Leta + ft+c=2*; then i (c+a— b) =s— J, and $ (c— a+ J) 

=*-«; 

, . , j /sirt (s— a) . sin (*— &) 

hence sin 1 c=rad a / ^ — - — -. — =* 9 

'V sm a . sin b 

and it is evident that the same formula will be obtained, with 

only a change of letters for the angles a* and b. 

When £ L c is near 90° this will not be a convenient rule 
for producing an accurate result, because the difference of the 
logarithmic sines for 1" is then very small (see the note, page 
54.) ; if y L c be les$ than 45°, it will be proper to use this 
rule. 

(423) Again, if the value of cos c (420) be substituted in 

2 cos 3 \ c=rrad 2 +rad . cos c (249), we shall have 

3 cos 2 \ c _ | . cos c __ , , rad . cos c — cos b . cos a _ 

rad 2 *""* rad ~~ sin a . sin b "~ 

sin a . sin ft + ra d • cos c — cos ft . cos a # 

sin a . sin b 
but cos a . cos J— sin a . sin ft = rad . cos (a+ft) (244), 
or sin a . sin ft— cos a . cos ft = — rad . cos (a+b) 9 
-. 2 cos 2 ^ c _ rad ■ [cos c— cos (o+ft)] 
rad 2 ~~ sin a . sin b 
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From art. (246), 

rad . (co3 q— cos p)=2sin £ (p+q) . sin £ (p — q), 

which, by putting q=c, and p=(a+£), becomes 

rad . [cos c— cos (a+6)]=2 sin J (a+b+c) . sin £ (a+6-c), 

hence, as a+& + e=2s, and .\ £ (a+b— c) =:$-*- c, we obtain 

2 cos* £ c_ 2 sin * . sin (s—c) 

rad 2 ~~ sin a . sin b 

j j /sin s . sin (5— c) 

.*. cos ic=rad A / ; . , 9 

* ' V sm a . sin 6 

and it is obvious that the same formula will be obtained, with 
only a change of letters, for the angles a and B. 

When \ L c is very small, this rule should not be used where 
a very accurate result is wanted, because the logarithmic co- 
sines of very small arcs, in a table carried to seven places of 
figures, differ but little from each other (see the note, page 54) ; 
if -\ L c be between 45° and 90°, this rule may be used with 
advantage. 

• A * 1 

(424) Also, because tan £ c = - — ' *™ * ° 9 and cot £ c= 

v ' ' * cos J c 

rad. cos jc we ghftU obtain by & yisioll9 

cm A. n 



sm 



. , / sm (*— a) . sin (*— b) 

tanic=rad A / ^ '. . v v > 

s 'V sm s . sm (s—c) 

. , / sin s . sin (s— c) 

cot *c=radA / —• — ; v — *i \\ • 

■ A/ sm (*— a) . sm (*— J) 

(425) Any one of the formulae in the three preceding 
articles will determine an angle when the three sides are 

S riven, and by continuing Legendre's* mode of investigation, . 
ormulae for determining a side in terms of the three angles 
may be obtained; thus, let the value of cos a (418) be sub- 
stituted in the formula 2 sin 2 \ a=rad 2 — rad . cos a (252), 
we have 

2 sin 2 i a_ 1 cos a _ 1 _ rad 2 . cos A+rad . cos b . cos c _ 
rad* "~ rad sin b . sin c . rad ~~ 

sin b . sin c— rad . cos a— cos b . cos c # 

. — : t 

sm b . sm c 
but rad . cos (b+c)=cos b . cos c— sin b . sin c (244), 
or sin b . sin c^-cos b . cos c= —rad . cos (b + c) ; 
2 sin 2 j fl _ — rad . [cos (b -he) 4 cos a ] 
* # rad 2 sin B . sin c 



• Elements de Geometric 6th Edition, page 391. et seq. 
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Byart(246)rad . (cos r + cos q) =2cos£ (p+q) . cos£(r— q), 
which, by putting f=b+c, and q=a, becomes 
rad.[cos(B+c) + cosA]:=2cos£(A-fB + c) .cosj (b + c-a); 
hence we obtain 

2 sin 2 jo ., — 2coa£ (a+b+c) . cosj(b+c— a) 
rad 2 sin b • sin c * 



mBm ±^mn. / -<*»* (A+B+C) . COS j (B + C- A> 



Ja=rad A /" 

V sin b . sin c 

LetA+B+c=2s; then 4 (b+c— a)=s— a, and 



sin i a=rad a/- 



sin b . sin c 

It is evident that the same formula will be obtained for the 
sides b and c, by a change of letters only. 

When £ a is near 90°, this rule should not be used where 
extraordinary accuracy is required ; but if \ a be less than 45°, 
it may then be used with advantage. See the conclusion of 
art. (422). 

(426) Again, if the value of cos a (418) be substituted in 
2 cos* £ a=rad 2 +rad . cos a (249), we have 
2 cos a Ja_|.cosa_j , rad . cos a+cos b . cos c __ 
rad 2 """ rad ~~ sin b . sin c "~ 

sin b . sin c+cos b . cos c+rad . cos a m , 

sin b . sin c 
rad . cos (b— c) =sin b . sin c— cos b . cos c (244), 
2 cos 2 J g__ rad . [cos (b — c) +cos a] 
rad 2 sin B . sin c 

By art (246) rad . (cos p+cos q)=2 cos i (p+q) . cos 
£ (p— q), which, by putting q=b— c, and p=a, becomes 
rad • [cos A + rad . cos (b — c)] =2 cos £ (a+b-c) . cos 
£ (a+c-b); 

. 2 cos 2 £ q _ 2cos ^ (a^b-c) . cos £ (a + c— b) 
rad 2 sin b . sin c 9 



* Though the quantity under the radical sign appears under a negative form, 
it is always positive; for, since the three angles of every spherical triangle are 
together greater than two and less than six right angles (303), s»= J (a +b +c) 
must be greater than 90°, and the cosine of an arc greater than 90° and leas than 
270°, is negative (200) ; therefore — cos s is positive. The other part under 
the radical sign is always positive ; for if the supplements of the three angles 
a, b, c be taken, they will give the three sides of a new triangle** I SOP— a, 
180°- b, 180° ~c (304), any two of which taken together are greater than the 
third (300); hence 180° -a is less than 180°— b + 180°— c, that is,— a+b + c 
is less than 180°, consequently $ (b + c— a) or its equal s— a is less than 90°, 
and the cosine of an arc less than 90° is always affirmative (200). Legendre 
page 392. 
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/cos (a+b— c) . cos i (a+c— b) 

or cos i a=rad a / * — '- ;— *-j 1 9 

m ™ f sin b . sin c 



but £ (a+b— c)=s— c, and £ (a+c— b)=s— b, 



; i fl=rad /\/ £ 



sin b , sin c 



And it is plain that the same formula, with only a change 
of letters, will be found for the sides ft and e. 

When £ a is very small it will not be proper to use this rule, 
but if £ a be between 45° and 90°, it may be used with ad- 
vantage. (See the conclusion of art. 423). 

(427) Also by art. (218) tan £ a = rad . 55-l_? s and 

cos £ a 

cot i a = - — r — - * a , we shall obtain by division 

8 em 1 n * * 



sin 



«=rad /V /- 



-cos s . cos (s— a) 
cos (s— b) .cos (s— c) ' 



cot J «=rad A / c ° 8 ( S ~ B > : °" < 8 ~ c > . 
V —cos s . cos (s— a) 

And by the same process a similar formula will be obtained 

for the other sides. Also for the reasons already given (Note 

on page 188) — cos s, which appears with a negative sign, is 

positive. 

Any one of the formulae in the three preceding articles will 
determine a side when the three angles are given. 

(428) From the third set of equations (420) we have 
cos a . sin ft . sin c=rad a . cos a— rad . cos ft . cos c> 
cos c . sin ft • sin a=rad a • cos c— rad . cos ft . cos a. 
By eliminating cos c and reducing, we get 

rad • cos a • sin czrrad . cos a . sin ft— cos c . sin a . cos ft. 

If in this last equation we interchange the letters a and b, 
and also a and ft, we shall have 

rad . cos b • sin c=rad . cos ft . sin a— cos c . sin ft . cos a.* 

By adding the last two equations together, and reducing them, 

we obtain sin c . (cos a+cos s)=(rad— cos c) . sin (a+ft). 

r> j. • sin c sin a sin i /J1M i 
But since - — = -. — =-; — (419) we have 
sine sm a sin b 

sin c • (sin a+ sin b) = sin c (sin a 4- sin ft), 

and sin c • (sin a— sin b)= sin c (sin a— sin ft). 

Dividing successively these two equations by the preceding 

equation, we obtain 

* Legendre's Geometry, page 394. 
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s in a 4- sin b sine sin a+sin b 

cos a+cos B""rad— cos c * sin (a+b) 9 

sin a— sin b sin c sin a— sin b 

» . • 

cos a -|- cos b rad— cos c sin (a+b) 
Reducing these equations by the formulae in arts. (247) and 
(249), 

• / \ . cos i ( a— &) 

tan|(A-hB)=cot^c. cosi(fl+&) , 

tani(A-B)=cotic.?^4^. 
sin £ (a+b) . 

These equations give the analogies of Baron Napier for 

finding the angles a and b, when the two sides a and b 9 and 

the angle c comprehended between them are given, viz. 

cos £ (a+b) : cos £ (a— b) : : cot £ c : tan £ (a+ b), 

sin | (a + b) : sin £ (a— b) : : cot £ c : tan £ (A"" B )* 

(429) Again, if a, b, c represent the three angles of a sphe- 
rical triangle, the opposite sides may be represented by 180° 
—A, 180°— b, 180°— c; and if a, b 9 c represent the three 
sides, their opposite angles may be represented by 180°— <r, 
180°— 6, 180°-c (304). By substituting 180°-a and 180° 
— b for a and*; 180°-cfor c; and 180°-a and 180°-* 
for a and b respectively, in the preceding analogies, we shall 
obtain the following : — 

cos | (a+b) : cos £ (a— b) : : tan £ c : tan | (a + J), 
sin | (a+b) : sin £ (a— b) : : tan £ e : tan | (a— &). 
These are Baron Napier's analogies for finding the sides a 

and b when two angles a and b, and the side c adjacent to both 

of them are given. 

(430) From the preceding formulas, which are more than 
sufficient to solve all the cases of oblique-angled spherical tri- 
angles, various others may easily be deduced. By art. (428) 
rad . cos a . sin c= rad . cos a . sin b — cos c . sin a . cos ft. 

t> ,...,. . . sin a . sin c /jllo * 
By substituting m this equation sm c= -. \ 415, /» 

rad . cos a a , rad . cos a „ /01 oX * » 

: = cot a, and : = cot a (218), we shall 

sin a sm a 

obtain cot A= cota.sinS--cosc.cos6 and by substituting 

sm c 
b for a, and b for a, 

cot b . sin a— cos c . cos a 

cot b — -. . 

sin c 

These rules may be applied, when two sides and the angle 
contained between them are given, to find the other two angles; 



Digitized by 



Google 



Chap. V. of oblique spherical triangles. 191 

for it, is evident that similar formulae may be obtained for the 
angles a and c, or b and c, by merely changing the letters* 

(431) By substituting 180°— a for a, 180°— b fori, 180° 

—a for a, and 180°— c for c, and reducing the equation, 

cot a • sin B-f cos c . cos b , , , A . . r 
cot a= ~ , and by substituting b for 

sine ' ^ 

a, &c. as in the preceding article, we get 

^ , cot B • sin A-f cos C . COS A 

COt ft = — 

sm c 
These rules may be applied, when two angles and the side 
adjacent to both of them are given, to find the third angle. 

(432) The formulae in the two preceding articles are not 
conveniently adapted to logarithmic calculation, but they 
may be rendered so by the assistance of an auxiliary angle <p; 
thus, 

cot a . sin c-f cos c . cos ft=cot a . sin ft (430). 

t«.* - cos ft . tan a ., , A rad* , 

Let tan $ = 3 , then because tan a = , and 

rad cot a 

= rad. sin p (gl8) we obtam ^ a = cos ft. cos p, 

cos p sin p 

hence, by substitution and reduction, 

cos ft , . v . . 

- — - • (cos • sm c-f sm . cos c)=cot a . ion ft. 
sm f 

But cos <p . sin c + sin <p . cos c r= rad . sin (<p + c) (244), 

hence sin (p + c) = «>t a /rin ft . tin y ^ becauge CQt fl= 

rad . cos ft 

rad 2 ,rad . sin ft , _ . 

,ana — =tan ft, we derive 

tan a cos ft ' 

/^ . ~\ tan ft . sin 

sm (« + c) = ". 

tan a 

Now the value of p is already known, therefore the value 

of c is easily obtained ; these formulae may be applied when 

two sides a and ft, and an angle a, opposite to one of them, 

are given, to find the included angle c. 

(433) From art. (420) we have 

cos a . sin ft . sin c+rad . cos ft . cos c=rad 3 . cos a. 

T A . , rad . cos ft . sin Q . 

Let cos a . sm ft = - =tan . cos A, 

cos p r 

cos a . sin ft cos a . tan ft 
hence tan f= ^ g = ^ 

By subst. ^L- . (cos c . cos f + sin c . sin f ) =rrad . cos a 

J cos ^ 
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But cos c . cod p + sin c . sin p=:rad . cos (c— f) (244), 

hence co3 (c— f ) = . . Now the value of p is already 

known, therefore the value of c is easily determined These 
formulae may be applied when two sides a and b 9 and an angle 
a opposite to one of them, are given to find the third side. 

(434) Again, by art. (420) 

rad 2 . cos c=sin a . sin b . cos c + rad . cos a . cos b. 

_ cos c . tan b 
Let tan f= ^ ; 

^ r * ~ tan * • cos &_ . - 

then cos b. tan «=cos c . 3 = cos c . sin b 

rad 

hence, by substitution, 

rad 2 . cos c=sin a . cos b . tan p + rad . cos a . cos b 9 

rad 2 cos c 

or — 1 — =sin a . tan + rad . cos cu 

cos b r ^ 

, ^ A „ rad . sin 

but tan r= 1, 

cos f 

# rad . cos c sin g . sin p + cos a . cos ft _rad . cos (g— p) 
cos # """* cos p ~~ cos p 

Consequently cos c= . cos (g— p). 

These formulae may be applied when two sides a and & and 
the angle c, contained between them, are given to find the 
third side c. 

(435) From art. (420) we have 

rad 2 . cos c=cos c . sin a . sin b— rad . cos a . cos b. 

t * * ^ cos c . tan b - 

Let cot f = j ; then 

rad 

tan b . cos b 

cos b . cot =cos c . =cos c . sm b; 

rad 

hence, by substitution, 

rad 2 . cos c=cos b . cot . sin a— rad . cos a . cos b, 

but cot 0= ° ? * ; hence, by substitution and reduction. 

r sinf 

rad . cos c sin a . cos p— cos a . sin p rad . sm ^a— 0) 

cos b """ sin <p "~~ sin f * 

therefore cos c = cos b . sm f A ""P/ . 

sin p 
These formulae may be applied when two angles a and b, 
and the side c, adjacent to both of them, are given, to find the 
third angle c. 
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(436) cot a . sin c— cos c . cos B=cot a . sin b (431). 

t -. * - cos b . tan a cos b . rad , 
Let tan ,=__^ = _-— , then 

cota ^B = co 8 B.co8^ and . tCOta=cogB ,gH>. 
rad tan p rad . sin <p sin p 

hence, by subst. % (sin c . cosft— cos c . sinp) =cot a . sin b ; 

J sin <p x r 

but sin <? . cos p— cos c . sin p=sin (c— p) . rad, 

.*. cos b . sin (c—<p) . rad = cot a . sin b . sin f, 

• / -\ cot a A _ . _ tan b . sin <p 

;•. sin (c— 0) = — ,- . tan b . sin Q = -» 

v ' rad r tan a 

These formulae may be applied when two angles a and b, 

and a side a, opposite to one of them, are given to find the 

side c adjacent to bodi the given angles. 

(437) From art. (420) we have 

cos a . sin b . sin c— rad . cos b . cos c=rad a • cos a. 

t * 4. - cos a . tan b sin b .* _ 

Let cot <p = j r=cos a . , then 

rad • cos b 

. - rad . cos b. cos q 

cos a . sin b=cos b . cot = -. ^ 

sin f 

and .•. — : — (sin c . cos fl— cos c . sin f) =rad . cos a. 

sin <p x r Ti 

But sin c . cos f — cos c . sin p=sin (c— f) . rad; 

. ;« tr* *\ cos a . sin f 

.'. sm (c— 0) = -. 

cos B 

These formulae may be applied when two angles a and b, 

and a side a, opposite to one of them, are given to find the 

third angle. 

(438) We readily infer from what is done in art (422), 
that 

— r* . sin 2 & c . sin a . sin ft=cos (a— J)— cos c, 
rad 3 x 

2 

.\ cos c=cos (a— ft) —sin a . sin ft . sin* J c . — — . 

rad 

This formula, by the assistance of a table of logarithms and 

a table of natural sines, furnishes us with a very convenient 

rule for finding the third side of a spherical triangle, when two 

sides and the included angle are given. 

(439) We infer from art. (426), that . 

— pj . cos 3 £ a . sin b . sin c=cos (b— c) +cos a, 

.\ cos a= (sin b . sin c . cos 3 J a . — tj) — cos (b— c). 
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This formula, by the assistance of a table of logarithms and 
a table of natural sines, gives a useful rule for finding the third 
angle of a spherical triangle^ when two angles and their ad- 
jacent side are given. 

SCHOLIUM. 

(440) Spherical triangles whose sides are very small arcs, 
may be considered as plane, and, therefore, the sides may be- 
come nearly equal to their sines or tangents ; hence, all the 
foregoing proportions and formulae, wherein cosines or cotan- 
gents of die sides are not concerned, are equally applicable to 
plane trigonometry, using the word side instead of sine of a 
side or tangent of a side* 



SOLUTIONS OF THE DIFFERENT CASES OF RIGHT-ANGLED 
SPHERICAL TRIANGLES. 

Rules for solving the different cases both 
of right-angled and oblique-angled sphe- 
rical triangles, have already been given; 
the subject is here resumed for the express 
purpose of concentrating some of the prin- 
cipal formulae. 

The three angles of the triangle are 
represented by a, b, c, and their opposite 
sides by a, i, c, as in the figure annexed ; 
r= radius = sine of 90°. 

Case I. Given the hypothenuse and an angle, to find the 
side adjacent to the given angle. 

r cos a cos a . tan b r tan b 




tan c: 



cot c= 



cot b r sec a 

r cot b r sec a cot b . sec a 



tan a = 



cos a tan b r 

r cos c cos c . tan b r tan b 



cot a= 



cot b r sec c 

r cot b r sec c cot b . sec c 



cos c tan b 



Case II. Giveh the hypothenuse and an angle, to find the 
side opposite to that given angle. 

sin a . sin b r sin a r sin b 



sin a=- 



cosec b cosec a 
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r cosec ft cosec ft . cosec a r cosec a 



cosec a = 



sine = 



sin a r sin ft 

sin c . sin ft r sin c r sin b 



cosec c=- 



r cosec b cosec c 

r cosec b cosec & . cosec c r cosec c 



sin c r sin ft 

Case III. Given the hypothenuse and one angle, to find the 
other angle. 

r sec b sec b . cot a r cot a 



tanc: 



cot c= 



tan a r cos b 

r cos b cos b . tan a r tan a 



tan a= 



cot a r sec ft 

r sec ft sec ft . cot c r cot c 



cot a = 



tan c r cos ft 

r cos ft cos ft . tan c r tan c 



cot c r sec ft 



Case IV. Given the hypothenuse and a leg, to find the 
angle adjacent to that given leg. 

.tan c . cot ft r tan c r cot ft 



cos A = 
sec a 



r tan ft cote 

r cot c cot c . tan ft r tan ft 



cot ft r tan c 

»~. ~— ten a • cot ft r tan a r cot ft 
cos c=- = = , 

r tan ft cot a 

*m *,— r cot a _cot a . tan ft__r tan ft 

sec c — ■ — — — — — — — — — — — — « 

cot ft r tan a 



tan J a= A /?»Li*r£) and tan J c=r ^/"LJ^) . 

'V sm(ft+c) 'V sin (ft -fa) 



Case V. Given the hypothenuse and a leg, to find the angle 
opposite to that given leg. 

r sin c sin c . cosec ft r cosec ft 



sin c= 



cosec c = 



sin ft r cosec c 

r cosec c r sin ft sin ft . cosec c 



sin A: 



cosec ft sin c r 

r sin a__sin a . cosec ft__r cosec ft 
sin ft r cosec a 

o 2 
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^^ . _r eosec a r sin 6 sin ft . cosec a 

cosec ft sin a r 

tan (45°+ic)= Vtan i (ft +c) . cot i (ft-c). 
tan (45°+4a)= >/tan 4 (ft+a) . cot £ (ft— a). 

Case VL Given the hypothenuse and either Leg, to find 
the other kg* 

rcosft cos&.secc rsecc 
cos«=- "" "" 



cos e r secft 

sec< 



rcosc cose. secft rsecft 

i «= = = . 

cos ft r sec c 

r cosft^cos b . seca_rseca 

COS C~ — r- • 

r sec ft 

cos a. sec ft r sec ft 




tan i a=Vtan J (ft+c) . tan | (ft— c). 
tan | c=r%/tan ^ (ft+«) . tan | (ft— a)7 



Case VIL Given a side of a right-angled spherical tri- 
angle, and die angle adjacent or joining to it, to find the side 
opposite to die given angle. 

rsinc tan a . sin c r tan A 
tana: — — 



cotarr 



cot a r cosec c 

r cot a r cosec c cosec c . cot a 



sin c r tan a r 

_ r sin a tan c . sin a r tan c 

tan err — = = • 

cot c r cosec a 

r cot c r cosec a cosec a . cot c 

COt C=Z—. =— — = 

sin a tan c r 



Case VIII. Given a side of a right-angled spherical tri- 
angle, and its adjacent angle, to find the angle opposite to the 
given side. 

_ cos e . sin a rcosc r sin a 
cos cm — — 



sec c=- 



r cosec a secc 

r cosec a cosec a . sec c r sec e 



cos c r sin a 
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V. 

COS A: 


SPHERICAL TRIANGLES. 

cos a . sin c r cos a r sin c 


S6C A- 


r 
jr cosec c_ 


cosec c sec a 
_cosec c • sec a_jr sec a 




cos a 


r 


sin c 



Case IX. Given a side and its adjacent angle, to find the 
hypothenuse, 

r cos a cot e . cos a r cot e 



cot J: 



tan£= 



tan c r sec a 

r tan c r sec a sec A • tan c 



cot ft= 



cos a cot e . r 

r cos c cot a . cos c r cot a 



tan 6= 



tan a r sec c 

r tan a r sec c sec c . tan a 



cos c cot a 



Case X. Given a side of a right-angled spherical triangle, 
and its opposite angle, to find the side adjacent to that angle. 

tan a . cot a r tan a r cot a 





r 




tan A 


cot a * 


cosec c~ 


_r tan a. 


_tan A 


. cot a_ 


_ r cot a 




tan a 




r 


COt A 


sin cl~ 


tan c . cot c_ 


r tan e_ 


_ r cot c 




r 




tan c 


cote 


cosec a = 


_r tan c_ 


_tan c 


. cot c_ 


r cote 



tan c r cot c 

tan(45»+ic)=r /V /f!5L(£±fl, 
'V sin (a — a) 

tan(45°+ta)=r A / 8 !M c + c j . 
/ V sin {c— c) 



Case XI. Given a side of a right-angled spherical triangle, 
and its opposite angle, to find the adjacent angle. 

V cos a cos a . sec a r sec a 

sin c=- — — 



cosec c 
sin a 



cos a r sec a 

r sec a sec a • cos a r cos a 



sec a r cos a 

^ r cos c _ cos c . sec e ^ r sec c 
~" cos c ~~ r "~ sec c ' 

o 3 
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^.^ * r sec c sec c . cos c r cos c 

cosec a := = zz „ 

sec c r cos c " 



tan (45°+ J c) = \/cot £ (A + a) . cot £ (a— a), 
tan (45° + 1 A) = \/cot J (c + c) . cot £ (c— c). 



Case XII. Given a side of a right-angled spherical triangle* 
and its opposite angle, to find the hypothenuse. 

. , r sin a sin a . cosec a r cosec a 

SHI 0=. ; =- 



cosec bz 



sin a r cosec a 

r sin A^ sin a . cosec a _r cosec a 

sin a "" r ~~ cosec a 



. , r sine sin o . cosec c r cosec c 
sin ozzz — : — = . 

sin c r cosec c 

,™«« * r sin c sin c . cosec c r cosec c 

cosec ozzz — : =: zzz . 

sin c r cosec c 

tan (45° + £ b) = t/tan £ (c + c) . cot £ (c— c). 

tan (45° + £ J) = </ tan £ (a +a) . cot J (a— a). 



Case XIII. Given the two sides, or legs, of a right-angled 
spherical triangle, to find an angle. 

r sin c sin c • cot a r cot a 
cot Ar" — — - 



tan a= 



tan a r cosec c 

r tan a tan a . cosec c r cosec c 



sin c r cot a 

_. r sin a sin a . cot c r cot c 

cot c= = =: . 

tan c r cosec a 

r tan c tan c . cosec a r cosec a 



tanc=- 



sin a r cot c 



Case XIV. Given the two sides, or legs, of a right-angled 
spherical triangle, to find the hypothenuse. 

, __ cos a . cos e r cos a r cos c 
cos ozzz zzz = . 

r sec c sec a 

,™ *_ r sec a sec a . sec c r sec c 

sec o= zzz — . 

cos c r • cos a 
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., Case XV. Given two angles of a right-angled spherical 
triangle, to find a side, or leg. 

r cos a cos a . cosec c r cosec c 
cos a=- — ~~ 



sec a~ 



sin c r sec a 

r sin c sin c . sec a r sec a 



cos a r cosec c 

™, „— . r cos c cos c . cosec a r cosec a 

cos c= — : — — = = , 

sin a r sec c 

eon „_ r sm A__sin a . sec c_ r sec c 

sec c — ■ — — — — — ^— — zzr ————— . 

cos c r cosec a 

tan i c=/y/tan(±±5! -45°). cot (±=f + 45°). 

tan £ a =/y/tan ££±* -45°) . cot (£=± + 45° J. 



Case XVI. Given two angles, of a right-angled spherical 
triangle, to find the hypothenuse. 

* cot c . cot a r cot a r cot c 

cos b~ = = * 

r tan c tan a 

r tan c tan c . tan a_ r tan a 



sec J=- 



cot a r cot c 



1 jl / — cos (a + c) 
tan i b.zzr^/ ) ( 

* V cos (a ~ c) 



general observations on the species and ambiguity of 

the cases. 

(441 ) The species of the sides and angles may be determined 
from the equations produced by Baron Napier's Rules, or from 
the preceding formulae, by attending to the signs of the quan- 
tities which compose the equations or formulae. 

The sides which contain the right angle are each of the same 
species as their opposite angles, viz. a is of the same species 
with a, and b is of the same species with b. (323). 

It may be proper to observe, that where a quantity is to be 
determined by the sines only, and a side or angle opposite to 

o 4 



Digitized by 



Google 



200 GENERAL SOLUTIONS OF BOOK III. 

the quantity sought does not enter into the equation, the case 
will be ambiguous : thus, in the xiith case, where sin ft = 



r sin a 



, the hypothenuse ft is ambiguous. 



sin a 
Again, in the nd case, where sin a = - , the sine 

of a is evidently determinate, because it is of the same species 
with a, which is a given quantity. 

(442) When an unknown quantity is to be determined by its 
cosine, tangent, or cotangent, the sign of this value will always 
determine its species ; for, if its proper sign be+, the arc will 
be less than 90° ; if the proper sign be—, the arc will be 
greater than 90°. 

(443) Again, in Case vith, where rad X cos ft =cos cxcosa, 
it is obvious that the three sides are each less than 90°, or that 
two of them are greater than 90°, and the third less; as no 
other combination can render the sign of cos e X cos a like that 
of cos ft as the equation requires.* 

QUADRANTAL TRIANGLES. 

(444) Any spherical triangle of which a, b, c* are die angles 
and a, ft, c, the opposite sides, may be changed into a spherical 
triangle of which the angles are supplements of the sides a, ft, c, 
and the sides supplements of the angles a, b, c, (304) viz. if 
we call a', b\ c/ die angles of the supplemental triangle, and 
ct> ft', & the sides opposite to these angles, we shall have 

A , =180°-a; vf=\GQ°—b; c , =180°-c 
y=180°-A; 1/=z180°-b; <f=lW—c. 
Hence it is plain, that if a spherical triangle has a side ft equal 
to a quadrant, the corresponding angle b' of the supplemental 
triangle will be a right angle, and since there are always three 
given parts in a triangle, the supplemental triangle will be a 
right-angled triangle, having two parts given to find the rest; 
consequently, by finding the required parts in the supplemental 
right-angled triangle, the different parts of the quadrantal tri- 
angle win be known. 

(445) Formulae might have been inserted for solving the 
different cases of quadrantal triangles, but this would be 
making an increase of formulae to very little purpose, since 
all quadrantal triangles are easily turned into right-angled 
triangles. 



• Legcndre's Geometry, 6th edition, page 381. 



Digitized by 



Google 



Chap. V. spherical triangles. 201 

SOLUTIONS OF THE DIFFERENT CASES OF OBLIQUE-ANGLED 
SPHERICAL TRIANGLES. 

Case I. Given two sides of an oblique-angled spherical tri- 
angle, and an angle opposite to one of them, to find the angle 
opposite to the other, 

sin b . sin a sin c . sin A 

sin a = : — ; = : 

sin b sin c 

sin a • sin b sin c • sin b 

sin B = : = : 

sin a sin c 

sin a . sin c_sin B . sin c 
8U1 c ~" sin a sin 6 




Case II. Given two sides of an oblique-angled spherical 
triangle, and an angle opposite to one of them, to find the 
angle contained between these sides. 

Find the angle opposite to the other given side by Case I, 
then 

sin f (c ~ b) 

cot i 8=^4^! -tani(c.A) 
2 sm J (c ~a) 

cotic= 8 ! n JS a +j;j . tani(A„B) 
sm £ (a~b) 

OTHERWISE, 

cos c . tan b , . . x _tan c . sin 

Let tan <p = 3 5 then sin (<p+A) = — - — - — Z 

raa tan b 

_ cos a . tan c .i ^ . . , v _tan a . sin p 

Let tan <p= —5 Y then sm (<P+b) = — r 

r rad tan c 

_ cos b . tan a. ., ^ . , _ . * tan b . sin * 

Let tan <p = — i 5 then sm (<p + c)= — r 

r rad tan a 

Case III. Given two sides of an oblique-angled spherical 
triangle, and an angle opposite to one of them, to find the 
other side. 

Find the angle opposite to the other given side by Case I, 
then 

-*«£$£-*-3--*«- , » 

, , sin l (c+a) . , x 

tan i b = . * \ — ( . tan J (c~a) 
sm i (c~a) 
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tanjcz sjn I (a+b) ^^a^b) 
sin £ (a~b) 



OTHERWISE. 



t * * ^ cos b . tan c -t , . cos b . cos fl 

Let tan (p = = • then cos (a^«)= r 

rad cos c 

Let tan f s «» c . tan a Aen cog (ft )== cos c . cos y 
rad r/ cos a 

C0BAttani t th*n <™ U„«\-™** • cos * 



Let tan f = '—= ; then cos (c~$): 



cos b 



Case IV. Given two angles of an oblique-angled spherical 
triangle, and a side opposite to one of them, to find the other 
opposite side. 

sin a . sin b sin a . sin c 



Sill 


a 


sin b 


sin c 


sin 


b 


sin b . sin a 


sin b . sin c 


"~~ sin a 


sin c 


sin 


c 


sin c . sin a 


sin c . sin b 



sin a sin b 



Case V. Given two angles of an oblique-angled spherical 
triangle, and a side opposite to one of them, to find the side 
adjacent to these angles. 

Find the side opposite to the other given angle by Case IV, 
then 



OTHERWISE, 

Let tan f = C08 ^' tan3 ; then sin (a „ f) = sin tl *" c 
rad r/ tan b 

Let tan p== cosA tanc ^ sin ( ^ )== sin g . tan a 

rad v r/ tan c 

T ^f ♦«„ * cos B • tan « A , . , . sins, tan b 

JLet tan <p= ; then sin (c~<p)= y 

rad v r/ tan a 

Case VI. Given two angles of an oblique-angled spherical 
triangle, and a side opposite to one of them, to find the third 
angle. 
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Find the side opposite to the other given angle by Case IV, 
then 

cotjA= 8 ™4J£^.tan4(c~B) 
sin $ (c~b) 

- sin 1 (a + c) A \ t * 
cot £ b= . , V / v • tan 4 ( A ~ c ) 
sin t(a~c) 



sin £ (a~c>) 
Let cot p = 



OTHERWISE, 

cos 5 . tan c 



Let cot f = 



A i • / ^\ cos b . sin G 

— ; then sin (a~0) = T 

rad cos c 

*u • /^ ^\ cos c . sin (p 
; then sin (B~p)= 1 



cos c . tan a 



Let cot f : 



rad 

cos a . tan b 

rad 



cos A 



^ ^ • / -\ cos a . sin <p 
; then sin (c~<p) = " 



COS B 



Case VII. Given two sides of an oblique-angled spherical 

triangle, and the angle contained between them, to find the 

other angles. 

i /. , ~\ cos & (a~b) A . 

tan i (a+b) = f-) -( . cot i c 

cos J (a+J) * 

i / \ sin i (a~ ft) A , 
tan i (a^b) = . f ) r ( * cot ± c 

* v sin i (a+b) * 

f\ i / . v cos J (a~c) ^ , 
tani(A-|-c) = co8 ^ g+c ; .cotiB 

a x sin £ (a+c) 

\ i /~ . „\ cos J (cLb) A , 
tan i (c+b) = f-^ — r ( . cot i a 

* x cos i (c-f b) * 

. , v sin i (c „b) A , 
tan J (c ~b) =- — f-^ — -^ . cot i a 
sin±(c+ft) s 



COt A = 



OTHERWISE, 

cot a . sin ft— cos c • cos ft 



sin c 

cot ft . sin a— cos c . cos a 

cot b=- : 

sin c 

_ .cot c . sin a— cos b . cos a 



cot c: 



cot A= 



sm b 
cot a • sin c— cos b . cos c 



sin b 
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(cot b=! 
cot c= 



cot ft • sin c— cos a . cos ft 



(tanf— ' 
tan p = 



sin a 

cot c . sin ft— cos a . cos b 

sin a 

OTHERWISE, 

cos a . tan b 



rad 
cos a • tan e 



rad 



; then cot b=??— - . sin (c~f) 
sinf x r/ 

; then cot c=^ — . sin (ft~?) 

sin? x Tf 



Here ft, c, and the included Z. a are given, and formulas 
will be obtained by a mere change of letters, if a, ft, and the 
L c; or if a, c, and the L B are given. 



Case VIIL Given two sides of an oblique-angled spherical 
triangle, and the angle contained betwen them, to find the 
third side. 

Find the other two angles by Case VII., and then find the 
third side by Case V. 

OTHERWISE, 

C0SC cos (ft.?) 



t «. * - cos a . tan c .« 

Let tan e = 3 ; then cos a= 

rad 



cos b . tana 



— CVS D • UU1 U. A t_ , 

Let tan = j ; then cos ft = 

r rad 



cos <p 
cos a 



cos (c~$) 
cosp 

_ cos c . tan ft , cos ft / \ 

Let tan 9 = ^3 ; then cos e — . cos (<z~<p) 



rad 



cos <p 



Or, the sides a, ft, c, respectively, may be found by the 
fourth set of equations, page 185. 



Case IX. Given two angles of an oblique-angled spherical 
triangle, and the side adjacent to both of them, to find a side 
opposite to one of the given angles. 

t_ cos } (a~b) 
"cos £ (a + b) 

tan A la^b)^- — |-i ' , 

8 v sin £(a + b) 



tan \ (a + ft): 



tan 



tan 



1 / . \ cos A (a~c) . u 

tani(a.c)= 8 45-f-i^.tanJ6 
* x ; sin} (a + c) 
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tan £ 


(cm- 008 ** - 8 * 
v 7 cos £ (c + b) 


• tan \ 


tan £ 


(c jx sini(c^B) 
v ' sinJ(c + B) 

OTHERWISE, 


. tan £ 


cot a: 


cot A • sin B + COS B , 


cos c 


sin c 






cot b . sin A + COS A . 


. cos c 


COt 01 








sin c 






cot c . sin a+cos a . 


cos b 


cot CZ 


" sin ft 




cot a: 


_cot a . sin c + cos c . 


cos b 




sin ft 




«^> %- 


cot b . sin c+cos c • 


cos a 


cot 6: 


" sin a 




cot c: 


_cot c • sin b + cos B 


. cos a 



sin a 

OTHERWISE, 

tan a • cos b ^_ ^ cot ft , v 

Let cot 0= -r > *™ cot <*=— — • c 08 (c- < P) 

r rad cos p 

T . ^ tan c . cos ft A i A cot ft , v 

Let cot <p= - _, ; then cot c= . cos (A~<p) 

• rad cosp x 

HereZ-A,Z-C, and the included side ft are given; and for- 
mulae will be obtained by a change of letters, if L a and/. b 
and the included side c are given; or ifZ. b andZ. c and the 
included side a are given. 



Case X. Given two angles of an oblique-angled spherical 
triangle, and the side adjacent to both of them, to find the 
other angle. 

Find the other two sides by Case IX., and then find the 
other angle by Case VI. 

OTHERWISE, 

cos a • tan c , _^ sin (b~«) 

cot 0= 1 I then cos Arrcos c . — h — — 

r rad sin p 

cos ft • tana A i_ sin (c~£) 

cot a = _ — • ; then cos b=cos a . } y/ 

r rad sm p 

~ * ~ cos c . tan B ., sin (a~«) 

cot «= = ; then cos c=cos b . J — -' 

rad sm p 

Or, the angles a, b, c, respectively, may be found by the 

sixth set of equations, page 185. 
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Case XL Given the three sides of an oblique-angled sphe- 
rical triangle, to find the angles. 

Let a+6+c=2s, then 

. . . /sin (s— b) . sin (s—c) 

sin I A=radA/ *-s — { — -. — - 

8 V sin . sm c 



cos £ A 



L=radA/ - 



sill s . sin (s— a) 



* v sin b . sin c 

1 j * /sin (s—b) . siri (*— c) 
tan A A=radA/ ^ -. — , v . 7 

* v sin g . sin (s— a) 

, / sin s .sin (5— a) 

cot A AzrradA/ - — 7 tt — ^ — 7 — ^-r- 

8 V sin (s—b) . sin (5— c) 

. . , A /sin (s—a) . sin (5— c) 

sm A b =rad/\/ — ; — - — r— * - 

8 v sin a . sin c 

1 1 a / sin 5 . sin (5— b) 

cos i B=:rad/\/ : J • 

8 v sin a . sm c 

tan . B=Kd/ 7Sf3^Ei 
8 v sm 5 . sm (s—b) 

. . / sin s . sin (s— #) 

cot A B=radA/ -. — 7 r — . ■ , ' 

8 V sm (5— a) . sin (5— c) 

4, /sin (5— J) . sin (5— a) 
c=radA/ *-= — — — 
' V sin a . 



sin 6 



sin s . sin (5— c) 

cos A ^— -**«*« « *• — % ^ 



JczzradA/- . . , 

' V sm a . sin 

tan^c=rad /V / 8in .( < - 6 >: s i n ^7 a ) 

V sin 5 . sm (s— c) 

cot^c=rad /V /- sina - sin !*-; <; ) "- 

V sm (s—b) . sin (s—c) 

Or, the angles a, b, c, respectively, may be found by the 
formulae in art. (417). 



Case XII. Given the three angles of an oblique-angled 
spherical triangle, to find the sides. 

Let a +b + c =2s, then 

. . , A / cos s . cos (s— a) 
sm J a=rad/y/ — - — N 



sin b . sm c 

/cos j 
cos 



ia=radA/— ( '-^^ C?!ii " C) - 
V cm b . sm c 
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. / cos s . cos (s— a) 
tan * a=rad a / , t — - — - t r- 

* / V cos (s— b) . cos (s — c) 

- /COS (8 — B) . COS (S — C) 

cot £ a=radA/ s , v v ' 

* V cos S . cos (s— a) 



. , , j A / cos s . cos (s— b) 

sin £ i=radA/ : A - 

v gin a . sin c 

cos ft I^tmLaJ"* ( S ~ A > I ™ ( s " c > 
V sin a . sin c 



cos (s— a) . cos (8— c) 

(8 — A) . COS (S— < 
COS 8 . COS (S — B) 



i . /COS (8 — A) . COS (S— C) 

cot £ J=rad/\/ — — — - 

. , , . / COS 8 . COS (S — c) 

sm $ c=rad/Y/ — ™ - 



sin a . sin b 

, . /cos (l 
cos 



* c=rad/y^ C0S ( 8 - A) - C08 ( s - B >. 
v sin a . sin b 

i , A / cos s . cos (s — c) 

tan £ c=radA/ 7 r — * — j-1 — r 

w v cos (s— a) . cos (s—c) 

-.1 j a / cos (s— a) . cos (s— b) 
cot X c=rad/\/ * '- — 7 — *-* — '— 



cos s . cos (s— c) 

Or, the sides a, J, c, respectively, may be found by the for- 
mulae in the fifth set of equations, page 185. 



OF THE AMBIGUITY OF THE DIFFERENT CASES. 

(446) When two sides, and an angle opposite to one of 
them, are given, to find the rest (see Case ist, nd, and md), 
the values of these required parts are sometimes ambiguous. 

Practical Rules for determining whether the quantities 
sought are acute, obtuse, or ambiguous, are given in the solu- 
tions of the different cases. 

The two following tables are the same as those given by 
Legendre at pages 400. and 401. of the 6 th edition of his 
Geometry, and are deduced from Prop. xvii. page 150 and 
Prop. xvin. page 151 of this treatise. 
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Table I. Let a, a and b be the given parts. 
a<90°, &<90° f a>b 0ne solutioin 



a<90°, i>90° 
a>90°, &<90° 
a>90°, &>90° 



Then, 



a<b two solutions. 
*a + £>180° one solution. 
a + b < 1 80° two solutions. 
" a + b > 180° two solutions. 
t a + b < 180° one solution. 
' a>b two solutions, 
a < b one solution. 
If a=90°, aTzb, or a + i = 180, the cases will not be ambi- 
guous; but if &=90°, there will be two solutions. 

When two angles, and a side opposite to one of them, are 
given, to find the rest (see Case ivth, vth, and vith), the 
values of the required parts are subject to ambiguity ; this 
triangle being supplemental to that wherein two sides and an 
angle opposite to one of them are given. 

Table II. Let a, b, and a be the given parts. Then, 

"a<b one solution. 

a>b two solutions. 
B a + b < 180° one solution. 

a + b > 1 80° two solutions. 
* a + b < 1 80° two solutions. 

a + b - 180° one solution. 
"a<b two solutions. 
. a>b one solution. 



l.a>90°, b>90° 
2. a>90°, B<90° 
&a<90°, b>90° 
4. a<90°, b<90° 



If a=90°, a—b, or a + b=180°, there will be but one 
solution; but if B=90°, there will be two solutions. 

(447) We may likewise remark, that since any side or 
angle of a spherical triangle is less than 180°, the half of any 
angle or half the difference between any two sides, or half 
the difference between any two angles, must be acute. 

Hence in the equation 

(a-J) = tan \ (a+b) . cos \ (a+b) (428), 



cot 



cos £ 



it is plain that cot | cand cos ^ (a— J) are both positive (200), 
and therefore tan £ (a+b) . cos £ (a+b) must be positive; 
consequently, half the mm of any two sides of a spherical tri- 
angle is of the same species as half the sum of their opposite 
angles. This rule is applied in the practical solutions of the 
different cases, and will frequently remove the ambiguity 
which would otherwise arise, where a quantity sought is to be 
determined by means of a sine. 
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CHAP. VI. 

I. PRACTICAL RULES FOR THE SOLUTIONS OF ALL THE DIF- 
FERENT CASES OF RIGHT-ANGLED SPHERICAL TRIANGLES, 
WITH THEIR APPLICATION BY LOGARITHMS. 

(448) Every spherical triangle consists of six parts, three 
sides, and three angles; any three of which being given, the 
rest may be found. 

In a right-angled spherical triangle, two given parts, be- 
sides the. right angle, are sufficient to determine the rest. 

The questions arising from a variation of the given and 
required parts are 16, but if distinguished by the data, the 
number of cases is 6. 

THE GIVEN QUANTITIES ARE, EITHER 

1. The hypothenuse and an angle. 

2. The hypothenuse and one side. 

3. A side and its adjacent angle. 

4. A side and its opposite angle. 
5* The two sides. 

6. The two angles. 

RULE I. 

(449) Draw a rough figure, as in the mar- 
sin ; and let AG, ah ; fb, fh ; ci, CD ; ei, eg, 
be considered as quadrants, or 90° each; 
then you have eight right-angled spherical 
triangles, every two of which will have equal 
angles at their bases : and the triangles cgf 
and edf will have their respective sides and 
angles either equal to those of abc, the tri- 
angle under consideration, or they will be the complements 
thereof (341). 

In triangles having equal angles at their bases, the sines of their 
bases have the same ratio to each other, as the tangents of their 
perpendiculars. 

The sines of the hypothenuses have the same ratio to each t 
as die sines of the perpendiculars (382). 

Illustration. 1st. In the triangles abc and ahg. 

1. sin ag : sin ac : : sin hg : sin bc 1 and these are pre 

2. sin ah ; sin ab : : tan hg : tan bc J tional by inversio; 

p 
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2cL In the triangles fgc and fhb. 

3. sin bh : sin co : : sin fb : sin fc| d inversel &c . 

4. sin fh : sin fg : : tan bq : tan co J Ji 

3d. In the triangles cgf and cid. 

5. sin dc : sin fc : : sin id : sin fg 1 * . * Q 

6. sin og : sin ci : : tanFo: tan ID } ^ aversely, &c 

4th. In the triangles edf and eig. 

7. sin ei : sin ed : ; tan ig : tan dp, and inversely, &c 

The student must remember that abc is the proper triangle 
in the preceding proportions, and that ag, ah, &c. are each 
90°, consequently sin ag, sin ah, &c are each equal to 
radius. 

bh is the complement of the base ab. 

cg is the complement of the hypoth. ac. 

fc is the complement of the perp. bc 

fg is the complement of the angle a, 

ed is the complement of the angle c. 

hg=ef is the measure of the angle a % 

id is the measure of the angle c. 

ig=ac the hypothenuse, and bf=bc the perpendicular. 

Since ab and bc are perpendicular to each other, either of 
them may be considered as die base, and to avoid a number of 
different figures it will sometimes be necessary to make a and 
c change places, as is done in some of the succeeding cases ; 
then, in considering these remarks, where ab occurs read bc, 
and instead of the angle a read c ; and the contrary. 

RULE II. BARON NAPIER'S RULES. 

(450) 1. In every right-angled spherical triangle there are 
five parts, exclusive of the right angle, which is not taken into 
consideration ; and these five parts are the hypothenuse, the 
two sides or legs, and theix opposite angles. Now in every 
case proposed for solution, there are three of these five parts 
concerned, that is, two given (together with the right angle) 
and a third required. 

2. If the three quantities under consideration, viz. the two 
which are given and that which is required, are joined toge- 
ther, or follow each other in a successive order, without the 
intervention of a side, or angle, not concerned in the question , 
the middle one is called the middle part, and the other two 
the extremes conjunct, because they are joined to the middle 
part. 

3. If only two of the three things under consideration are 
connected, or joined together, they are invariably called ex- 
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tremes disjunct, that is, not joined to the middle part, and the 
other term which is not joined with them, is called the middk 
part. 

Then, 

4. Radius X sine of the middle part = rectangle, or product, 
of the tangents of the extremes when they are conjunct 

5. Radius X sine of the middle part = rectangle, or product, 
of the cosines of the extremes when they are disjunct. 

Observe to write cosine or cotangent, instead of sine or tan- 
gent, and sine instead of cosine, &c. when you make use of 
either of the angles, or the hypothenuse; but not when you 
use the sides or legs. 

6. Having found which is the middle part, and written the 
terms down as expressed in one or other of the above rules, ac- 
cording as the extremes are conjunct or disjunct, turn the terms 
into a proportion, thus : Put the required term last, that with 
which it is connected first, and the remaining two in the middle 
in any order. 

RULE III. 

(451) 1. Radius x sine of either side=sine of the opposite 
angle x sine of the hypothenuse. 

2. Radius x sine of either side = tangent of the other side 
X cot of its opposite L . 

3. Radius x cosine of either of the angles = tangent of the 
adjacent side x cot hypothenuse. 

4. Radius x cosine of either of the angles = sine of the other 
angle x cosine of its adjacent side. 

5. Radius x cosine of the hypothenuse == cot of one angle 
X cot of the other L . 

6. Radius x cosine of the hypothenuse = cosine of one side 
X cosine of the other side* 

Then put the required term last, that with which it is con- 
nected first, and the remaining two in the middle in any order, 
and you will have a correct proportion. 

Note. This rule is the same as Baron Napier's (384). 



of the different species or affections of rightv 
angled spherical triangles. 

(452) I. When the hypothenuse and an angle are given. 

1. The side opposite to the given angle, is of the same species 
with the given angle. 

p 2 
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2. The side adjacent to the given angle, is acute or obtuse, 
according as the hypothenuse is of the same, or of different 
species with the given angle. 

3. The other angle is acute or obtuse, according as the hy- 
pothenuse and the given angle are of the same or of different 
species* 

(453) II. Wlien the hypothenuse and one side are given. 

1. The angle opposite to the given side, is of the same spe 
cies with the given side. 

2. The angle adjacent to the given side, is acute or obtuse, 
according as the hypothenuse is of the same or of different 
species with the given side. 

3. The other side is acute or obtuse, according as the hypo- 
thenuse is of the same, or of different species with the given 
side. 

(454) III. When a side and its adjacent angle are given. 

1. The other angle is of the same species as the given side. 

2. The other side is of the same species as the given angle. 

3. The hypothenuse is acute or obtuse, according as the 
given angle is of the same or of different species with the given 
side. 

(455) IV. When a side and its opposite angle are given. 
The required parts are always ambiguous or doubtful, that 

is, they may be either greater or less than 90°, and therefore 
admit of two answers. 

(456) V. When the two sides, containing the right angle, 
are given. 

1. Each angle is of the same species as its opposite side. 

2. The hypothenuse is acute or obtuse, according as the 
sides are of the same or of different species. 

(457) VI. When the two angles, adjacent to the hypothenuse, 
are given. 

1. Each side is of the same species as its opposite angle. 

2. The hypothenuse is acute or obtuse, according as the 
angles are of the same or of different species. 

(458) Case I. Given the hypothenuse and an angle, to find 
the side adjacent to the given angle. 

Example. In the right-angled spherical triangle abc 

r , f The hypothenuse ac=78° 20' 1 Required the adja- 

uiven | The an ^, e A=37 25 j cent kg AB 

by napier's rule. 

The complement of the angle a is the middle part, ab and 
the complement of ac are the extremes conjunct, or joined to 
the middle part 
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* 
rad x cos A=tan ab x cot ac. 
.\ 10+log cos a— log cot ac = log tan ab. 



or, cot ac - - =78° 20' 


- 9-31489 


i radius, sine of - 90 


- 1000000 


::cosZ_a - - =37 25 


- 9-89995 


: tan ab - - =75 26 


- 10*58506 




Here ab is acute (452). 

BY RULE I* 

sin ei : sin ed : : tan ig : tan df. But ei is radius, di the 
measure of the angle a, and ed is complement, ig=ac, and 
df=ab. Hence, 

rad : cos Z. a:: tan ac : tan AB. 

by construction. (Plate V. Fig. 8.) 

1. With the chord of 60 degrees describe the primitive 
circle ; and through any point A in the primitive, draw a great 
circle ac*, making an angle bac=37° 25' (369). 

2. Set off the hypothenuse 78° 20 7 from a to m, find p the 
pole of the oblique circle xce (368) ; join pm, and through 
the point c, where it cuts Ace, draw bpw ; then abc is the 
triangle required. 

To measure the required parts. 

3. ab applied to a scale of chords gives the measure of ab = 
75° 26'. 

4. Take bc in your compasses, set one foot of the compasses 
on 90° on the scale of semi-tangents, and the other towards the 
left hand of the scale, the degrees between the points =36° 31' 
will be the measure of bc 

5. Produce mp to i, and find a the pole of wpb (368) ; then 
ab applied to the scale of chords will be the measure of the 
angle c=8l° 13'. 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

p . /The hypothenuse ac =61° 4' 56" \ Required the ad 
uiven | The mgle A _ 61 5Q 29 j j acent kg ^ 

Answer. ab=40° 30' 19" acute (452). 

2. In the right-angled spherical triangle abc 

f1 . ("The hypothenuse ac =113° 55' 1 Required the ad- 
uiven | ^ mgle A = 31 51 J jacent leg ab. 

Jnswer. abzz 117° 34' obtuse (452). 

p 3 
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(459) Case II. Given the hypothenuse and one angle, to find 
the side opposite to that given angle. 

Example. In the right-angled spherical triangle abc. 



Required the oppo- 
site leg bc 



„ . f The hypothenuse ac =78° 20 7 

Glven JTheanSeA =37 25 

BY NAPIER'g RULE. 

Here bc is the middle part, and the complement of a and the 
complement of ac are the extremes disjunct; that is, not joined 
to the middle part, because of the intervention of ab and the 
angle c # 

rad x sin Bc^sin ac x sin a* 
log sin ac + log sin a — 10=log sin bc. 



radius, sine 


of 


- 


- 


90° 


V 


- 


1000000 


sin ac 


- 


- 


= 


78 


20 


- 


9-99093 


: sinZ-A 


• 


• 


— 


37 


25 


• 


9-78362 


sin bc 




- 


— 


36 


31 


• 


9-77455 




Here bc is acute (452). 

BY RULE I. 

sin ao : sin ac : : sin ho : sin bc. But ag is radius, and ho 
ia the measure of the angle a. Hence, 

rad : sin ac : : sin a : sin bc. 

by construction. 
See the construction of Case I. (458). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 

r . f The hypothenuse ac =61° 4' 56" t Required the op* 
Wven | The angle A =61 5Q 29 j p^j^ kg B ^ 

Answer. bc=50° 30' 30" acute (452)* 

2. In the right-angled spherical triangle abc. 

p. /The hypothenuse AC=rll3° 55' \ Required the op- 
uiven | The m ^ e A =104 8 J posite leg bc 

Answer. bc= 117° 34' obtuse (452). 

(460) Case III. Given the hypothenuse and one angle to find 
the other angle. 

Example. In the right-angled spherical triangle abc 
r . f The hypothenuse ac = 78° 20' 1 Required the 

driven | xhe angle a = 37 25 J angle c 

by napier's rule. 
Here the three parts are connected or joined together, there- 
fore the complement of ac is the middle part ; and the com- 
plement of a and the complement of c are extremes conjunct 
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rad x cos Ac=cot a X cot c 

10 + log COS AC — log COt A=log COt C 



or, cotZ.A . 

:- radius, sine of 
: : cos ac 
: cotZ.c 



1011633 

10-00000 

9-30582 

9-18949 




But cg is the comple- 



Given 



Given 



the 



the 



- =37° 25' 
90 
= 78 20 - 
=81 12 - 
Here angle c is acute (452). 

BY RULE I. 

sin cg : sin ci : : tan fg : tan di. 
ment of ac, ci radius, fg the complement of the angle a, and 
di the measure of the angle c. Hence, 

cos ac : rad : : cot a : tan c. 

BY CONSTRUCTION. 

See the construction of Case I. (458). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 
' The hypothenuse ac=61° 4' 56" 1 Required 

The angle a =61 50 29 J angle c. 

Answer. The angle c=47° 54' 20" acute (452). 

2. In the right-angled spherical triangle abc 

{The hypothenuse ac = 113° 55' 1 Required 
The angle a = 31 51 J angle c 

Answer. The angle c = 104° 8' obtuse (452). 
(461) Case IV. Given the hypothenuse and a leg, to find the 
angle adjacent to that given leg. 

Example. In the right-angled spherical triangle abc 
r . f The hypothenuse ac= 78° 20' \ To find the angle a 

en t The side or leg ab=75 25 J adjacent to ab. 
by napier's rule. 
The three parts are here connected; therefore the comple- 
ment of a is the middle part 9 ab and the complement of ac are 
the extremes conjunct. 
* 
rad x cos A=cot ac X tan ab. 
•\ log cot ac + log tan ab— lOzzlog cos a. 
or, radius, sine of - 90° 0' - 10-00000 
: cot ac - - - =78 20 -*, 9-31489 
: : tan ab - - =75 25 - 10-58474 
:cosZ.a - - - =37 28 - 9-89963 
Here the angle a is acute (453). 

BY RULE I. 

tan gi : tan df : : sin ei : sin ed. 
But gi=ac, df=ab, ei is the radius, and ed the complement 
of the angle a. Hence, 

tan ac : tan ab : : rad : cosZ. a. 
p 4 
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by construction. (Plate V. Fig. 9.) 

1 . With the chord of 60° describe the primitive circle, and 
through the centre p draw cpe, and avb at right angles to it. 

2. Set off the hypothenuse, by a scale of chords, from c to 
iw, and draw the small circle rnxm parallel to the right circle 
avb (374). 

3. Take the complement of ab (viz. 14° 35') from the scale 
of semi-tangents, with which as a radius and the centre p de- 
scribe a small circle parallel to the primitive (374) intersecting 
the circle msm in a. 

4. Through the three points CAe draw a great circle, then 
abc is the triangle required. 

To measure the required •parts* 

5. The angles a and c (379) are 37° 28' and 81° 11'. 

6. bc, applied to a scale of chords, will be 36° 34'. 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

p . t J The hypothenuse ac=61° 4' 56" 1 To find the angle 
Ijriven ^ The gide or j eg AB =40 3Q 20 J a, adjacent to ab. 

Answer. The angle a =61° 50' 30" acute (453). 

2. In the right-angled spherical triangle abc. 

r . f The hypothenuse ac = 78° 20' \ To find the adja- 

ixiven | The gide or ^g ab = 117 34 J cent angle a. 

Answer. The angle a = 113° 18' obtuse (453). 

(4G2) Case V. Given the hypothenuse and a side or leg, to 
find the angle opposite to that given leg. 

Example. In the right-angled spherical triangle abc 
p . f The hypothenuse ac = 78° 20' 1 To find the angle c, 

<jiven I The side ab=75 25 J opposite to ab. 

by napier's rule. 

The three parts are here disjoined by the intervention of the 

angle a; therefore ab is the middle part, the complement of 

Ac and the complement of c are the extremes disjunct. 

, . . . * ~ Q. 

rad x sin AB=sin ac x sin c. 

.•. 10+log sin ab— log sin AC=log sin c. 

or, sin ac - - - =78°20 / - 9-99093 

: radius, sine of - 90 - 10-00000 

: : sin ab =75 25 - 9-98578 

:sinZ-C - - =81 11 - 9-99485 

Here the angle c is acute (453). 
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BY RULE I. 

sin ac : sin cg : : sin ab : sin gh. 
But cg is radius, and gh is the measure of the angle c. 
Hence, 

sin ac : rad : : sin ab : sin c 

BY CONSTRUCTION. 

See the construction of Case IV. (461). 

PRACTICAL EXAMPLES* 

1. In the right-angled spherical triangle abc. 

Given I Tnen yP othenuseA c= 6 I° 4' 56" \ Required the angle 
\ The side or leg ab=40 30 20 J c, opposite to ab. 
Answer. The angle c=47° 54' 19" acute (453). 

2. In the right-angled spherical triangle abc 

Given I The "yP ^ 111186 AC = 7 &° 20' 1 Required the angle 
\The side or leg ab = 117 34 J c, opposite to ab. 
Answer. The angle c=115° 9> obtuse (453). 

(463) Case VI. Given the hypothenuse and one side or leg, 
to find the other leg. 

Example. In the right-angled spherical triangle abc. 
CXm S The hypothenuse ac=78° 20' 1 To find the other 
^ lven \The side ab=75 25 J side bc. 

by napier's rule. 

Here the complement of ac is the middle part, because it is 
not joined either to ab or bc, the angles a and c coming be- 
tween them ; hence ab and bc are extremes disjunct, viz. not 
joined to the middle part. # 

rad x cos ac=:cos ab x cos bc. 

.'. 10+log COS AC— log COS AB=log COS BC. 

or, cos ab - - 75° 25' - = 9*40103 

: radius, sine of 90 - - 10*00000 

:: cos ac - - 78 20 - = 9*30582 

: cos bc - - 36 34 - = 9*90479 

Here bc is acute (453). 

BY RULE I. 

sin bh : sin cg : : sin fb : sin cf. 
But bh is the complement of ab, cg the complement of ac, 
fc the complement of bc, and fb radius. Hence, 

cos ab : cos ac : : rad : cos bc. 

by construction. 
See the construction of Case IV. (461). 




Digitized by 



Google 



218 THE PRACTICE OF BOOK III. 



Given 



PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 
' The hypothenuse ac = 61° 4' 56" 1 Required the 

The side, or leg, ab = 40 30 20 J other leg bc 
Answer. bc=50° 30 7 29" acute (453). 

2. In the right-angled spherical triangle abc 

n . f The hypothenuse ac = 78° 20 7 \ Required the 

uiven | The side ^ = 117 34 J other side bc. 

Answer. bc=115° 55' obtuse (453). 

(464) Case VII. Given a side and the angle adjacent, or 
joining to it, to find the side opposite to the given angle. 

Example. In the right-angled spherical triangle abc 

G - f The side or leg ab =75° 25' 1 To find the side bc, 

en \ The adjacent angle a =37 25 J opposite to a. 

BY NAPIER'S RULE. 

Here the three parts are joined together, because the right 
angle b is not regarded in the rule ; therefore ab is the middle 
part, the complement of A, and bc are the extremes conjunct. 

• £ D 1 

rad x sin AB=cot a x tan bc 
.*. 10 + log sin ab— log cot A=log tan bc 
or, cot a - - =37*25' - 10-11633 
: rad, sine of - 90 - 10-00000 
::sinAB - =75 25 - 9-98578 
: tan bc - - =36 31 - 9-86945 . 
Here bc is acute (454). A 

BY RULE I. 

sin ah : sin ab : : tan oh : tan bc 
But ah is radius, and gh is the measure of the angle a. 
Hence, 

rad : sin ab : : tan L a : tan bc 

by construction. (Plate V. Fig. 11.) 

1. With the chord of 60 degrees describe the primitive 
circle, and through the centre p draw APa and mnr at right 
angles to it 

2. Set one foot of your compasses on 90 degrees in the 
line of semi-tangents, extend the other towards the beginning 
of the scale, till the degrees between them be equal to the 
angle a 37° 25', and apply this extent from mton. 

3. Through the three points Ana draw a great circle. 

4. Set off ab=75° 25' from a to b, by a scale of chords, 
and draw bp cutting the oblique circle in c, then abc is the 
triangle required. 
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To measure the required part*. 

5. bc measured by the scale of semi-tangents (as in Case I.) 
will be 36° 31'. 

6. The angle c measured (379) will be 81° ll 7 . 

7. The hypothenuse ac measured (376) will be 78° 20'. 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

r . f The leg ab =40° W 20" 1 To find the leg 

<jiven | The a( j jacent angje A _ 6 j 50 2 9 J B c, opposite to a. 

Answer. bc=50° SO 7 29" acute (454). 

2. In the right-angled spherical triangle abc 

Giv n fT* 168 ^** = 54°22 / l To find the leg bc, 

\ The adjacent angle a= 136 40 J opposite to a. 
Answer. bc=142° 31' obtuse (454). 

(465) Case VIII. Given a side and its adjacent angle, to 
find the angle apposite to the given side. 

Example. In the right-angled spherical triangle abc. 

Giv n ( The side ** = 75 ° 25 ' \ To find the an 8 le °> 

I Its adjacent angle a =37 25 J opposite to ab. 

by napier's rule. 
Here the complement of the angle c is the middle part; and 
the complement of a and ab are the extremes disjunct, being 
neither of them joined to the middle part. 

rad x cos c=sin a x cos ab. 
.*. log sin A + log cos ab — 10 = log cos c 
or, radius, sine of - 90° 7 - 10*00000 
:sinZ.A - - =37 25 - 9-78362 
::cosab - - =75 25 - 9*40103 
cosZ.c - - =81 12 - 9-18465<f 
Here c is acute (454). 

BY RULE I. 

sin ad : sin af : : sin id : sin fg. 
But ad is radius, af the complement of ab, id the measure 
of the angle a, and fg the complement of gh, which measures 
the angle c. Hence, 

rad : cos ab : : sin a : cos c. 

BY CONSTRUCTION. 

See the construction of Case VII. (464). 
practical examples. 
In the right-angled spherical triangle abc 
Given ( The side AB =40° 30 7 20" 1 Required theangle 

\ Its adjacent angle a =61 50 29 J c, opposite to ab. 
Answer. The angle c=47° 54' 21" acute (454). 
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2. In the right-angled spherical triangle abc 
p. f The side ab =: 1 17° 34' 1 Required the angle 

ven \ Its adjacent angle a = 31 51 J c, opposite to ab. 
Answer. The angle c = 104° 8' obtuse (454). 

(466) Case IX. Given a side and its adjacent angle, to find 
the hypothenuse. 

Example. In the right-angled spherical triangle abc. 
G . f The side ab =75° 25' 1 Required the hypo- 

ven \ Its adjacent angle a =37 25 J thenuse ac. 

by napier's rule. 
The three parts are here connected ; therefore the comple- 
ment of a is die middle part; ab and the complement of ac 
are the extremes conjunct. 

♦ 
rad x cos A=cot ac x tan ab. 
.\ 10+log cos a— log tan AB = log cot ac 
- =75° 25' - 10-58474 
radius, sine of 90 - 10-00000 
::cosZ.a - - = 37 25 - 9-89995 
: cot ac - - 78 19 - 9-31521 A^ 

Here ac is acute (454). 

BY RULE I. 

sin fh : sin fg : : tan bh : tan cg. 
But fh is radius, fg is the complement of the angle a, bh 
the complement of ab, and cg the complement of ac. Hence, 

rad : cosZ. a : : cot ab : cot ac 

BY CONSTRUCTION. 

See the construction of Case VII. (464). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 

G . f The side ab =50° 30 7 30" 1 Required the 

ven \ Its adjacent angle a =47 54 20 J hypothenuse ac 
Answer. ac=61° 4' 56"acute (454). 

2. In the right-angled spherical triangle abc 

Given f The S "* e AB = 1 17° 34' 1 Required the 

\ Its adjacent angle a = 31 51 J hypothenuse ac 
Answer. ac=113° 55' obtuse (454). 

(467) Case X. Given a side and its opposite angle, to find 
the side adjacent to that angle. 

Example. In the right-angled spherical triangle abc 

Given I The side BC =36 ° 81 ' 1 To find the side AB > 

\ Its opposite angle a =37 25 J adjacent to a. 
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by napier's rule. 

The right angle b having no concern in the rule, the three 
parts are joined together; therefore ab is the middle party the 
complement of a, and bc are the extremes conjunct* 

v JL 
rad x sin AB=cot a x tan bc. 
.*. log cot A+log tan bc— 10=log sin ab. 
or, radius, sine of - 90° 0' - 10-00000 
:cotZ.A - - =37 25 - 10-11633 
::tanBC - =36 31 - 9-86947 
f 75° 25' or 1 fttQQRQA 

:8inAB ll04 35 j - 998580 

Here ab is ambiguous (455). 

by rule i. 

tan hg : tan bc : : sin ah : sin ab. 
But hg is the measure of the angle a, ana ah radius. 
Hence, 

tanZ. a : tan bc : : rad : sin ab. 

by construction. (Plate V. Fig. 10.) 

1. With the chord of 60 degrees describe the primitive cir- 
cle, draw apo, and rnnvr at right angles to it 

2. Set one foot of your compasses on 90 degrees in the line 
of semi-tangents, extend the other towards the beginning of 
the scale till the degrees between the two points be equal to 
the angle a 37° 25', and apply this extent from m to n. 

3. Through the three points Ana draw a great circle. 

4. Take the complement of bc (viz. 53° 29 / ) from the scale 
of semi-tangents, with which as a radius and the centre p, de- 
scribe a small circle oc parallel to the primitive (374), meeting 
the great circle Ana in c 

5. Through c and p draw bcp, then abc is the triangle 
required. 

This problem is ambiguous, for abc and obc have the same 
data. 

To measure the required parts* 

6. The angle c (379) will be 81° 12'. 

7. The side ac.(376) is 78° 20'. 

8. The side ab applied to a scale of chords will be 75° 25'. 

practical examples. 
1. In the right-angled spherical triangle abc. 

Given ( The si< * e . BC = 40 ° 30 ' 20 " I To find the other 

\ Its opposite angle a =47 54 20 J side. 

Answer, ab = 50° QW 30" or 129° 29' 30", ambiguous 

(455). 
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2. In the right-angled spherical triangle abc. 
r . /The side bc =51° 30 7 1 To find the other 

Uiven | ltg 0VfOBite angle a =58 35 J side. 

Answer. ab=50° 10' or 129° 50', ambigiions (455). 

(468) Case XI. Given a side and its apposite angle, to find 
the adjacent angle. 

Example. In the right-angled spherical triangle abc. 

G . f The side bc =36° 31' I To find the angle c, 

en I Its opposite angle a =37 25 J adjacent to bc. 

by napier's rule. 

The complement of a is the middle part; and BC and the 
complement of c are the extremes disjunct, being neither of 
them joined to A, the middle part. 

* 

rad x cos a = sin c x cos bc 

.•. 10+log cos a— log cos bc= log sin A. 

or, cos bc - =36° 31' - 9-90509 

: radius, sine of 90 - - 10-00000 

::cosZ-A - =37 25 - 9*89995 

: ^ c - • {ds is '} 9 ' 99486 

Here the angle c is ambiguous (455). 

BY RULE I. 

sin cf : sin cd : : sin fo : sin id. 
But cf is the complement of bc, cd radius, fo the com- 
plement of the angle a, and id the measure of the angle c. 
Hence, 

cos bc : rad : : cos L a : sin c. 

BY CONSTRUCTION. 

See the construction of Case X. (467). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

G . f The side bc =49° 30' 20" 1 Required the ad- 

oiven |i tS0 pp gi tean gi eA= 47 54 20 J jacent angle c 

Answer. Angle c=61° 5(K 26" or 118° V 34", ambiguous 
(455).. 

2. In the right-angled spherical triangle abg 

p . f The side bc =42° 12' 1 To find the other 

UIven \ Its opposite angle a =48 J angle c. 

Answer. Angle c=64° 35' or 115° 25', ambiguous (455). 
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(469) Case XII. Given a side and its apposite angte to find 
the hgpothenuse. 

Example. In the right-angled spherical triangle aBc. 

Giv n f The side TC =36 ° 31 ' \ To ^ the h yV°^ ie ' 

n l^lts opposite angle a =37 25 J nuse ac. 

by napier's rule. 
Here bc is the middle part; the complement of a, and the 
complement of ac, are the extremes disjunct 

rad x sin BC=sin ac X sin a. 

.*• 10 + log sin bc— log sin A=log sin ac 

or, sin L a - =37° 25' - 9-78362 

: radius, sine of 90 - - 10-00000 

: : sin bc - =36 31 - - 9-77456 

; sin ac jjJJ *j or J - 9-99094 

Here ac is ambiguous (455). 

BY RULE 1. 

sin on : sin bc : : sin ag : sin ac. 
But gh is the measure of the angle a, and ag radius. 
Hence, 

sin L a : sin bc : : rad : sin ac. 

BY CONSTRUCTION. 

See the construction of Case X. (467). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

Q . | The side bc =40° 30 7 20" 1 To find the hy- 

en [Its opposite angle a =47 54 20 J pothenuse ac. 
Answer. ac=61° 4' 52" or 118° 55' 8", ambiguous (455). 

2. In the right-angled spherical triangle abc. 

r . f The side bc =11° 30 / 1 To find the hypo- 

en \ Its opposite angle a =23 30 J thenuse ac 
Answer. ac=30° or 150°, ambiguous (455). 

(470) Case XIII. Given the two sides, or legs, to find an 
angle. 

Example. In the right-angled spherical triangle abc. 
n . f The side ab=75° 25' 1 ^ fl , . ^ ori . A 

Glven 1 The side bc=36 31 j To find the angle a. 

by napier's rule. 
The three parts are here connected, because the right angle 
b is not regarded ; therefore ab is the middle part, the com- 
plement of a, and bc are the extremes conjunct. 
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• 

rad x sin AB=cot a x tan bc 
• *. 10 + log sin ab— log tan BC=log cot a. 
tanBc - - =36° 31' - 9-86947 
: radius, sine of 90 - 10-00000 
:sinAB - - 75 25 - 9-98578 
:cotZ_A - - 37 25 - 1011631 
Here a is acute (456). 

BT RULE I. 

sin ab : sin ah : : tan bc : tan oh. 
But ah is radius, and oh is the measure of the angle a. 
Hence, 

sin ab : rad : : tan bc : tanZ. a. 

by construction. (Plate V. Fig. 7.) 

1. With the chord of 60 degrees describe the primitive 
circle, and through the centre p draw as. 

2. Set off bc=36° 31' from a scale of chords, and ab= 
75° 25' (377). Or set one foot of the compasses on 90 de- 
grees on the line of semi-tangents, and extend the other to- 
wards the beginning of the scale, till the distance between the 
points be 75° 25' ; this distance applied from b to a will give 
the point a. 

3. From c through p draw cp«, and through the three 
points CA6 describe a circle, then abc is the triangle required. 

To measure the required parts. 

4. The angles c and a (379) wUl be found to be 81° 11', 
and 37° 25'. 

5. The hypothenuse ac (376) will be 78° 20 7 . 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

^. f The side ab=50° 3(K 30" 1 ™ ~ A t , -M . A 

Glven t The side bc=40 30 20 ] To find the angle a. 

Answer. a=47° 54' 19", acute (456). 

2. In the right-angled spherical triangle abc 

~. f The side ab= 54° 22> 1 ™ n A t * OT , A 

Glven J The side bc=142 31 j T ° ^ ** "^ ** 
Answer, a =136° 40', obtuse (456). 

(471) Case XIV. Given the two sides, or legs, to find. the 

hypothenuse. 

Example. In the right-angled spherical triangle abc 

n . f The side ab=75° 25' 1 To find the hypothe- 
Uiven j The gide Bc _ 36 31 j nuge AC# 
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by napier's rule. 
The complement of the hypothenuse ac is the middle part, 
being separated from the sides by the angles a and c; and 
ab and bc are the extremes disjunct. 



rad x cos ac=cos ab x cos bc. 

.-. log COS AB + log COS BC— 10=log COS AC 

or. 



rad sine of - 90° 


0' - 


• 10-00000 


COS AB - - =75 


25 - 


9-40103 


: cos bc - - =36 


31 - 


9-90509 


cos ac - - =78 


20 - 


9-30612 


Here AC is acute (2 


12). 






BY RULE I. 

sin fb : sin fc : : sin bh : sin cg. 
But fb is radius, cf the complement of bc, bh the comple- 
ment of ab, and cg the complement of ac. Hence, 
rad : cos bc : : cos ab : cos ac 

BY CONSTRUCTION. 

See the construction of Case XIII. (470). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 

r . f The side ab=50° 30 / 30" 1 To find the hypothe- 

Uriven -[The side bc =40 30 20 J nuse ac 

Answer. ac = 61° 4' 57", acute (456). 

2. In the right-angled spherical triangle abc 

r . f The side ab= 54° 22' 1 To find the hypothenuse 

uiven ^T^gide BC= i 4 2 31 J ac 

Answer. ac = 117° 32', obtuse (456). 
(472) Case XV. Given two angles, to find a side or leg. 
Example. In the right-angled spherical triangle abc 
r . f The angle a = 37° 25' 1 Required the 

uiven | The angle c=81 12 J side bc 

BY NAPIER'S RULE. 

Here the complement of the angle a is the middle part, and 
bc and the complement of c are the extremes disjunct, being 
separated from the middle part by the hypothenuse ac 



rad x cos a=qos bc x sin c 
10+log cos a— log sin c=log cos bc. 



or, sinZ.c - =81° 12> - 9-99486 


; radius, sine of 90 ■ 


■ 1000000 


:: cosZ-A - =37 25 - 


- 9-89995 


: cos bc - =36 31 { 


\ 9-90509 



Here bc is acute (457). 
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BY RULE I. 

sin id : sin fg : : sin cd : sin cf. 
But id is the measure of the angle c, fg the complement of 
hg, which is the measure of the angle a, cd radius, and cf the 
complement of bc. Hence, 

sin c : cos a : : rad : cos bc* 

by construction. (Plate V. Fig. 12.) 

1. With the chord of 60° describe the primitive circle, 
through the centre p draw cpe, and rvm at right angles to it 

2. Set one foot of your compasses on 90° in the line of 
semi-tangents, extend the other towards the left hand, till the 
degrees contained between the points of the compasses be 
equal to (81° 12 / ) theZc, and apply this extent from m to n. 

3. Through the three points cne draw a great circle* and 
find its pole ^(368). 

4. With the tangent of the L a 77° 25', and centre p describe 
an arc; with the secant of theZ-A, and centre p cross it 
in o ; with o as a centre and radius op> describe the great 
circle ABp. 

5. Then abc is the triangle required, right-angled at b. 

To measure the required parts. 

6. The hypothenuse Ac, measured by a scale of chords, 
—78° 20'. 

7. The sides bc and ac (376) =36° 31', and 75° 25'. 



PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 



Given 



^— — i »•*■— 



[ The angle c=61 50 29 J side ab, 

Answer. ab=50° 30' 30", acute (457). 

2. In the right-angled spherical triangle abc* 
r . /The angle A= 104° 8'1 Required the 

uiven [The angle c= ai 51 J side bc. 

Answer. bc = 11 7* 34', obtuse (457). 

(473) Case XVI. Given two angles, to find the hypotkemue. 
Example. In the right-angled spherical triangle abc. 

Given I The ang,e A=a7 ° 25 ' 1 To find the hypo**- 
\ The angle c=8l 12 J nuse ac. 

by n'apier's rule. 

Here the complement of ac is the middle part, and the com- 
plements of a and c are the extremes conjunct 
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radx cos Ac=cot a x cot c. 

.'. log COt A + log COt C — 10=log COS AC 

or radius, sine of 90° 7 - 10-00000 

:cotZA - - =37 25 - 10-11633 

::cotZc - =81 12 - 9-18979 

: cos ac - - =78 19 - 9*30612 
Here AC is acute (457). 

BY RULE I. 

tan id : tan fg : : sin ci : sin ca 
But id is the measure of the angle c, fg the complement 
of the angle a, ci radius, and cg the complement of ac. 
Hence, 

tan L c : cot L a : : rad : cos ac. 

BY CONSTRUCTION. 

See the construction of Case XV. (472). 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

r*rvmn J The an 8 le A=47 ° 54 ' 20 " X To find the hypo- 
oiven |Theangle c=61 50 29 J thenuse ac 

Answer. ac=61° 4' 55", acute (457). 

2. In the right-angled spherical triangle abc. 

Given (S ean T A= w 5 i'l t"^**^ 
^ The angle c = I04 8 J thenuse ac. 

Answer. ac = 113° 55' obtuse (457). 



CHAP VIL 

II. PRACTICAL RULES FOR SOLVING THE DIFFERENT CASES OF 
RECTILATERAL, OR QUADRANTAL, SPHERICAL TRIANGLES, 
WITH THEIR APPLICATION BY LOGARITHMS. 

(474) 1. When one side of a spherical triangle is 90°, or a 
quadrant, it is called a quadrantal triangle. 

2. If two sides of a quadrantal triangle be each 90°, the 
triangle will be isosceles, each of the angles at the base will 
be 90°, and the base itself will be the measure of the vertical 
angle. If the three sides be each 90°, the three angles will 
be each 90°. 

3. A quadrantal spherical triangle may be changed into a 
right-angled spherical triangle, and the contrary (306). 

Q 2 
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RULE I. 

(475) Subtract the angle opposite to the quadrantal side 
from 180°, and call the remainder the hypothenuse of a new 
triangle. The angle opposite to the quadrantal C 
side must then be considered as a right angle, and A 
the two remaining angles must be represented by / \ 
the sides of the quadrantal triangle which are op- / Jp 
posite to them. // I 

The sides and angles of the right-angled sphe- A \* \'D 

rical triangle, will represent the angles and sides \ / 
of the quadrantal triangle. «g 

Thus in the annexed figure, where ac is supposed to be a 
quadrant, the triangle abc may be considered as a right-angled 
triangle, whose hypothenuse ac = 180°— Z.B, the base ab= 
Lc; and the perpendicular BC=theZ.A; et contra. 

RULE II. 

(476) 1. In the triangle abc, if one of the sides ac be a 
quadrant, and another side bc less than a quadrant 

Produce the side bc till it becomes a quadrant, and adb 
will be a right-angled triangle ; wherein ad is the measure 
of the angle c, db is the complement of bc, and ab is the 
hypothenuse. 

2. In the triangle aec, where one of the sides ac is a qua- 
drant, and another side ce greater than a quadrant. 

Subtract 90° from ce, and the remainder will be the side de 
of the right-angled triangle ade ; ae is the hypothenuse, and 
ad is the measure of the angle c. 

The same reasoning will apply whether ab and ae be less or 
greater than quadrants, for in either case adb and ade will be 
right-angled triangles. 

(477) Case I. Given a quadrantal side, its adjacent and op- 
posite angle, to find the rest 

{The quadrantal side ac= 90° 0' "| Required the 
Its adjacent Z.c= 42 12 J» sides ab, bc 

Its opposite Z.b= 115 20 J and the L a. 

by rule ii. (476) 

Because ac and cd are quadrants, the angles (V 

cad and cda are each of them a right angle V\ 

(474), and ad is the measure of the angle c. \ \ 

The angles abc and abd, being supplements f \b 

to each otner, may be considered as the same I Tfc, 

angle, since they have the same sine, tangent, J^ JD 

&c. A 
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1. To find ab, by Case XII. right-angled spherics. 

sin abd : sin AD=zsinZ_c::rad : sin ab. 
Here ab is acute =48°. 

2. To find bd and hence bc, by Case X. right-angled spherics. 

rad : cot abd : : tan ad =tan L c : sin bd. 
Here bd is acute =25° 25', and its complement =bc= 64° 35'. 

3. To find the L bad, by Case XL right-angled spherics. 
cos ad=cosZ.c : rad : : cos abd=cos 64° 40' ; sin bad. 

Here bad is acute =35° 17', and its complement =b ac =54° 43'. 

BY rule i. (475) 
Here the supplement of the angle b = 
64° 40', must represent the hypotnenuse 
ac, the quadrantal side ac = the right angle 
b. The angles c and a must represent the 
sides ab and bc 9 and the sides bc and ab 
must represent the angles a and c. 

1. To find theLc, in the triangle abc, by Case V. right- 
angled spherics* 

sin oc=sin suppt L b : rad : : sin abzzsinL c : sin L c=sin ab. 
Here theZ.c or ab is acute =48°. 

2. To find the La, * n the triangle abc, by Case IV. right- 
angled spherics. 

rad : cot ac=cot suppt L b : : tan abzz tan L c : cos L a=cos bc. 
HereZ.0 or bc— 64° 35', acute. 

3. To find bc> in the triangle abc, by Case VI. right-angled 
spherics. 

cosa£=cosZ-C : rad :: cos ac= cos suppt Z.B : cosfc=cosZ- A. 

Here bc is acute =54° 43'= L a. 

by construction. (Plate V. Fig. 13*) 

1. With the chord of 60 degrees describe the primitive 
circle ; and through the centre p draw aPD, and eve at right 
angles to it 

2. Set one foot of your compasses on 90 degrees on the line 
of semi-tangents, extend the other towards toe beginning of 
the scale, till the degrees between them be equal to the angle 
c=42° 12', and apply this extent from d to A. 

3. Through the three points CAe draw a great circle, then 
ac will represent the quadrantal side. 

4. With the tangent of the complement of the angle b, and 
centre c, describe an arc ; with the secant of the complement 
of the same angle, and centre a, cross it in a : with o as a 
centre, and radius 0A, describe the great circle BA&. Then 
abc is the triangle required. 

Q 3 
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V, 



To measure the required parts. 

The sides ab and bc (376) wiU be 48° and 64° 35', 

and the angle a=54° 43' (379). 

Note. The right-angled spherical triangle abc (Plate V. 

fig. 14.) into which the quadrantal triangle abc is transformed, 

may be constructed and measured exactly in the same manner 

as Case IV. of right-anded spherical triangles was constructed 

and measured. See Plate V. fig. 9. 

(478) Case II. Given a quadrantal side> and the other two 
sides 9 to find the rest 

{The quadrantal side ac= 90° O'fl Required the 
The side ab =115 9}- angles a, b, 

The side bc =113 18 J and c. 

by rule ii. (476) 
Make cd=ac, then cad, cda, and adb 
are each of them a right angle, and ad 
measures the angle c (474) ; hence, if we 
take 90° from bc we get 23° 18'=bd; 
and adb is a right-angled triangle. 

1. To find the L*, by Case IV. right-angled^spherics. 
rad : cot ab : : tan bd : cosZ.b=78° 2C. 
ButZ.B is obtuse (453), and therefore =101° 40'. 

2. To find ad, by Case VI. right-angled spherics. 
cos bd : rad : : cos ab : cos ad=62° 26'. 

But ad is obtuse (453), and therefore =117° 34'= Z_c. 

3. To find theL dab, by Case V. right-angled spherics. 
sin ab : rad : : sin bd : sin L dab=25 55'. 
Here L dab is acute (453), and =25° 55'. 
.-.Z.cab=dab + cad=25° 55' + 90°=115° 55'. 

BY RULE I. (475) 

Here the quadrantal side ac must 
represent the right angle b ; ab the 
Lc\ and bc theZ.«; ac the supple- 
ment of theZ.B, ab theZ-C, and bc 
theZ-A. 





f This example was formed from Example 2. Case VI. of right-angled 
spherics. The L b was made equal to the supplement of the hypothenuse, the 
two sides ab and bc were made equal to the angles of the right-angled triangle ; 
and hence the legs of the right-angled triangle become angles in the quadrantal 
triangle. In a similar manner the other examples were made. 



Digitized by 



Google 



Chap. VII. spherical triangles. 231 

1. To find the hypoth, ac, by Case XVI. right-angled spherics. 
rad : cot Z. a = cot bc : : cot£c=cot ab : cos ac=suppt«Z.B 

=78° 20>. 

Here ac or supptZ.B is acute (457) ; therefore Lb is ob- 
tuse = 101° 4CK. 

2. To find ab, by Case XV. right-angled spherics. 
sinZ.a=ain bc : rad::cosZ.c=cos ab : cos ai=cosZ.c= 

62° 26'. 

Here ai= L c is obtuse (457), and therefore^ 117° 34'. 

3. To find be, by Case XV. right-angled spherics. 

sinZ.c = sinAB : rad: :cosZ.a = cos Be :coe fc = cosZ.A = 
64° y. 

Here fc=Z.A is obtuse (457), and therefore =115° 55'. 

If the two preceding cases be thoroughly understood, there 
can be no difficulty in solving those which follow; for which 
reason they are riven as practical exercises. 

(479) Case ill. Given a quadrantal side, and Us two ad" 
iacent angles, to find the rest. 

{The quadrantal side ac=90° 0* 1 «,.„ . An _ 
The angle a =54 43 I "W - AB > ** 

The anile c=42 12 J *" d ^ an « le * 

Answer. ab=48°, bc=64° 35', and the angle B=115° 20'. 

(480) Case IV. Given a quadrantal side, one of the other 
sides, and the angle comprehended between them, to find the rest. 

(The quadrantal side ac= 90° (K 1 Required bc, 
The side ab = U5 9 > and the an- 

The angle cab =115 55 J glesBandc 

Answer. bc=113° 18', the angle b = I01°40', c=117°34'. 

(481) Case V. Given a quadrantal side, its adjacent angle, 
and a side opposite to that angle, to find the rest. 

{The quadrantal side ac=90° (K 1 Required bc, 
Its adjacent angle c=42 12 J- and the an- 

And the opposite side ab ~ 48 J gles a and b. 
Answer. bc=64°35', the angleA=54°43',andB = 115 o 20'. 
But the required parts are ambiguous, and therefore are 
either acute or obtuse. 

(482) Case VI. Given the quadrantal side, one of the other 
sides, and an angle opposite to the quadrantal side, to find the 
rest. 

{The quadrantal side ac= 90° (K 1 Required bc, 
The side ab =115 9 | and the an- 

The angle b =101 40 J gles a and c 

Answer. bc = 113° IS', the angle a = 115° 55', and c = 
117° 34'. 

Q 4 
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CHAP. VIII 

III. PRACTICAL RULES FOR 80LVINO ALL THE CASES OF 
OBLIQUE-ANGLED SPHERICAL TRIANGLES, WITH A PERPEN- 
DICULAR ; AND THEIR APPLICATION BY LOGARITHMS. 

RULE I. 

(483) The rule Prop. xxv. (392) will solve ten cases ; see 
also the rules in Scholium, art (408). 

RULE II. 

(484) When the three sides are given, to find the angles. 
Any one of the three sides may be called the base. Then, 

The tangent of half the base, 
Is to the tangent of half the sum of the sides, 
As the tangent of half the difference between the sides, 
Is to the tangent of the distance of a perpendicular from 
the middle of the base (411). 

According as this distance is less or greater than half the 
base, the perpendicular falls within or without the triangle. 
When the sum of the two sides is less than 180°, the perpen- 
dicular falls nearest to the less side, when greater than 180° 
it falls nearest to the greater side; consequently the greater 
segment is joined to the greater side in the former case, and 
to the less side in the latter. The sum of half the base, 
and the fourth term found by the above proportion, gives the 
greater segment, their difference gives the less. 

The triangle being thus divided into two right-angled tri- 
angles, the remaining parts must be found by the proper rules. 

RULE III. 

(485) When the three angles are given, to find the sides. 
The cotangent of half the sum of the angles at the base, 
Is to the tangent of half their difference, 

As the tangent of half the vertical angle, 

Is to the tangent of the excess of the greater of the two 
vertical angles (formed by a perpendicular), above half the 
aforesaid vertical angle (413). 

If the sum of the base angles be less than 180°, the per- 
pendicular and the less segment are nearest the greater base 
angle, if greater than 180° they are nearest the less base angle. 
The sum and difference of this fourth term, and half the ver- 
tical angle, gives the greater and less vertical angle formed by 
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the perpendicular. The triangle being thus divided into two 
right-angled triangles, the remaining parts must be found by 
the preceding rules. 

(486) Case L Given two sides, and an angle opposite to one 
of them, to find an angle opposite to the other. 

(The side ac =80° 19' ] 
The side bc=63 50 \ Required the Z.B. 
The £a=51 30 J 

DETERMINATION OF THE SPECIES. 

A perpendicular in this case is 4. C. t\ 

unnecessary. C \ 7\ / 

If ac+bc, a+(b acute), and /\\\ / s. 
a+(b obtuse), be each of the same / \ \a£s. J>>k 
species with respect to 180°, b is ^ iT-^p, ^^" - ^ x *^ 
ambiguous: — But if only two of 

these sums be of the same species, that value of b must uni- 
versally be taken which agrees with the sum of the sides ; in 
all such cases b is not ambiguous (319). 

SOLUTION. 

sin bc : sin Ac::sinZ-A : sinZ-B=59° 16'. 
Here b is ambiguous =59° 16' or 120° 44'. 

by CASEf I. page 201. 
Log sin B=log sin A+log sin b—log sin a. 
HereZ.B is ambiguous =59° 16' or 120° 44', vide Table I. 
page20a 

EXAMPLE II. 

(The side ac = 57°30 / l 
The side bc=115 20 \ Required the Z.B. 
The Za = 126 37 J 
Answer. TheZ.B=48° 30', not ambiguous. 

(487) Case II. Given two sides, and an angle opposite to one 
of them, to find the angle contained between these sides. 

(ThesideAC=80°19'l 
The side bc=63 50 \ Required the L c. 
The Z.A=5l 30 J 

DETERMINATION OF THE SPECIES. 

1. If ac and the L a be of j q 

the same species, the Z.acd is q \ A" ; D 

acute. The perpendicular cd /Sk \ /°\c 

is of the same species as the / \ ^V \L ^^.-' 

La. If bc and dc be of the k~— -^j-AA> --^B 

same species, theZ. bcd is acute. ^ ** 

t In using the Formula, the three angles of the triangle are represented by a, 
a. c, and their opposite sides by a, b, c. The perpendicular is not regarded. 
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2. If the L bcd be less than the L acd, and their sum less 
than 160°, then the L acb is ambiguous; but if their sum be 
not less than 180°, their difference is the true value of the 
L acb, not ambiguous. 

If the L bcd be not less than the L acd, and at the same time 
their sum be less than 180°, this sum is the true value of the 
L acb, not ambiguous. 

SOLUTION. 

1. In the triangle adc, find the L acd. # 
Thus rad x cos Ac=cot L a x cot L acd. 

Hence cot L a : rad : : cos ac : cot acd=78° 4' acute. 

2. In the triangle cdb, radx cos bcd = ton dc x cot bc. 
In the triangle adc, radx cos acd = ton dc x cot ac 

'Hence cot ac : cot bc : : cos acd : cos bcd =53° 28' acute. 
Because the L bcd is less than the L acd, and Z bcd + /.acd 
less than 180°, the Z.ACB is ambiguous; viz.L acb= L acd-H 
Z.bcd=131° 32*, or L acb= L acd— Z.bcd=24° 36'. 

by case ii. page 201. 

Log tan <p=% cos b+log tan a— 10; hence f =11° 56' 
acute. 

Log sin (p+c) =iy tan b + log sin f — iy tan a= 
+9-77481, 
from which we have f +c=36° S2 7 or 143° 28'. 

Then Lc=(f + c)-<p=24°36' or 131° 32'. 

This example is ambiguous, vide Table I. page 208. 

EXAMPLE II. 

f The side ac= 57° 30 7 I 
The side bc= 1 15 20 V Required the L c. 
The Za=126 37 J 
Answer. Z.acd=125° 52' obtuse, Z.bcd=64° 11' acute, 
and L acb=:61° 41' not ambiguous. 

(488) Case III. Given two sides, and an angle opposite to one 
of them, to find the other side. 

f The side ac=80° W] 
Given \ The side bc=63 50 > Required the side ab. 

I The Aa=51 30 J 

DETERMINATION OF THE SPECIES. 

1. The segment ad is acute c 

or obtuse, according as the /TV #.....£ p 

L a is of the same, or of dif- jr \ \ \ A^""* j 

ferent species with ac. dc is £ °^si \/ x. / 

of the same species with the ^vo_^>b 
La. 
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db b aciite or obtuse, according as bc is of the same, or of 
different species with dc. 

2. If db be less than ad, and their sum less than 180°, then 
ab is ambiguous ; but if their sum be not less than 180°, their 
difference is the true value of ab, not ambiguous. 

If db be no* less than ad, and at the same time their sum 
be less than 180°, this sum is the true value of ab, not am- 
biguous. 

solution. 

1. In the triangle adc, find the side ad. # 
Thus rad x cos L a = cot ac X tan ad. 

.•• cot ac : rad : : cos L a : tan ad =74° 40' acute. # 

2. In the triangle cdb, rad x cos bc = cos dc x cos db. 
In the triangle adc, rad x cos ac=co$ dc x cos ad. 

Hence, cos ac : cos bc : : cos ad : cos db=46° 6' acute. 

Because db is less than ad, and ad + db less than 180°, ab 
is ambiguous; viz. ab=ad + db=120° 46', or ab=ad— db = 
28° 34'. 

by case in. page 202. 

Log tan f —log cos a + log tan J— 10 ; hence f =74°40 / . 

Log cos (c— p)=log cos a+log cos p— log cos ft= 4 9*84091, 
so that c— p =±46° 6'. 
.•.c=(c-f) + f=±46 o 6 , + 74°40 , = 120 o 46 / or28°34'=AB. 

This example is ambiguous, vide Table I. page 208. 

EXAMPLE II. 

{The side ac = 57° 80'] 
The side bc=115 20 > Required the side ab. 
The Z.a = 126 37 J 
Answer, ad =136° 53' obtuse, db =54° 27' acute, and ab= 
ad— db=82° £6' not ambiguous. 

(489) Case IV. Given two angles, and a side opposite to one 
oj them, to find the other opposite side. 

{The La=51°W] 
The Z_B=59 16 V Required the side ac. 
The side bc=63 50 J 

DETERMINATION of the species. 

A perpendicular in this case c 
is unnecessary. ^/^X, * c d 

1. If bc + (ac acute), bc 4- f \ \ r— •ysr' ~. 

(ac obtuse) and a + b, be each £ fr*^ \ / N^ 

of the same species, with re- B ^>- ^>'" 

spect to 180°, ac is ambiguous; D 

but, if only two of these sums be of the same kind, that value 
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of ac must universally be taken which agrees with the sum of 
the angles ; in all such cases ac is not ambiguous. 

SOLUTION. 

sinZ.A : sin bc : : sin Z.B : sin ac=80° 19 7 . 
Because bc+(ac acute),Bc+ (ac obtuse) and a+b, are each 
less than 180°, ac is ambiguous, being either 80° 19" or 
99° 41'. 

by case iv. page 202. 

Log sin bz=log sin b + % sin a— log sin a. 
Here b is ambiguous =80° 19' or 99° 41', vide Table II. 
page 20a 

EXAMPLE II. 

)The Z.a=126°37'1 
The Z.B= 48 30 J- Required the side ac 
The side bc=115 20 J 
Answer. ac=57° 30' acute, and not ambiguous. 
(490) Case V. Given two angles, and a side opposite to one of 
them, to find the side adjacent to these angles. 
fThe Z.a=51°30'1 
Given*! The £b=59 16 V Required the side ab, 
[The sideBC=63 50 J 

DETERMINATION OF THE SPECIES. 

1. dc is of the same species c a c P 

as the L a. /"^X \ /*V 

The species of ad cannot be /^_^\ \ / *v 
determined. A li ^^ B i«^_ -i 2> > B 

PB is acute, or obtuse, accord- 
ing as bc and dc are of the same, or of different species. 

2. When the angles a and b are of the same species ; if db + 
(ad acute), and db+(ad obtuse), be each less than 180°, ab is 
ambiguous ; but if only one of these sums be less than 180°, that 
sum is the true value of ab, not ambiguous. 

When the angles a and b are of different species ; if both ad 
acute, and ad obtuse, be greater than db, then ab is ambiguous ; 
but if only one of them be greater, that value diminished by db 
leaves ab not ambiguous. 

SOLUTION. 

1. In the triangle bdc, find the segment db. 

# 
Thus rad x cosZ. B=cot bc x tan db. 
.•. cot bc : rad : : cos Z.B : tan db=46° 8' acute. 

* 

2. In the triangle adc, rad x sin AD=cot L a x tan DC 
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In the triangle bdc, radx sin DB=cot Z.B x tan dc; 
.•. cot L b : cotZ. a: : sin db : sin ad=74° 42' or 105° 18\ 
Because a and b are of the same species, and db + (ad acute), 
db+(ad obtuse), are each less than 180°, ab is ambiguous, viz. 
ab=:ad + db=120° 50 7 or 151° 26'. 

by case v. page 202. 
Zdy tan $=log cos B + &y tan a— 10; hence f =46° 8'. 
icy sin (c— p) =foy sin <p+log tan b— % tan a= +9*98434; 
hence c-p=74° 42' or 105° 18'. 

.-. c=(c-<p)+<p = 120° 50' or 151* 26'=ab. 

This example is ambiguous, vide Table II. page 208. 

EXAMPLE II. 

{The £a=126°37'1 
The Z-B= 48 30 [ Required the side ab. 
The side bc= 115 20 J 
Answer. db=54° 27' acute, ad =43° T or 136° 53', and 

ab=82° 26' not ambiguous. 

(491) Case VI. Given two angles, and a side opposite to one 
of them, to find the third angle. 

{The Z_a=51°30 , 1 
The Z-B=59 16 \ Required the angle c. 
The side bc =63 50 J 

DETERMINATION OF THE SPECIES. 

1. dc is of the same species c 

as the L a. /T\c * a ^ 

The species of the Z.acd / \ \ \ /\ / 

cannot be determined. j^ lh*v^ \/ %. / 

The L bcd is acute, or ob- 3 ^^-^^S^B 

ruse, according as the side bc 

is of the same, or of different species with dc. 

2. When the angles a and b are of the same species ; if bcd 
+ (acd acute), and bcd -j- (acp obtuse), be each less than 180°, 
acb is ambiguous ; but if only one of these sums be less than 
180°, that sum is the true value of acb, not ambiguous. 

When the angles a and b are of different species ; if both acd 
acute, and acd obtuse, be greater than bcd, then acb is ambi- 
guous; but if only one of them be greater, that value diminished 
by bcd leaves acb not ambiguous. 

SOLUTION. 

1. In the triangle bdc, find the L bcd. # 
Thus rad x cos bc = cot L b x cot bcd ; 
•\ cot L b : rad : : cos bc : cot bcd =53° 26' acute. 
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2. In the triangle adc, rod x cob L a =«w dc x sin acd. 
In the triangle bdc, rad x cos L b=co» dc x sin bcd. 
Hence cos Z.B : cosZ. a: :sin bcd : sin acd=78° 3' or 101° W. 

Because a and b are of the same species, and bcd + (acd 
acute), bcd + (acd obtuse), are each less than 180° ; acb is am- 
bigwms=131° 29> or 155° 23^ 

by case vi. page 203. 

Log cot f=log cos a + % tan b— 10; hence f =53° 26*. 
X^sin (c— f)=&ycos A+foy sin p—&y cos b= +9*99049; 
hence c-f =78° 3' or 101° 57'. 

.-.£ c=(c-p ) +p =131° 29' or 101° 57'. 

This example is ambiguous, vide Table II. page 208. 

EXAMPLE II. 

IThe Za = 126°37 / 1 
The Z.b= 48 30 I Required the L c. 
The sideBc=115 20 J 
Answer. The L bcd =64° 11' acute, the Z- acd =54° 8' or 
125° 52* ambiguous, and the L acb =61° 4L' not ambiguous. 

(492) Case VII. Given fcoo tide* and an angle contained 
between them, tojind an opposite angle. 

{The side ac = 80° 19 7 ! 
The side ab = 120 47 \ Required the L b. 
The La= 51 30 J 

DETERMINATION of the species. 

1. ad is acute, or obtuse, ac- 
cording as ac is of the same, 
or of different species with the 

Z.A. 

A 

2. The L B is of the same, or of different species with the L A* 
according as ad is less, or greater than ab. 

solution. 

1. In the triangle adc, find ad. # 
Thus rad x cos L A=cot ac x tan ad. 

! .% cot ac : rad : : cos L a : tan ad=74° 40 / acute. 

Then ab— ad =46° 7' =db. # 

2. In the triangle bdc, rad x sin DB=tan dc x cot L B. 




In the triangle adc, radx sin ad = tan dc x cot L a. 
Hence, sin ad : sin db : : cot L A : cot Z-B=59° 16' acute. 
Because ad is less than ab, the L b is of the same species 
with the L a, and consequently it is acute. 
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by case vii. page 204. 
Log tan $=log cos A + log tan i— 10; hence f =74° 40*. 
Log cot B=log cot A+log sin (c~p) — sin p = + 9'77414; 
hence ZLb=59° 16'. 

EXAMPLE II. 

(The side ac = 57°30'1 
The side ab= 82 27 [ Required the Lb. 
The Aa = 126 37 J 
Answer, ad — 136° 53' obtuse, db=54° 26', and the Z_b= 
48° 31' acute. 

(493) Case VIII. Given two sides, and the angle contained 
between them, to find the third side. 

{The side ac= 80° 19' 1 
The side ab = 120 47 \ Required the side bc. 
The £a= 51 30 J 

DETERMINATION OF THE SPECIES. 

1. ad is acute or obtuse, ac- 4 .C „q 

cording as ac is of the same, <3 \ /\ ; 

or of different species with the / \\ % I \. ?' 

2. cd is of the same species as the L a ; therefore, according 
as the L a and da are of the same, or of different species, bc is 
acute or obtuse. 

SOLUTION. 

1. In the triangle adc, find ad. # 
Thus rad x cos L A=cot ac x tan ad. 

.•. cot ac : rad : : cos Z.A : tan ad =74° 40' acute. 

Then ab— ad =46° 7'=db acute. 

♦ 

2. In the triangle bdc, rad X cos bc =r cos dc x cos db. 
In the triangle adc, rad x cos ac =cos dc X cos ad. 

Hence cos ad : cos db : : cos ac : cos bc=63° 50 7 acute. 
Because db and the L a are both acute, bc is acute. 

by case viii. page 204. 
Log tan <p=tog cos A+log tan c— 10; hence p=133° 44'. 
Log cos a —log cos c+log cos (b— <p) — cos <p = + 9*64466, 
and the corresponding are is 63° 51' =a or bc. 

example II. 

(The side ac = 57°30 / l 
The side AB=r 82 27 > Required the side bc. 
The Z.a=126 37 J 
Ansioer. ad=136° 53' obtuse, ad— ab=db=54° 26' acute, 
and bc = 1 1 5° 2 r obtuse. 
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(494) Case IX. Given two angles, and the side adjacent to 
both of them, to find a side opposite to one of the given angles, 

{The Z.a= 51° 30 7 ] 
The L acb = 131 30 \ Required the side bc 
The side ac= 80 19 J 

DETERMINATION OF THE SPECIES. 

1. The Z.acd is acute or ob- c 

tuse, according as the L a is of /^N^ $ © £ 

the same, or of different species / \ \ \ /\ 
with the side ac a" 5 — 4 \l >v 



2. The Z a is of the same species as cd ; therefore accord- 
ing as the L a and the Z.bcd are of the same, or of different 
species, bc is acute or obtuse. 

SOLUTION. 

1. In the triangle adc, find the L acd. # 
Thus rad x cos AC=cot L a x cot L acd. 

.% cot L a : rad : : cos ac : cot acd=78° 4' acute, 
and L bcd = L acb — L acd =53° 26' acute. # 

2. In the triangle bdc, rad x cos bcd = tan dc x cot bc 
In the triangle adc, radx cos ACD=fon dc X cot ac. 

Hence cos L acd : cos L bcd : : cot ac : cot bc =63° 50' acute. 
Because theZ. a is of the same species as the L bcd, the side 
bc is acute. 

by case ix. page 205. 

Log cot f=log tan A+log cos ft— 10; hence p =78° 4'. 
Log cot az=log cot b+log cos (c— p) — log cos p= + 9-69164, 
and the corresponding arc is 63° 49* =a or bc 

example 11. 

fTheAA = 126°37'1 
TheZ. acb = 61 41 V Required the side bc 
The side ac = 57 30 J 
Answer. L acd = 125° 52' obtuse, L bcd = L acd — L acb = 
64° ll 7 acute, and the side bc = 115° 20* obtuse. 

(495) Case X. Given two angles, and the sides adjacent to 
both of them, to find the other angle, 

fTheZLA = 51°30'1 
TheZ. acb =131 30 \ Required the angle b. 
The side ac= 80 19 J 
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DETERMINATION OF THE 8PECIE8. 

1- The Z-Acd is acute or ob- <£ C J) 

tuse, according as the L a is of J2 \ JK 
the same, or of different species j<\\\ f \. 
with the side ac. /^ \ \ %% jc &>-' 

\. B^*^ — ^ B 

2. The angles a and b are of the same, or of different species, 
according as theZ. acd is less or greater than the / acb. 

solution. 

1. In the triangle adc, find the Z acd. # 
Thus rad x cos AC=cot L a X cot L acd. 

.•• cot Z a : rad : : cos ac ; cot Z. acd=78° 4' acute, 
and Z.bcd=Z- acb— Z acd =53° 26' acute. 

2. In the triangle bdc, radx cos b=cos dc x sin bcd. 
In the triangle adc, radx cos a=co$ dc x sin acd. 

Hence sin Z acd : sin Z bcd : : cos L a : cosZ.B=59 16' acute. 
Because the L acd is less than the L acb, the Z. b is of the 
same species as the Z a, viz. acute. 

by case x. page 205* 

Log cot $—log tan A + fojr cos J— 10; hence 0=78° 4'. 
Zo0F cos Bz=Iog cos A+log sin (c—$)—log sin p = +9*70844, 
and the corresponding arc is 59° 16'= L b. 

example II. 

{The <La=126°37'1 
The Zacb= 61 41 \ Required the Z.B. 
The side ac= 57 30 J 
Answer. The L acd = 125° 52' obtuse, Z bcd = Z acd— 
L acb =64° 11' acute, and Z.B =48° 30 7 acute. 
(496) Case XI. Given the three sides, to find the angles. 



[The side ab- 1 ™ ^ I a,b, anac. 



The sum of the sides ac and bc being less than 180°, the 
perpendicular falls nearest to the less side bc ; therefore if it 
tails without the triangle, the rule determines ed in fig. 2. 
tan Jab = tan 60° 2^ 30" = - 10-24544 

: tan £ (AC+Bc)=tan 72 4 30 = - 10-49016 
::tan \ (AC-Bc)=tan 8 14 30 = - 9-16090 
: tan ed =tan 14 16 35 = - 9-40562 
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Here ed is less than half die 
base, therefore the perpendi- 
cular falls within the triangle, 
and consequently the angles a 
and b are acute. \ ** ** B" g. 

The segment ad = |ab + ed=74° 40', and db=46° 7'. 
In the triangle adc, the segment ad and the hypothenuse 
ac are given to find the L a =51° 31', and the/. acd =78° 3'. 
In the triangle bdc, the segment bd and the hypothenuse 
bc are given to find the£B=59° 17', and theZ-BCD=53°25'. 
Lastly, L acb= L acd + L bcd = 131° 28'. 

Or thus, Let bc be considered as the base. 
Then the sum of the sides ab and ac being greater than 
] 80°, the perpendiculai falls nearest to the greater side ab ; 
therefore, if it falls without the triangle, the rule determines 
Ed in fig. 2. 

tan £ bc =tan 31° 55' 

: tan £ (ab + ac) =tan 100 33 
:: tan £ (ab— Ac)=tan 20 
: tan ed or Ed =tan 72 



Here the fourth propor- 
tional is greater than half 
the base, therefore the per- 
pendicular falls without the 
triangle. 



14 
32 
A 



9-79438 
10-72992 

9-56654 
10-50208 



The segment <fe=Erf— \ bc=40 < 




segment bd = 



bc + supplement of Ed= 139° 23'. 
In the triangle a^b, or adb, theZLBinay be found =59° 17'. 
And in the triangle acd, or Acd, the L c may be found= 131° 28'. 



EXAMPLE II. 

f The side ac= 57° 30' 1 ReQu[red Ae mff]es 
Given \ The side bc=115 20 I ^equn^d the angles 

[The side ab= 82 28 J A ^ B ' 

Answer. L a = 126° 36', and Lb =48° 32'. 

(497) Case XII. Given the three angles to find the sides. 

Given I Thet b= S° M 1 ^^^ ** sides AC > 
[TheZc = 131 30 J BC > and AB * 

Let the angles a and b, which are of the same species, be 
considered as base angles, then the perpendicular will fall 
within the triangle. 
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And since the 'sum of the two angles a and b is less than 
180°, the sum of the sides ac and bc is less than 180°, there- 
fore the perpendicular falls nearest to b, the greater angle, 
cot £ (a + b) n cot 55° 23' = - 9-83903 
: tan | (b— A)=tan 3 53 = - 8*83175 
: : tan £ L ACB=tan 65 45 = - 10*34634 
: tanZ-ECD =tan 12 19 = - 9*33906 
ThenZ.ACD=|Z. acb+ £ecd=78° 4', 
andZ-BCD=^ZlACB— Z.ecd=53° 26'. 

In the triangle adc, theZ- a and theZ. acd are given, to find 
ac=80° W, and ad =74° 41'- 

In the triangle bdc, the Z. b and the L bcd are given, to find 
bc=63° 50', and db=46° 7'. 

Lastly, ab=ad + db = 120° 48'. 

Or thus, Let bc be considered as the base. 

The base angles being here of different species, the perpen- 
dicular fells without the triangle. 

And because the sum of the two angles b and c is greater 
than 180°, the perpendicular falls nearest to the less angle b, 
or greatest side ab, consequently the rule determines the 
Z.eaiZ» 

cot£(B+c) =cot95°23 f = 8-97421 d ^ j> 

: tan£ (c— B) = tan 36 7 = 9-86312 \ ,t, " ,,, ** ,,, "^r / 

: : tan £Z_BAC=tan 25 45 = 9*68336 \^**/l 
: tan L ea<* =tan 75 1 = 10*57227 H%Z / f / 



Then L CAd=. \ L bac + L e nd = 100° 46'; and hence the 
L cad, being the supplement, =79° 14' and L bad = 130° 44'. 

In the triangle Adc, or adc, the side ac will be found = 
80° 19', and the side dc or dc may likewise be found. 

In the triangle a<£b, or adb, the side ab will be found = 
120° 48', and the side dB 9 or db, may likewise be found. 

Lastly, 180°— (dc + Jb), or dc— dB, or db— dc = bc = 
63° 50'. 

EXAMPLE II. 

GiveJTte£B= 6rSl Re< P ,iredt *f side8AC ' BC ' 
(TheAc = 125 20 J aad AB ' 

Ameer. ac=83° &, bc=56° 42', and ab=114° 29*. 



n 2 
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CHAP. IX. 

IV. PRACTICAL RULE8 FOR SOLVING ALL THE DIFFERENT 
CASES OF OBLIQUE-ANGLED SPHERICAL TRIANGLES, WITH- 
OUT A PERPENDICULAR, WITH THEIR APPLICATION BY 
LOGARITHMS. 

CASE I. 

(498) When two sides and an angle opposite to one of 
them are given, to find the rest. 

RULE. 

1. To find the other opposite angle. 
Sine of the side opposite to the given angle, 
Is to sine of the given angle, 
As sine of the other given side, 
Is to sine of its opposite angle. 
To the angle found by this proportion, and its supplement, 
add the given angle. Then, if each of these sums be of the 
same species with respect to 180°, as the sum of the given 
sides, the problem is ambiguous ; that is, the angle thus found 
may be either acute or obtuse. 

But, if only one of these sums be of the same species with 
the sum of the sides, that value of the angle, found by this 
proportion, must be taken, whether it be acute or obtuse, 
which, when added to the given angle, agrees with the sum of 
the sides. In this case the problem is not ambiguous. 
2. To find the angle contained between the given sides. 
Find the angle opposite to the other given side, by the first 
part of the rule, and note whether it be acute, or obtuse, or 
ambiguous. 

Then sine of half the difference between the two given 
sides, 
Is to sine of half their sum, 

As tangent of half the difference between their op- 
posite angles, 
Is to cotangent of half the angle * contained between 
the given sides (428). 

* Since a side, or an angle, of any spherical triangle is always less than 180°, 
the half of any side or angle must always be acute. The ambiguity therefore 
ascribed to Case I. and II. arises from the first proportion in each case; if the 
angle, or side, found by these proportions be ambiguous, the remaining parts of 
the triangle will necessarily be ambiguous ; but if the angle, or side, found by 
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a To find tike third side. 

Find the angle opposite to the other given side, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, sine of half the difference between the two angles, 
Is to sine of half their sum, 
As tangent of half the difference between the two 

given sides, 
Is to tangent of half the required side (429). 

CASE II. 

(499) When two angles of an oblique-angled spherical tri- 
angle, and a side opposite to one of them are given, to find 
the rest 

RULE. 

1. To find the other opposite side. 

Sine of the angle opposite to the given side, 
Is to sine of the given side, 
As the sine of the other given angle, 
. Is to the sine of its opposite side. 
To the side found by this proportion, and its supplement, 
add the given side. Then if each of these sums be of the 
same species with respect to 180°, as the sum of the given 
angles, the problem is ambiguous ; that is, the side thus round 
may be either acute or obtuse. 

But, if only one of these sums be of the same species as the 
sum of the given angles, that value of the side, found by this 
proportion, must be taken, which when added to the given side 
agrees with the sum of the angles. In this case the problem 
is not ambiguous. 

2. To find the side adjacent to the two given angles. 

Find the side opposite to the other given angle, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, sine of half the difference between the two given 
angles, 
: Is to sine of half their sum, 

these proportions be determinate, the remaining parts of the triangle will also be 
determinate. 

The ambiguous parts derived from the first proportion, in Case I. or II. are 
always supplements of each other ; but the remaining parts of the triangle, when 
ambiguous, are not supplements of each other, as is obvious both from the con- 
structions and calculations following 

R 3 
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As tangent of half the difference between the two 

sides, 
Is to tangent of half their side (429). 

3. To Jind the third angle. 
Find the side opposite to the other given angle, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, sine of half the difference between the two sides 
containing the required angle, 
Is to sine of half their sum, 
As tangent of half the difference between the other 

two angles, 
Is to cotangent of half the required angle (428). 

CASE III. 

(500) When two sides and the included angle, of an oblique- 
angled spherical triangle, are given, to find the rest. 

RULE. 

1. Tojmd the other two angles. 

Cosine of half the sum of the two given sides, 
Is to cosine of half their difference, 
As cotangent of half the included angle, 
Is to tangent of half the sum of the other two angles, 
Half the sum of these two angles must be of the same 
species as half the sum of the given sides. 

Secondly. 

Sine of half the sum of the two given sides, 
Is to sine of half their difference, 
As cotangent of half the included angle, 
Is to tangent of half the difference between the other 
two angles (428). 
Half the difference between these angles is always acute. 

Lastly. 

Half the sum of the two angles increased by half their 
difference, gives the angle opposite to the greater side, and 
diminished by the samct leaves the angle opposite to the less 
side (113). 

2. To Jind the third side. 

Find the two required angles by the first part of die rule. 
Then, sine of half the difference between these angles, 
Is to sine of half their sum, 
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As tangent of half the difference between the given 

sides, 
Is to tangent of half the third side (429). 

or, without finding the other two angles. 
To the sum of the logarithmic sines of the given sides, add 
double the logarithmic sine of half the contained angle, and 
reject 40 from the index. Take the difference between twice 
the natural number corresponding to this logarithm, and the 
natural cosine of the difference between the given sides ; the 
remainder will be the natural cosine of the side required, 
which will be acute or obtuse, according as the double natural 
number is less or greater than the natural cosine of the dif- 
ference between the given sides (438). 

CASE IV 

(501) When two angles of an obliaue-angled spherical 
triangle, and the side adjacent to both ot them, are given, to 
find the rest. 

RULE. 

1. To find the oilier two sides. 

Cosine of half the sum of the two given angles, 
Is to cosine of half their difference, 
As tangent of half the adjacent side, 
Is to tangent of half the sum of the other two sides. 
Half the sum of these sides, must be of the same species as 
half the sum of the given angles. 

Secondly. 

Sine of half the sum of the two given angles, 
Is to sine of half their difference, 
As tangent of half the adjacent side, 
Is to tangent of half the difference between the other 
two sides (429). 
Half the difference between these sides is always acute. 

Lastly. 

Half the sum of the two sides increased by half their dif- 
ference, gives the side opposite to the greater angle, and 
diminished by the same, leaves the side opposite to the 
less (113). 

2. To find the third angle. 

Find the two required sides by the first part of the rule. 

r 4 
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Then, sine of half the difference between these sides, 
Is to sine of half their sum, 
As tangent of half the difference between the given 

angles, 
Is to cotangent of half the third angle (428). 

or, without finding the other two sides. 

To the sum of the logarithmic sines of the given angles, 
add double the logarithmic cosine of half the given side, and 
reject 40 from the index. Take the difference between twice 
the natural number corresponding to this logarithm, and the 
natural cosine of the difference between the given angles ; the 
remainder will be the natural cosine of the angle required. 
This angle is acute or obtuse, according as the double natural 
number is greater or less, than the cosine of the difference be- 
tween the given angles (439). 

CASE V. 

(502) When the three sides of an oblique-angled spherical 
triangle are given, to find the angles. 

RULE I. 

From half the sum of the three sides subtract the side 
opposite to the required angle, and note the half sum and 
remainder. Then add together, 

The logarithmic cosecants of each of the sides containing 
the required angle, rejecting the indices, and the sines of the 
above naif sum and remainder; half the sum of these four 
logarithms is the logarithmic cosine of half the angle sought 
(423). 

RULE II. 

Add all the three sides together, from the half sum subtract 
each side containing the required angle, and note the re- 
mainders. Then add together, 

The logarithmic cosecants of each of the sides containing 
the required angle, rejecting the indices, and the sines of the 
above-noted remainders ; half the sum of these four logarithms 
is the logarithmic sine of half the angle sought (422). 

RULE III. 

From half the sum of the three sides subtract each side sepa- 
rately. Then add together, 

The logarithmic cosecants of half the sum of the sides, and 
of the difference between that half sum and the side opposite 
to the angle required, rejecting the indices, and the logarith- 



Digitized by 



Google 



Chap. IX. spherics without a perpendicular. 249 

mic sines of the difference between the half sum and each 
side containing the required angle; half the sum of these 
four logarithms is the logarithmic tangent of half the angle 
sought (424). 

CASE VI. 

(503) When the three angles of an oblique-angled spherical 
triangle are given, to find the sides. 

RULE I. 

Add all the three angles together, take the difference be- 
tween the half sum and the angle opposite to the side sought, 
and note the half sum and remainder. Then add together, 

The logarithmic cosecants of each of the angles adjacent 
to the required side, rejecting the indices, and tne cosines of 
the above half sum and remainder; half the sum of these 
four logarithms is the logarithmic sine of half the side sought 
(425). 

RULE II. 

Take the supplements of each of the angles, and use the 
remainders as sides in a new triangle. 

Find the angles of this triangle, by any of the rules in 
Case V., the supplements of which will be the sides sought 
(304). 

(504) Case I. Given two sides of an oblique spherical tri- 
angle, and an angle opposite to one of them, to find the rest 

In the oblique spherical triangle abc. 

{The side ac =80° 19'] 
The side bc=63 50 > Required the rest. 
The /LA=51 30 J 

by construction. (Plate V. Fig. 15.) 

1. With the chord of 60 degrees describe the primitive 
circle ; through the centre p draw eve, and avr at right an- 
gles to it. 

2. Set off the side ac=80° 19' from c to a, by the scale of 
chords. 

3. Through a draw the great circle a&btz, making an angle 
of 51° 30' with the primitive (369). 

4. Set off the side bc=63° 50' by a scale of chords, from 
c to m, and draw the parallel circle mbBm (374). Through 
the points b, b, where it cuts the oblique circle A&Bn, and the 
point c, draw the great circles cbe, cne. 

5. Then a£c or abc is the triangle required, each having 
the same data, which shows this example to be ambiguous. 
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To measure the required parts. 

6. The side Ab (376)^28° 33>, and ab=120° 48'. 

7. The L ac* (379) =24° 37', andZ. acb=i 131° 29'; 
the£A&c = 120° 44', and the £ abc =59° 16'. 



BY CALCULATION. 

I. To find the Z.B. 



siniic «*63° 5C - 


9*95304 


: sin/ a « 51 SO • - 


9-89354 


: : sin ac = 80 19 


9-99377 


: sin /B-59 16 - - 


9*93427 


II. To find the L 


C. 


sm|(AC~Bc) =- 8° 14' 90" 


9*15639 


: sinJ(AC + »c)=*72 4 30 


9-97839 


: : tan J(a/w B )» 3 53 


8-83175 


: cot|Zc -65 44 44 
2 


9-65375 



131 29 28s /c 
Had the obtuse ralue of the / b been 
used, vis. 120° 44', the / c by the same 
method would have been 24° 37' 28". 



Because ac + bc, a + (b acute), and a + 
(b obtuse) are each of the same species 
with respect to 180°, the Z b is am- 
biguous (486), being==59° 16" or its 
supplement 120° 44'. 

III. To find the side ab. 

sin i (a ~b) = 8° 53' 0" 8-83075 
:sin|(A+B) =55 23 9*91538 
:;tan|(>c~Bc)* 8 14 30 9*16090 
: tan {ab =60 23 48 10*24553 

2 



120 47 S6 = ab. 
If the obtuse value of the / b had been 
used, the side ab by the same process 
would have been 28° 32 / 40". 



EXAMPLE II. 

In the oblique spherical triangle abc 

{The side ac = 57° 30'] 
The side bc=115 20 > Required the rest. 
The L a =126 37 J 

by construction. (Plate V. Fig. 16.) 

1. With the chord of 60° describe the primitive circle, 
through the centre p draw cp*, and avr at right angles to it 

2. Set off the side ac=57° 3C from c to a, by the scale of 
chords. 

3. Through a draw the great circle abji, making an angle 
of 126° 37' with the primitive (369). 

4. Set off the side bc= 115° 2C by a scale of chords, from 
c to m, and draw the parallel circle mBtn (374). Through 
the point b, where it cuts the oblique circle abji, and the 
point c, draw the great circle CBe. 

5. Then abc is the triangle required; and though it has 
similar data to the former example, none of the parts are 
ambiguous. 

To measure the required parts. 

6. The side ab (376) =82° 2C. 

7. TheZ.B (379) =48° 30*, and the Z_c=61° 41 . 
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BT CALCULATION. 

I. To find the Lb. 

sin bc a 1 1 5° 20' - - 9 '95609 If Because ac + bc, and a + (b acute) only, 

: sin Z a =» 126 37 - - 9*90452 are of the same species with respect to 

:: sin ac = 57 SO - - 9*92603 180°, the I B is acute, and net ambi- 

i sin ZB =48 30 - - 9*87446 guous (486). 



II. To find the Lc 

sinJ(Ac~Bc) =28° 55' 0" 9*68443 
: sin4(AC + Bc) =86 25 9*99915 
: : tan \ (a~b) =39 3 SO 9*90927 
: cot 4/c =30 50 2010*22399 

2 



61 40 40= Zc. 



III. To find the side kb. 

sinJ(A^B) «39° 3' 30" 9*79942 
:sui}(a + b) =87 33 30 9*99960 
:: tan { (ac ~bc)« 28 55 9*74226 
: tan \ ab =41 12 51 9*94244 

2 



82 25 42 = ab. 



PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

(The side ac = 40° W 0" [Z.B =31° 34' 27" 

The side bc= 70 Answer.} Zc=30 28 12 
The Z.a=130 3 11 [ ab=38 30 

Required the other parts. 

2. In the oblique spherical triangle abc 

(The side ac = 1 19° 5' f L b = 130° 56' 

The side bc= 79 13 Answer. \ Z.c= 50 12 
The Z.a= 58 8 [ ab= 62 42 

Required the other parts. 

3. In the oblique spherical triangle abc. 

(The side ac =30° (K f L b = 46° 1 & or 1 33° 42' 

ThesideBc-24 4 Ans.\ Z.c=104 or 11 23 
The £A=36 8 [ ab= 42 9 or 7 51 

Required the other parts. 

(505) Case II. Given two angles of an oblique spherical tri- 
angle, and a side opposite to one of them, to find the rest. 
In the oblique spherical triangle abc. 

{The £a=51°30 , "| 
The Z.b=59 16 V Required the rest 
The side bc =63 50 J 

by construction. (Plate V. Fig. 17.) 

1. With the chord of 60 degrees describe the primitive 
circle, through the centre p draw bpi, and dpe at right angles 
to it. 

2. Set one foot of your compasses on 90 degrees, on the line 
of semi-tangents, extend the other towards the beginning of 
the scale, till the degrees between them be equal to the angle 
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B=59° 16', and apply this extent from e ton (369); and 
through the three points Bne draw a great circle* 

3. Set off the side bc=63° 50* , taken from a scale of chords, 
from Btom, and draw the parallel circle mem (374), cutting 
the oblique circle, Bne in c. 

4. With the tangent of the angle a =51° SO 7 , and p as a 
centre, describe an arc; and with the secant of the same 
angle, and c as a centre, cross it in o. 

5. With the centre o, and radius oc, draw the great circle 
acA. Then abc is the triangle required. 

To measure the required parts. 

6. ab measured by a scale of chords will be 120° 47', or 
151° 27' ambiguous, 

7. ac will be 80° W, or 99° 41' (376) ambiguous. 

8. TheZ.c=131° 29', or 155° 22' (379) ambiguous. 



sin l a -51° SO' 
sin bc b63 50 
: sin/B =59 16 
sin ac a 80 19 

II. To find the side ab. 

shi$(a~b) =» S°5S' 0"8-8S075 
: sin \ (a + b) -55 28 9-91538 
trtanJCACrvBc)^ 8 14 SO 9*16090 
: tan £ ab « 60 23 48 1024553 

2 



BY CALCULATION. 

I. To Jind the side ac 

9-89354 

- 9-95504 
9 93427 

- 9-99377 



120 47 36-ab. 



If the obtuse value of ac (-99° 41') 
had been used, the side ab, by the 
same process, would have been = 
151° 27' 8". 



Because bc + (ac aeute) t BC + (ac obtuse), 
and a + b, are each of the same species, 
with respect to 180°, ac is ambiguous 
(489), being either 80° 19' or 99° 41'. 

III. To find the Lc. 

sin \ (ac~bc) a 8° 14' 30" 915639 

sin £ [ac + bc)«72 4 30 9-97839 

: tan J(a~b) = 3 53 8-83175 

cotjzc b 65 44 44 9*65375 



131 29 28-= /c. 



If the obtuse value of the side ac had 
been used, the / c, by the same method, 
would have been = 155° 22' 22". 



EXAMPLE II. 

In the oblique spherical triangle abc. 

{The £a=126°37'1 
The Z-B= 48 30 J- Required the rest 
The side bc= 115 20 J 

by construction. (Plate V. Fig. 18.) 

1. With the chord of 60 degrees describe the primitive 
circle, through the centre p draw bp<?, and dpe at right angles 
to it. 

2. Draw the great circle bc* making an angle of 48° 3(K 
with the primitive (369). 
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3. Set off the side bc=115° 2CK from b tow, and draw the 
parallel circle mem (374), cutting the oblique circle bci in c. 

4. With the tangent of the complement of the angle a= 
53° 23', and centre p, describe an arc ; and with the secant of 
the same angle and centre c, cross it in o. 

5. With the centre o, and radius oc, draw the great circles 
ac6, acb. Then abc is the triangle required ; and none of the 
parts are ambiguous. 

To measure the required parts. 

6. ab, measured by a scale of chords, =82° 26'. 

7. ac (376) =57° 30'. 

8. TheZc(379)=61°41'. 



tin/A 


« 126° 37' 




9-90452 


: sin bc 


= 115 20 - 


• 


9-95609 


: : sin / i 


« 48 SO 




9-87446 


: sin ac 


= 57 30 - 


- 


9-92603 


II. 


To find the side 


AB. 


siiii(A^B) " -39° S' SO" 9-79942 


:sinJ(A + B) -87 S3 


30 


9-99960 


::tanj( 


ac~bc)=28 55 





9-74226 


: tan J ab =41 13 



2 


9*94244 




82 26 


0: 


= AB. 



BY CALCULATION. 

I. To find the side ac 

Because bc + (ac acute), and a + b only, 
are of the same species with respect to 
180°, the side ac is acute, and not am- 
biguous (489). 

III. To find the Lc. 

shi|(ac~bc) * 28° 55' O" 9*68443 
: sinJ(AC + Bc)= s 86 25 9*99915 
: : tan$(A~B) = S9 3 30 9*90927 
: cotj/c « 30 50 21 10*22399 

2 



61 40 42« Zc. 





14 



4 
59 



PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc 

{The £a = 121°36'20" Tac =50° W 33" 

The Z.b= 42 15 13 Jns.\ ab =40 
The side bc= 76 35 36 [z.c=34 

Required the other parts. 

2. In the oblique spherical triangle abc 

f The/A -34° 14 59" Tag « £0°10' 27" or l'>9°49 / 33 / ' 
Given 1 The/B =42 15 13 An*.< ab « 76 35 42 or 167 b 54 
(_Thesidenc=40 4 [ Zc«121 36 24 or 168 43 34 

Required the other parts. 

3. In the oblique spherical triangle abc 

{The Z.a= 36° 8' f ac=30° 0' or 150° C 
The /_b=133 42^w$J ab= 7 51 or 137 51 
The side bc= 24 4 [ Z c = ll 23 or 76 

Required the other parts. 
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(506) Case III. Given two sides of an oblique spherical tri- 
angle, and the angle contained between them, to find the rest. 
{ The side ac= 80° W] 
The side ab=120 47 J- Required the rest. 
The Z.a= 51 30 J 

by construction (Plate V. Fig. 19.) 

1. With the chord of 60 degrees describe the primitive 
circle, through the centre p draw cp*, and avr at right angles 
to it. 

2. Set off the side ac*=80° 19* by a scale of chords, and 
through the point a, draw the great circle ABn, making an 
angle of 51° 30' with the primitive (369). 

3. Set off the supplement of ab=59° \& from n to m, and 
draw the parallel circle msm (374), cutting the oblique circle 
ABn in b. Through the three points c, b, e 9 draw a great 
circle, then abc is tne triangle required.* 

To measure the required parts. 

4. bc(376)=63°50 / . 

5. The angles b and c (379)=59° 16' and 131° 29 / . 

BY CALCULATION. 

I. To find the angles b and c. 

cosJ(ab + ac) »100°33' 0"9'26267 II sin £ (ab + ac) «I00°S3 / 0"9*99260 
:cos J(ab~ac)- 20 14 9*97234 : sin { (ab~ac)« 20 14 O 9*53888 
::cotJ/A -25 45 010*31664 :: cot JZa - 25 45 010*31664 
: tani(B + c) - 84 37 2311*02631 II : tan|(B~c) « 36 6 16 9*86292 

Because £ (ab + ac) is obtuse, £ (b + c) is obtuse, andzz 

95° 22* 37". 

Hence 95° 22' 37" + 36° 6' 16" = 131° 28' 53"= L c, 
and 95° V2f 37"-36° 6' 16'<=59° 16' 21 // = Z.B. 
II. To find bc 



1. By using the angles b and c. 
«ini(B~c) -36° 6' 16" 9*77031 
: sin \ (b + c) -=95 22 37 9*99808 
: : tanl(AB~Ac)«20 14 9*56654 
:tanjBC «31 54 45 9*79431 



63 49 30 sBC. 



2. Without the angles b and c. 

log sin ac •» 80° 19* - 9*99377 

log sin ab a 120 47 - 9*93405 

i • i , oe ac f 9*63794 

log sin i I a* 25 45 - {g.^s* 



("sum of I 
\nat no 



-1-20370 

•15984 

2 

•31968 
•76078 



naL cos(ab^ac)— 40°28 / 
nat cos bc«63° 49' 32'' diff. -441 10 
Here bc is acute. 



* A perpendicular may be drawn from the vertical angle c upon the base ab, 
by finding p the pole of the oblique circle ABn (368), and drawing a great circle 
cup, tli rough p and the point C (372). 
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PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

{The side ac = 57° 3W f Z.b = 48 q 30' 

The side ab= 82 27 Answer. \ Lc= 61 42 
The £a=126 37 [ bc=115 21 

Required the other parts. 

2 In the oblique spherical triangle abc. 

{The side ac=30° 0> f Z.b= 46° 18' 

The side ab =42 9 Answer. \ L c=104 
The Aa=36 8 [ bc= 24 4 

Required the other parts. 

3. In the oblique spherical triangle abc. 

{The side ac= 50° 10' 27" f Z.b=42° 15' 12" 

The side ab= 40 14 Ans.X L c=34 14 58 
The Z.a=:121 36 24 [ bc=76 35 36 

Required the other parts. 

(507) Case IV, Given two angles, and the side adjacent to 
both of them, to find the rest. 

{The Za= 51° 30^ 
The £c=131 30 \ Required the rest. 
The side ac= 80 19 J 

by construction. (Plate V. Fig. 20.) 

1. With the chord of 60 degrees describe the primitive 'circle, 
through the centre p draw eve, and avr at right angles to it. 

2. Set off the side ac=80° 19* by a scale of chords, and 
through the point a, draw the great circle abh, making an 
angle of 51° 30* with the primitive (369). In the same 
manner draw the great circle cue through c, making an angle 
bct =48° 30^ the supplement of c. Then abc is the triangle 
required.* 

To measure the required parts. 

3. ab and bc (376) -120° 48', and 63° 5(K. 

4. The ZB (379)= 59° 16'. 

BY CALCULATION. 

I. To find the sides ab and bc 



cos J (a + c) -g^SC O" 8*41792 
:oos)(a~c) *>40 O 9*88485 
: : tan J (ac) -40 9 SO 9*92625 
; tan|(AB + Bc)=87 41 1139258 



sinJ(A+c) =91°SO' 0" 9-99985 

:sin}(A~c) -=40 O 9*80807 

: : tan | ac «40 9 SO 9*92625 

tan $(ab~bc) = 28 29 9*73447 



Because £ (Z.A+ Z-c) is obtuse, £ (ab + bc) is obtuse and= 
92° 19>. 

Hence 92° 19'+28° 29 , = 120° 48'=ab. 
and 92° 19'-28° 29'= 63° 50 / =bc. 

* A perpendicular cd may be drawn, if required, by the note Case II 
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IL Tojindtke /.b. 

1 Bf mmmf the sides am mmd mc i] 2. Wtfkmmt ike sides am mmd mc 
mJ(ai~k^ «28 c 29' - 9-67843 log sin a = 51°30 (T- 9-89354 
:«n J(ab + *t) = 92 19 - 9*99964 log sin c =13130 - 9-87446 
::fniU~c)=40 O - 9-92381 ^^.^.^ 9 ^ f9-88325 
•«*,/• -29 38 - 10-24502 i"* C «I AC - «° 9 30 * 9 ^ 8325 
2 ,, 1 

{sumoflogs - . —1-53450 

nai. no. - • . . -S4237 

;i ! 

! -68474 

j f n*Lco»(A~c)*8ClP O* - -17365 



j naLeos/B —59 16 ££-51109 



PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

{The £a=126°37' f ab= 82° 26* 

The Z_c= 61 41 Jnswer.\ bc = 115 20 
The side ac= 57 30 [ Z.b= 48 30 

Required the other parts. 

2. In the oblique spherical triangle abc. 

{The L a =121° 36'20" f ab =50° 10*27" 

The Z.c= 42 15 13 Ams.\ bc=76 35 33 
The side ac= 40 10 [ Z.b=34 15 4 

Required the other parts. 

3. In the oblique spherical triangle abc. 

{The Z_a= 36° 8' f ab=42° 9* 

The Z.c=104 Ansrer \ bc=24 4 

The side ac= 30 [ £b-=46 18 

Required the other parts. 

(508) Case V. Given the three sides to find am. angle. 

{The side ac= 80° 19*1 
The side bc= 63 50 [ Required the angles. 
The side ab=120 47 J 

by construction (Plate V. Fig. 21.) 

1. With the chord of 60 degrees describe the primitive 
circle, through the centre p draw ere, and avr at right angles 
to it. 

2. Set off the side bc=63°50 / from the scale of chords, and 
draw bpe. 

a Set off the side AC=80°iy, by a scale of chords, firomc 
to at, and draw the parallel circle mam (374). 

4. Set off the supplement of ab - 59° 13\ by a scale of 
chords, from E to a, and draw the parallel circle mam (374). 
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5. Through c and a, and b and a, draw the great circles 
CA* and bae. Then abc is the triangle required.* 

To measure the required parts. 

6. The angles a, b, and c (379) will be 51° 31', 59° 17', 
and 131° 29 / . 

BY CALCULATION. 

To find the La by Rule I. 

cosec ac - - - = 80° 19' - -00623 1 reject 

cosec ab - - - =120 47 - '06595 J indices.f 

sini|(AC+BC + AB) - =132 28 - 9-86786 

sin|<AC+Bc+AB)— bc= 68 38 - 9-96907 

■ ■i m 

2)19-90911 



cos i L A =25° 45' 20" 9-95456 
2 



51 30 40 -Liu 



To find the Lb by Rule II. 

cosec bc - - - = 63° 50 f - -04696 1 reject 

cosec ab - - =120 47 -06595 J indices, 

sin £ ( ac + bc + ab) — bc = 68 38 - 9-96907 

sin i (ac + bc + ab)— ab= 11 41 - 9-30643 

2)19-38841 



sin i L B =29° 38' 24" - 9-69421 
2 



5& 16 48 =Z.b. 



• A perpendicular cd may be drawn from the vertical Z c upon the base a a, 
by the note to Case IIL 

f Or take the sines of ac and ab, add them together and subtract the sum 
from 20 ; the remainder will be the same as the sum of mesa cosecants without 
the indifCT. 
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To find tlieLc by Rule III. 

cosec£ (ac + bc + ab) |- =132° 28' - -132141 reject 

cosec £ ( Ac + bc + ab) — ab = 11 41 - *69357 J indices, 

sin \ (ac + bc + ab)— bc= 68 38 - 9-96907 

sin £ (ac + bc + ab)— ac = 52 9 - 9-89742 

2)20-69220 



tan \L c=65° 44' 18" - 10-34610 
2 



131 28 36 = Zc. 



practical examples. 
1. In the oblique spherical triangle abc. 



(The side ac= 57° 30' f Za = 126° 35' 

The side bc = 11 5 20 Answer. \ £b= 48 32 

The side ab = 82 28 [ Z_c= 61 44 
Required the angles. 



by construction.* (Plate V. Fig. 22.) 

1. Describe the primitive circle with the chord of 60°, on 
which set off ab=82° 28', and from a and b through the 
centre p draw Ave and BPr. 

2. Set off the side ac=57° 30'» by a scale of chords, from 
a to m, and draw the parallel circle mem (374). 

3. Set off the supplement of the side bc = 64° 40' from r to n 9 
and draw the parallel circle ncn (374). 

4. Through a, and the point of intersection c, draw the 
oblique circle Ace ; and through b, and the same point, draw 
Bcr. 

5. Then abc is the triangle required; and of, or cd, are 
perpendiculars on the base ab produced. 

2. In the oblique spherical triangle abc. 

{The side ac=50° W 30" f L a = 34° 15' 4" 

The side bc =40 10 AnzA Z.b= 42 15 12 
The side ab=76 35 36 [z.c=121 36 20 

Required the angles. 



• The construction of the figure to this example is not essentially different 
from the construction of the figure to the preceding example, and is introduced 
here to show in what manner the general figures, Case XI. &c. of oblique 
spherics with a perpendicular, were formed. — Compare the two figures in this 
Case (V.) with those in Case XI., referred to above. 



Digitized by 



Google 



Chap. IX. spherics without a perpendicular. ; 259 



3. In the oblique spherical triangle abc. 

(The side ac=30° C f £a= 36° & 

The side bc =24 4 Answer A L$= 46 18 

The side ab=42 9 IZ.C=104 

Required the angles. 

(509) Case VI. Given the three angles, to find the sides. 

{TheZ.A= 51° SCI 
TheZ.B= 59 16 l Required the sides. 
The£c=131 30 J 

by construction. (Plate V. Fig. 23.) 

1. With the chord of 60° describe the primitire circle, 
through the centre p draw cp« and apr at right angles to it 

2. Sraw the great circle cb«, making an angle of 48° 30* 
(the supplement of c) with the primitive (369), and find its 
polej? (368). 

3. With the semi-tangent of the L a =51° 30 7 and centre P, 
describe the small circle oso. 

4. Through* and/? draw epm; make mw =59° 16', theZ_B; 
draw ew cutting or inn; bisect n» in v; with v as a centre, 
and radius tm, draw the small circle run, cutting oso m s. 

5. Through s and p draw bsvb, and Aprf at right angles to 
it; through a and s draw ajx, make xy an arc of 90°, and draw 
Ay cutting bsvb in t 

6. Through the three points AfcJdraw a great circle. Then 
abc is the triangle required. 

To measure the required parts. 

7. ac=80° lO', bc=63° 50 / , and ab=120° 47' (376). 

BT CALCULATION- 

To find the side ac, by Rule I. 
cosec/Lc - - =131* 30* - -125541 reject 
cosecAA - - = 51 30 - -10646/ indices. 
cosi(A+B + c) - =121 8 - 9-71352 
cos | ( A + B + c )_ B = 61 52 - 9-67350 

2)19-61902 



siniAC=40° 9 / 36" 9-80951 
* 2 



80 19 12 =ac 



By the same rule the other sides may be found. 

8 2 
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or, Tojind the sides bc, by Rule II. 

180°— Z.a=Jc, 180°— Z.b=oc, and 180°— Lc=ab. 
cosecoi - = 48° 30' -125541 reject 

cosec ac - - =120 44 -06573 J indices, 
sin % (bc+ac + ab) =148 52 9-71352 C, 

sin|(Jc + ac + aZ>) — bc= 20 22 9-54161 




2) 19-44640 aj^- ° % A 



cos±Z.«=58° 5' 9-72320 
2 



L a = 1 16 10 its suppt =63° 50' =bc. 
Tojind the side ab, by Rule II. 

cosec % (bc + ac + ab) - = 1 48° 52' -28648 1 reject 

cosec £ (bc + ac + ab) — a£ = 100 22 -00715 J indices, 

sin £ (bc + ac + ab)— bc= 20 22 9-54161 

sin £ (bc + ac + ab)— ac= 28 8 9-67350 

2)19-50874 



tan £ L c =29° 35' 52" - 9-75437 
2 



Zc=59 11 44 its suppt. = 120° 48' 16"=ab. 



PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

(The£A=126°35' Tac= 57° 30' 

TheZ_B= 48 32 Answer. \ bc= 115 20 
TheZ.c = 61 44 [ab= 82 28 

Required the sides. 

2. In the oblique spherical triangle abc 

(TheZA= 34° 15' 4" f ac=50° 10' 30" 

TheZ.B= 42 15 12 Answer. \ bc=40 10 
TheZ_c=121 36 20 [ab=76 35 36 

Required the sides. 

3. In the oblique spherical triangle abc. 
f The L a= 36° 8' f ac=30° 7 



Given \ TheZ-B = 46 18 Answer. \ bc=24 4 
[The/lc = lQ4 [ab=42 9 

Required the sides. 
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CHAP. X. 

ASTRONOMICAL DEFINITIONS AND INTRODUCTORY PROBLEMS. 

I. Astronomical Definitions. 

(510) The Celestial Sphere is that apparent concave in 
which the sun, moon, stars, and all the heavenly bodies seem, 
to be situated. 

(511) The axis of the celestial sphere is an imaginary line 
passing through the centre of the earth, about which all the 
neavenly bodies appear to have a diurnal revolution.* 

(512) The poles of the celestial sphere are the extremities 
of its axis, the one called the north pole, the other the south 
pole; and the points lying directly opposite to them, on the 
terrestrial sphere, are the north and south poles of the earth.f 

(513) The equator or equinoctial is a great circle which 
divides the heavens into two hemispheres, the northern and 
southern ; it is so called, because, when the sun appears in it, 
the days and nights all over the world are equal, viz. twelve 
hours each. This happens twice in the year, about the 20th 
of March and the 23rd of September ; the former is called the 
vernal equinox, the latter the autumnal equinox. 

(514) The ecliptic is a great circle in which the sun makes 
his apparent annual progress; it cuts the equinoctial in an angle 
of 23 28' nearly J, called the obliquity of the ecliptic ; and the 
points of intersection are called the equinoctial points. 

The ecliptic is divided into twelve equal parts, called signs : 



* Although the earth's real motion on its axis from west to east is the cause 
of day and night ; and its motion in its orbit, or path round the sun, is the cause 
of the variation of the seasons of the year : yet as all appearances and places of 
the celestial bodies will be the same, whether the earth moves and the celestial 
sphere is at rest, or the earth is at rest and the celestial sphere in motion, as- 
tronomers, for the ease of calculation, assume the earth as a point at rest in the 
centre of the celestial sphere, and ascribe to the heavenly bodies that motion 
which they appear to have to a spectator on the earth. 

f The pole star is not directly in the point which is the true north pole of 
the heavens; its mean right ascension, on January 1, 1840, being 1° 2' «0"*68, 
and annual variation + 16" 50 ; also its mean declination is 88° 27' 21"*9 N., 
and annual variation + 19" '32. (Nautical Almanac). Its mean polar distance is 
therefore 1° 32' 88"- 1 on Jan. 1, 1840. 

f The angle which the ecliptic makes with the equinoctial is a variable quan- 
tity, and is equal to half the difference between the greatest and least meridian 
altitudes of the sun at any place, supposing the sun to have the greatest declina- 
tion when on the meridian. 

s 3 
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each sign contains 30 degrees. Their names and characters 
are as follow : — 

<y Aries I © Cancer a Libra I yp Capricornii3 

« Taurus I & Leo tti Scorpio I s: Aquarius 

n Gemini | flfc Virgo t Sagittarius | x Pisces. 
The first six signs lie on the north of the equinoctial, and 
Are called northern signs ; the six following lie on the south 
side of the equinoctial, and are called southern signs. The 
ton continues about a month in one of these signs, and goes 
through nearly a degree in a day* 

(515) The Zodiac is a space which extends about 8 degrees 
on each side of the ecliptic, like a belt or girdle, within which 
the motions of all the greater planets are performed. 

(516) The Nodes are the points where the orbits or paths 
of the planets round the sun intersect the ecliptic That where 
the planet ascends from the south towards the north of the 
ecliptic is called the north or ascending node, and is marked 
thus Q ; the other the south or descending node, and is 
marked thus 8 • The names and characters of the planets are 
as follow : — 

The Sun D The Moon f Ceres F? Saturn 

Jf Mercury $ Mars $ Pallas # Herschel, 

? Venus m Vesta % Jupiter or Georgian* 

© The Earth f Juno 

When two planets are referred to the same point of the 
ecliptic, they are said to be in conjunction; and those that are 
referred to opposite points of the ecliptic are said to be in 
opposition, or 180 degrees apart. If they be three signs, or 
90 degrees distant, they are in a quartUe aspect. If two signs, 
or 60 degrees, a textile aspect* The astronomical marks are 
as follow : — 

6 Conjunction when planets are in the same point of the ecliptic. 

* Sextile when 2 Signs dist. I A Trine when 4 Signs dist. 

a Quartile when 3 Signs dist. 1 § Opposition when 6 Signs dist 
The conjunctions and oppositions are also called the 
syzygies, and the quartile aspects the quadratures; these terms 
are applied chiefly to the moon. 

(517) The horizon is a great circle which separates the 
visible half of the heavens from the invisible. 

This horizon is distinguished by the sensible and rational 
horizon, when applied to the earth. The sensible horizon is 
the boundary of die spectator's view at sea or land ; and a 
plane parallel to this circle, passing through the earth's centre, 
is called the rational horizon. 

(518) The cardinal points are the east, west, north and souths 
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points of the horizon* The mariner's compass, which is di- 
vided into 32 points, each 11° 15' (153), is a representation 
of the horizon. 

(519) The Zenith is a point in the celestial sphere directly 
over the head of the spectator, being the elevated pole of the 
horizon. 

(520) The Nadir is a point in the celestial sphere directly 
under the feet of the spectator, and is diametrically opposite 
to the zenith ; being the depressed pole of the horizon. 

(521) Azimuth or vertical circles, are great circles passing 
through the zenith and nadir. They cut the horizon at right 
angles. The altitudes of the heavenly bodies are measured 
on these circles. 

(522) The prime vertical is that azimuth circle which passes 
through the east and west points of the horizon. 

(523) Meridians are great circles passing through the poles 
of the world, and cutting the equinoctial at right angles* 
They are also called hour circles ; and upon the terrestrial 
sphere, circles of longitude. 

(524) Circles of celestial longitude are great circles passing 
through the poles of the ecliptic, and cutting it at right angles. 

(525) The latitude of any object in the heavens, is an arc 
of a circle of longitude contained between the centre of that 
object and the ecliptic. 

(526) The latitude of any place on the earth, is the eleva- 
tion of the pole above the horizon, and the complement of the 
latitude, is the distance of the pole from the zenith. Or the 
latitude is the distance of the zenith of the place from the 
equinoctial, on the celestial sphere. 

(527) The declination of any celestial object, is an arc of a 
meridian contained between the centre of that object and the 
equinoctial. 

(528) Parallels of declination are small circles parallel to the 
equinoctial. 

(529) The altitude of any object in the heavens, is an arc of 
an azimuth or vertical circle, contained between the centre of 
the object and the horizon. 

(530) Parallels of altitude are small circles parallel to the 
horizon. 

(531) Parallels of celestial latitude are small circles parallel 
to the ecliptic. 

(532) The tropics are small circles parallel to the equinoc- 
tial, at 23° 28' irom it, and touch the ecliptic in the points of 
cancer and Capricorn ; they are the limits of the sun's progress 
to the north and south of the equinoctial. 

s 1 



Digitized by 



Google 



264 ASTRONOMICAL DEFINITIONS. BOOK IIL 

(533) The zenith distance of any celestial object is the arc of 
a vertical circle, contained between the centre of that object 
and the zenith, being the complement of the altitude. 

(534) The polar distance of any object in the heavens, is an 
arc of a meridian contained between the centre of that object 
and the pole of the equinoctial. 

(535) The amplitude of any celestial object is an arc of the 
horizon, contained between the centre of the object when 
rising or setting, and the east or west point of the horizon. 

(536) The azimuth of any object in die heavens, is an arc of 
the horizon, contained between an azimuth or vertical circle 
(passing through the object), and the north or south point of 
the horizon. 

(537) The right ascension of an object, is the distance be- 
tween the first point of aries and a meridian passing through 
the object, reckoned on the equinoctial. It is so called, be- 
cause in a right sphere, this meridian will coincide with the 
horizon when the object is rising. Or, we may define it to 
be the angle at the pole formed between a meridian passing 
through the first point of aries, and a meridian passing through 
the object. 

(538) The oblique ascension of an object, is the distance of 
the equinoctial point aries from the horizon when the object 
is rising. Or, it is that degree of the equinoctial which rises 
with the object in an oblique sphere. 

(539) The oblique descension is the distance of the first point 
of aries from the horizon when the object is setting. Or, it is 
that degree of the equinoctial which sets with the object in an 
oblique sphere. 

(540) The ascensional, or descensional difference, is the dif- 
ference between the right and oblique ascension or descen- 
sion ; and with respect to the sun, it is the time he rises 
before six, when his declension is of the same name as the 
latitude, or sets before six, when the declination and latitude 
have contrary names. 

(541 ) The equinoctial colure is a great circle passing through 
the pole and the equinoctial points aries and libra, 

(542) The solstitial colure is a great circle passing through 
the pole and the points ® and V?, called solstitial points; be- 
cause when the sun is near these points he seems to have 
nearly the same altitude at noon for several days, and there- 
to^ apparently stops or stands still. 

(543) The arctic circle is a parallel of declination at the 
distance of 23° 28' from the north pole, or 66° 32' from the 
equinoctial. It is generally called the north polar circle- 
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(54*1) The antarctic circle, called likewise the south polar 
circle, is the same distance from the south pole as the arctic 
circle is from the north pole. 

(545) Apparent noon, the time when the sun comes to the 
meridian, or 12 o'clock, as shown by a sun-dial. 

(546) True, or mean noon, twelve o'clock, as shown by a 
well regulated chronometer, so adjusted as to go 24 hours in 
a mean solar day.* 

(547) The equation of time at noon, is the interval between 
true and apparent noon. 

(548) A sidereal year is the interval of time from the sun's 
leaving any fixed star till he returns to it again, and consists 
of 365 d 6 h 9 m 1 \ U S of mean solar time. 

(549) A tropical or solar year is the interval of time from 
the sun's leaving one tropic, or equinox, till he returns to it 
again, and consists of 365 d 5 h 48 m 51 8, 6 of mean solar time. 

(550) The nonagesimal degree, or medium cceli, is the 90th 
degree of the ecliptic, reckoned from its intersection with the 
eastern part of the horizon at any time. Its altitude is equal 
to the distance between the zenith and the pole of the ecliptic ; 
or it is measured by the angle which the ecliptic makes with 
the horizon, at any elevation of the pole. 



* A mean solar day is a period not marked out by any observable phenomena, 
but an artificial interval of time. The time elapsed from the sun's leaving the 
meridian on any day till it returns to the same meridian the next day ia called a 
true solar day, and is subject to a continual variation, arising from the obliquity 
of the ecliptic, and the unequal motion of the earth in its orbit. 

A clock, or chronometer, therefore, which measures time by equal motion, 
cannot be so adjusted as to keep time exactly with the sun, or always to show 
12 o'clock when the sun is on the meridian; to correct these irregularities, the 
year is divided into as many imaginary days, each of 24 hours in length, as 
there are real days in the year measured by the sun's return to the meridian ; 
one of these imaginary days is called a mean solar day, and a clock adjusted so 
as to go 24 hours in one of these days, is said to be regulated to mean solar 
time. 

The year thus consists of as many mean solar days as true solar days ; the clock 
being just as much before the sun, on some days of the year, as the sun is before 
the clock on others. The difference, which is the equation of time, is given in 
pages I. and II. of the Nautical Almanac for every day in the year. The time 
shown by the clock is called true or mean time, and the time shown by the sun is 
called apparent time. 

If a clock be adjusted to go 24 hours, from the passage of any fixed star 
over the meridian till it returns to it again, its rate of going at any time may be 
determined by comparing it with the transit of that fixed star. A clock thus 
regulated is said to be adjusted to sidereal time. Here nature affords a standard 
exceeding in exactness any imitation that can be produced by art : there is no 
irregularity in the earth's diurnal motion, its diurnal revolution on its axis being 
uniformly performed in 24 hours of sidereal time =23* 56 71 4 s of mean solar 
time 
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(55 1 ) The Crepusculum, or twilight, is that feint light which 
we perceive before the sun rises, and after he sets. It is pro- 
duced by the rays of light being refracted in their passage 
through the earth's atmosphere, and reflected from the dif- 
ferent particles thereof. 

(552) A constellation is a collection of stars on the surface 
of the celestial sphere, circumscribed by the outlines of some 
assumed figure ; as a ram, a dragon, a bear, &c 

This division is necessary, in order to direct a person to any 
part of the heavens, where any particular star is situated. 

(553) The diurnal and nocturnal arcs. In all places of the 
earth, except the two poles, the horizon cuts the equinoctial 
into two equal parts. In all places situated on the equator, 
the horizon cuts all the parallels of declination into two equal 
parts, and here the sun and all the stars are 12 hours above 
the horizon, and 12 hours below. In places between the 
equator and the elevated pole, the parallels of declination are 
unequally divided ; the greater arc being above the horizon, 
and the less arc below. In all places between the equator 
and the depressed pole, the parallels of declination are un- 
equally divided; the greater arc being below the horizon, and 
the less arc above. 

In all cases, the arcs which are above the horizon are called 
w urnal arcs, and those below, nocturnal arcs. Or, the parallel, 
ehitch the sun, moon, or stars, describe from their rising to 
toding, is called the diurnal arc ; and that parallel which each 
is them describes, from the setting to the rising, is called the 
nocturnal arc 



II. Introductory Astronomical Problems.* 

PROBLEM I. 

(554) To turn degrees, minutes, and seconds, of t/ie equator 
into time. 

Rule. Multiply the quantity by 4, divide the degrees of 
the product by 60, and the quotient will be hours, the re- 
mainder minutes, and the other parts of the product seconds, 
&c. of the corresponding time. 



* These are the same as in the former editions, being extracted from the ge- 
neral examples, and from. the notes upon them. Those which depend upon the 
Nautical Almanac hare been recalculated and adapted to the year 1840. 
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EXAMPLE. 

Turn 25° 15' 16" of the equator into time. 
25° 15' 16" 
4 



60)101 1 4 
Answer. l h 41 m 1* 4' 



Also 77° 2 / 10" of longitude =r 5 h 8 m 8 s 40' of time, and 
124° 16' 30" of the equator = 8 h 17 m 6 s of time. 

PROBLEM II. 

(555) To turn time into degrees, minutes, and seconds. 
Rule. Multiply the hours by 60, and add the odd minutes, 
if any, to the product, one fourth of which will be degrees , 
multiply the remainder by 60, and add the odd seconds, if any, 
to the product, one fourth of which will be minutes, &c. 

EXAMPLE. 

Find the number of degrees, &c. corresponding to l h 41 m 
V 4\ 

l h 41* V 4 l 
60 



4)101 



Answer. 25° 15' 16" 



Also 3 h 4 ro 28* of time - 46° 7' of longitude, and8 h 17 m 6 8 of 
time = 124° 16' 30" of longitude. 

PROBLEM III. 

(556) Criven the time under any known meridian, to find the 
corresponding time at Greenwich.* 

Rule. "Turn the longitude of the place under the known 
meridian into time (554) : add this time to the time at the 
given place if the longitude be west, or subtract it if east, and 
the sum or remainder will be the time at Greenwich. If the 
sum exceed 24 hours, subtract 24 hours from, it, the remainder 

' * Since the earth makes one revolution on its axis from vest to east in 24 
hours, the sun must apparently make one revolution round the earth from east 
to vest in the same time. Now, the longitudes of all places on the earth are 
reckoned on the equator, which is divided into 360 degrees, and the whole of it 
passes the sun in 24 hours ; it follows that every 15° of motion is one hour in 
time, every degree 4 minutes, &c. (as in Prob. I. and II.) Hence, a place one 
degree eastward of Greenwich will have noon, and every hour of the day, four 
minutes sooner than at Greenwich ; and a place one degree westward of Green- 
wich will have noon, and every hour of the day, four minutes later. 
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will show the time at Greenwich on the follmoing day : if the 
longitude, when turned into time, cannot be subtracted from 
the time at the given place, add 24 hours to the time at the 
given place before you subtract, the remainder will show the 
time on the preceding day. 

EXAMPLE I. 

Find the time at Greenwich, on the 12th of August, when 
it is 7 h 25 m at a place in longitude 97° 45' West. 
Time at the given place 7 h 25 m 

Long. 97° 45', in time = 6 31 W. 

Time at Greenwich - - 13 56 or 56 minutes 
past 1 in the morning on the 13th of August.* 

EXAMPLE II. 

Find the time at Greenwich, on the 1st of May, when it is 
22 h 40 m at a place in longitude 160° W. 

Time at the given place 22 h 40 m 
Long. 160°, in time - =10 40 W. 

Sum 33 20 
24 



Time at Greenwich - - 9 20 on May 2d. 

EXAMPLE III. 

Find the time at Greenwich, on the 8th of April, when it is 
16 h 26 m at a place in longitude 98° 45' East 

Time at the given place 16 h 26 m 
Long. 98° 45', in time = 6 35 E. 

Time at Greenwich - - 9 51 on the 8th of 
April. 

EXAMPLE IV. 

Find the time at Greenwich, on the 4th of June, when it is 
5 h 26 m at a place in longitude 120° East. 

Time at the given place + 24 h =29 h 26 m 
Long. 120°, in time - - - = 8 E. 

Time at Greenwich - - - 21 26 on the 3d 
of June. 

* The astronomical day begins at noon, and is counted forward to 24 hours, 
or the succeeding noon, when the next day begins, being 12 hours later than the 
civil day, which commences at the preceding midnight ; thus August 1 2th, at 
lS h 56 astronomical time, is August 13th at l h 56™ in the morning, according 
to civil reckoning. 
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PRACTICAL EXAMPLES. 

1. What Greenwich time answers to noon at a place in 60° 
East longitude ? 

Answer. 20 hours on the preceding day. 

2. What Greenwich time answers to noon at a place in 
longitude 60° West? 

Answer. 4 hours. 

3. Find the time at Greenwich when it is 19 h 42 m at a place 
in 28° 3C E. longitude. 

Answer. 17 h 48 m . 

PROBLEM IV. 

(557) Given the time at Greenwich, to find the corresponding 
time under any known meridian. 

Rule. Turn the longitude of the place under the known 
meridian into time (554): add this time to the time at 
Greenwich if the longitude be east, or subtract it if west, and 
the sum or remainder will be the time under the known meri- 
dian. If the sum exceed 24 hours, subtract 24 hours from it, 
the remainder will show the time at the given meridian on the 
following day : if the longitude, when turned into time, cannot 
be subtracted from the given time at Greenwich, add 24 hours 
to the time at Greenwich before you subtract, the remainder 
will show the time on the preceding day. 

EXAMPLE t. 

When it is 9 h 51 m at Greenwich, on the 8th of April, what 
hour is it in longitude 98° 45' East? 

Time at Greenwich - 9 h 51 m 
Long. 98° 45', in time = 6 35 E. 

Time in long. 98° 45' E. = 16 26, on April 8th. 

EXAMPLE II. 

When it is 21 h 26 m at Greenwich on the 3d of June, what 
hour is it at a place in 120° East longitude? 

Time at Greenwich - - 21 h 26 m 
Longitude 120° in time =8 E. 

Sum 29 26 
24 



Time in longitude 120° E. = 5 26, on June 4th. 
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EXAMPLE III. 

When it is 13 h 56™ at Greenwich, on the 12th of August, 
find what hour it is at a place in longitude 97° 45' West. 
Time at Greenwich - 13 h 56 m 
Longitude 97° 45' in time = 6 31 W. 



Time in long. 97° 45' W. = 7 25 on Aug. 12th. 

EXAMPLE IV. 

When it is 9 h 20 m at Greenwich, on the 2d of May, what 
hour is it at a place in longitude 160° West? 

Time at Greenwich - - + 24 h =33 h 20 m 
Longitude 160°, in time - - =10 40 W. 

Time in longitude 160° W. - - =22 40 on the 
1st of May, or 40 minutes past 10 in the morning 
on the 30th of April. 

PRACTICAL EXAMPLES. 

1. When may an immersion of an eclipse of the first satellite 
of Jupiter be observed at Berlin, in longitude 3° 34' 22" E. 
which, by the Nautical Almanac, happens on the 14th of 
April 1840, at 10 h 46 m 18 s Greenwich mean time? 

Answer. ll h 39 m 54\ 

2. What is the expected time of the beginning of the Lunar 
eclipse, which happens on August 12th, 1840, at 17 h 58 m , 
Greenwich mean time, in longitude 76° 49' 30" West? 

Answer. 12 h 50 m 42 s . 

PROBLEM V. 

(558) To reduce the declination of the sun, as given in the 
Nautical Almanac, to any other meridian, and to any given time 
of the day. 

Rule. The corresponding time at Greenwich being ascer- 
tained (556), take the sun's declination and its daily change, 
from the Nautical Almanac, for the mean or apparent noon of 
the given day, as it may be required ; then as 24 hours : this 
change : : the time from noon at Greenwich : the variation of 
the sun's declination in that time. This variation must be 
added to the sun's declination at noon, or subtracted from it, 
according as the declination is increasing or decreasing. 

Note. By a similar process the sun's longitude, right 
ascension, and equation of time, may be determined for any 
given time, or at any given place ; and also the right ascension 
and declination of a planet 
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EXAMPLE I. 

Required the sun's declination at mean noon, on the 12th 
of October 1840, at Glasgow, longitude 4° 15' W. 

First, 4° 15' = 17 minutes, the time by which the clocks at 
Glasgow are slower than at Greenwich : hence when it is noon 
at Glasgow, it is 0* 17 m at Greenwich. 

0's declination at mean noon October 12th, Naut. Aim. is 7° 82' 2"«5 
0's declination a,t mean noon October 13th, Naut. Aim. is 7° 54' 32" 1 

Increase of declination in 24 hours - - 22' 29" '6 

Then 24 h : 22' 29"-6 : : 17 m : 15"-9 the increase of the sun's 
declination in 17 minutes of time; consequently when it is 
noon at Glasgow, the sun's declination is (7° 32' 2"*5 + 1 5"-9 = ) 
7° 32' 18"-4 South. 



EXAMPLE II. 

What is the sun's right ascension, June 5th, 1840, at 13 h 48 m 
mean time, in longitude 63° W E. ? 

Time at the given place - - 13 h 48 m 8 
Longitude 63° W in time - 4 12 40 E. 



Time at Greenwich - - - - 9 35 20 



©*s right ascension at mean noon June 5th is 4* 1 54 m 3" -83 

0's right ascension at mean noon June 6th is 4 58 1 1 «04 



Increase of right ascension in 24 hours - 4 7 *2l 

Then 24 h : 4 m 7'*21 : : 9 h 35 m 20' : I m 38 * -77 
©'s right ascension at noon, June 5th - 4* 1 54 11 3'«83 

Variation of the right ascension, add - 1 38 '77 



0's right ascension at 13 h 48 ra in long. 63° IC E 4 55 42 -60 



PRACTICAL EXAMPLES. 

1. Required the sun's declination on the 25th of August 
1840* at 8 h 20 m mean time, in longitude 48° West. 

The declination at Greenwich mean noon (Nautical Al- 
manac) being 10° 40' 18"-0 N.,and on the 26th, 10° 19' 25"-4 N. 
Answer. 10° 30 7 16"-1 N. 

2. Required the sun's right ascension at apparent noon, on 
the 25th of May 1840, in longitude 124° East. 
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The right ascension at Greenwich, apparent noon (Naut. 
Aim.), being 4 h 9™ 8*-83, and on the 24th, 4 h 5 m 6 s -64. 
Answer. 4 h 7 m 45'-4l. 

3. Required the sun's deelination January 24th, 1840, at 
18 h 40 m mean time, in longitude 132° East 

The declination at Greenwich mean noon (Naut. Aim.) 
being 19 21' 25"-8 S., and on the 25th, 19° 6' 59"-7 S. 
Answer. 19° 15' 29"-7 S. 

4. Required the right ascension of Jupiter on the 16th May, 
1840, at 18 h 48 m mean time, in longitude 68° West 

The right ascension at Greenwich mean noon (Naut. Aim.) 
being 14 ? 41 m 25 8 -43., and on the 17th, 14 h 40 m 56W8. 
Answer. 14 h 40 ra 57 s -58. 



PROBLEM VI. 

(559) To reduce the semidiameter or horizontal parallax of 
the moon, as given in the Nautical Almanac, to any other meri- 
dian, and to any given time of the day. 

Rule. Find the time at Greenwich corresponding to the 
time at the given place (556). Take the change of the 
element in 12 hours from the Nautical Almanac. Then as 
12 hours : this change : : the time at Greenwich : the variation 
in that time. This variation must be added to the moon's 
semidiameter or horizontal parallax (at noon or midnight) if 
increasing, or subtracted if decreasing. 

EXAMPLE. 

Required the moon's semidiameter and horizontal parallax 
on the 6th of January 1840, in longitude 11° 45' West, at 
15 h 45 m mean time. 



Time at the given place 
Longitude 11° 45' West, ii 


n tin 

6th 
7th 

C 
-15 

15 


le 

«15'1 
= 15 2 


- 15 h 45 ra 
= 47 W- 


st midnig] 

= 56' 7" 
= 56 21 




Time at Greenwich • 


= 16* 32™, or 4* 32* p« 


it 


J 's semidiam. at midnight, 
) *s semidiam. at noon 


7"-6 1 
!1 «5 


1 hor. paral. 
hor. paral. . 

increase in 1 2 hours 


•3 
•6 


Increase in 12 hours 


= 3 -9 J 


= 


14 


-3 


12 h : S"*9 : : 4 h S2 m : 
J *s semidiam. at midnight = 


l"-5 1 

17 -6 

19 -1 


1) 1* 
hor. 


! h : 14"3 : : 4 h 32* 
par. at midnight 


1 : C 
= 56 


5' 

7 


•4 
•3 


}) *s semidiam. required = 


hor. par. required - 


= 56 


12 


•7 
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PRACTICAL EXAMPLES. 

1. Required the moon's semidiameter and horizontal pa- 
rallax on the 19th of May, 1840, in longitude 38° 40' E. at 
ll h 15 m mean time. 

The moon's semidiameter at Greenwich (Naut. Aim.) at 
noon and midnight being 14' 44"*7 and 14' 46"*4 ; and the 
horizontal parallax at the same times 54' 6"*6 and 54' 12"*9. 

Answer. The time at Greenwich is 8 h 40™ 20% D's semi- 
diameter =14' 45"*9, and horizontal parallax =54' H" # 2. 

2. Required the moon's semidiameter and horizontal pa- 
rallax at 6 h a. m., January 17th, 1840, in longitude 15° East. 

The moon's semidiameter at Greenwich (Naut. Aim.) at 
midnight on the 16th, and noon on the 17th, are 16' 21"*4, 
and 16' 19" *8, and the horizontal parallax at the same times 
60 7 l"-6 and 59' 55." 1. 

Answer* The time at Greenwich is Jan. 16 d 17 h , D 's semi- 
diameter 16' 20" *7, and horizontal parallax =59' 59" -1. 

PROBLEM VII. 

(560) To reduce the moon's right ascension and declination, 
as given in the Nautical Almanac, to any other meridian, and to 
any given time of the day. 

Rule. Find the time at Greenwich corresponding to the 
time at the given place (556). Take the right ascension and 
declination for the given hour, and the change to the suc- 
ceeding one from the Nautical Almanac. Then 60 minutes : 
this change : : minutes and seconds in the Greenwich time : 
the change corresponding to the minutes and seconds, to be 
added to or subtracted from the element at the given hour, 
according as it is increasing or decreasing. 

EXAMPLE. 

Required the moon's right ascension and declination, Jan. 
8th, 1840, at 8 h 45 m mean time, in longitude 60° East 

Time at the given place - - 8 h 45 n 

Long. 60° E. in time 



Time at Greenwich 



- 4 OE 



- 4 45 



Rt. Asc. at 4 h 
at5 h 



- 22 h 15 m 57 s -17 
. 22 17 57-44 



2 0-27 



60 m : 2 m 0'27 : 45 m : 1 30 -20 

Rt. Asc. at 4 h - 22 15 57 '17 



Rt. Asc. required - 22 17 27 37 



Dec. at 4 h 
Dec at 5 h 


11° 
11 


19* 
5 


S9"*4 S. 

ii «7 a 




45 m 
11 


14 


27 -7 


60 m : 14' 27"*7 : : 
Dec. at 4 h - 


:10 
19 


50 -8 
39 -4 


Dec. required 


11 


8 


48 -6 & 
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PRACTICAL EXAMPLES. 

1. Required the moon's right ascension and declination on 
the 10th of January, 1840, at 17 h 47 m mean time, in longitude 
162° W. 

D'sRtAsc. D'sDec 

Jan. ll d 4 h b 39 m 40'-83 7° 27' l"-3 N. 

5 41 44 -56 7 42 52 -2 N. 

Answer. The time at Greenwich is Jan. ll d 4 b 35 m , the 
moon's right ascension h 40 m 53**01, and declination 
7°36'16"0N. 

2. Required the moon's right ascension and declination on 
the 9th of May, 1840, at 18 u 47 m 34 s mean time, in longitude 
62° E. 

*'sRt.Asc D'sDec 

May 9 d 14 b 10 h 35 ra 17 s 06 8° 33' 14"-7 N. 

15 10 37 13 -46 8 18 39 -7 N. 

Answer. The time at Greenwich is 14 h 39 m 34 s , the moon's 
right ascension 10 h 36 m 33*'82,and declination 8° 23'37"-7 N. 

3. What is the moon's declination on December 15, 1840, 
at 14 h 49 m mean time, in longitude 114° E. 

D'sDec. 
Dec. 15 d 7* 0° 14' 38"-5 N. 

8 35 -8 S. 

Answer. The time at Greenwich is 7 b 13% and moon's de- 
clination 0° 11' 20"-4N. 

PROBLEM VIII. 

(561) To find the apparent time at which a star culminates, 
or passes the meridian of a given place on a given day. 

Rule. From the star's right ascension (Tab. VIII.), cor- 
rected for the annual variation, and increased, if necessary, 
by 24 hours, subtract the sun's right ascension at apparent 
noon (Page I. Nautical Almanac), and the remainder is the 
required time nearly. To this add the longitude in time, if 
west, but subtract it if east, and the reult will be the corre- 
sponding Greenwich time. Multiply the hourly difference of 
the sun's right ascension (from the same page of the Naut. 
Aim.) by the Greenwich time, and subtract the product from 
the time nearly, found before, and the remainder will be the 
required time still more nearly. 

The operations must be repeated if greater accuracy be re- 
quired ; but this will seldom be necessary. 
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EXAMPLE. 



At what time will Arcturus pass the meridian of Petersburgh 
in longitude 30° 19' E., on the 1st of December, 1840? 

*'s Rt. Asc.Jan.l,1840(Tab.VIII.) + 24 h = S8 h 8 m 22« ( +2' -731111. var) 
2 , -73xO-9 - + 2 



**s Rt. Asc. at given time - - - 38 8 24 

O's Rt. Asc. at noon, Dec 1, 1840 - 16 31 ( + 10 s «83 hourly diff.) 

Required time nearly - - - 21 37 24 

Longitude 30° 19' E. in time - 2 1 16 



Greenwich time • - - - 19 36 Sal^ 



10'*8S x 19*6 — - 3 32 



Required time - - 21 33 52 



PRACTICAL EXAMPLES. 

1. At what time will Aldebaran culminate at Greenwich on 
the 20 th November, 1840 ? 

The right ascension of Aldebaran being 4 h 26 m 48 8 (Tab. VIII.) 
the sun's right ascension on November 20th, at noon (Naut. 
Aim.), 15 h 44 ra T, and hourly diff. 10"5. 

Amwer. 12 h 40 m 28 9 .* 

2. At what time will Fomalhaut culminate at the Cape of 
Good Hope, in longitude l h 13 m 55 s E, on April 14, 1840? 

The right ascension of Fomalhaut being 22 h 48 m 49 s (Tab. 
VIII.) ; ©'s right ascension, April 14th, at noon (Naut. 
Aim.), being l h 31 m 6 s , and hourly diff. 9 8 '2& 

Answer. 21 h 14 m 38 8 . 

3. At what time, on the 11th of October, 1840, will Sirius, 
the Dog Star, culminate at Genoa, in longitude 8° 54' K? 

The right ascension of Sirius being 6 h 38 m S 8 (Tab. VIII.) ; 
©'s right ascension, 11th October (Naut. Aim.), at noon, 
13 h 7 m 14 8 , and hourly diff. 9 8 -24. 

Answer. 17 h 28 m 18». 



* The motion of clocks or watches may be examined, and their errors rectified, 
by the culminating of the stars. For instance, Aldebaran is on the meridian of 
Greenwich, November 20th, at 12 h 40 m 28 s apparent time, from which take the 
equation of time, 13* 58', as directed in page I. of the month in the Nautical 
Almanac, and the remainder 12 h 26™ 3* is the meantime which the clock ought 
to show when the star is on the meridian. 
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4. At what time, on the 1st of December, 1840, will Castor 
culminate at Edinburgh, in longitude h 12 m 44 8 W. ? 

The right ascension of Castor being 7 h 24 m 26* (Tab. VIII.); 
O's right ascension (Naut. Aim.) December 1st, at noon, 
16 h 31 m 8 , and hourly diff. 10 8 83. 

Answer. 14 h 50 m 42 8 . 

PROBLEM IX. 

(562) To find the apparent time at which the moon, or planet, 
culminates, or passes the meridian of a given place, on a given 
day. 

Rule. The meridian passage of the moon and planets, in 
mean time, for the meridian of Greenwich, are given to the 
nearest tenth of a minute in the Nautical Almanac, and from 
these we may readily deduce an approximate time for the 
passage of the object over any other meridian, sufficiently exact 
for the purposes usually required* 

1. For the Moon's Meridian Passage. Take the difference 
of the times of two consecutive transits ; then as 24 h : this 
difference : : longitude in time of the proposed meridian: a cor- 
rection, to be added to the time of the Greenwich passage if 
the longitude be west, but subtracted if east, and the result 
will be the mean time of passage at the given meridian. To 
this apply the equation of time for the nearest noon, and we 
shall have the apparent time required. 

2. For a Planefs Meridian Passage. Take the difference 
of the times of two consecutive transits, and considering 
this difference as an acceleration or retardation of the me- 
ridian passage while the planet has passed over 24 h of geo- 
graphical longitude, take the proportional part of it for the 
proposed longitude, for a correction to be applied to the me- 
ridian passage at Greenwich, bearing in mind that in east 
longitudes the passage precedes that at Greenwich, when 
times are accelerated, and follows it when they are retarded ; 
and the contrary in west longitudes. Apply the equation of 
time as before. 

EXAMPLE I. 

Required the apparent time of the moon's passing the me- 
ridian 3 h west of Greenwich, on January 25, 1840. 

The moon passes the meridian of Greenwich on Jan. 25, at 
17 h 33 ,n -9, and on Jan. 26, at 18* 17^7 ; the diff. is h 43 m -8. 
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Moon's mer. pass, at Greenwich - - 17 h 33 m, 9 
24h : 43«»'8 : : 3 h : - - - - 5-5 



Moon's mer. pass, at place, mean time - 17 39 "4 
Equation of time - - - — 12 "8 

Moon's mer. pass, at place, appt. time - 17 26 *6 

example n. 

Required the apparent time at which Venus will pass the 
meridian 2 h east of Greenwich on May 15, 1840. 

Venus passes the meridian of Greenwich, on May 15 at 
22h 42 m *7, and on May 16, at 22 h 43 m *5 ; the difference is 
O m '8. 

Venus' mer. pass, at Greenwich - - 22*» 42 m, 7 
24* : m *8 : : 2»» : - - - - — *1 



Venus' mer. pass, at place, mean time - 22 42 *6 
Equation of time - - - - + 3 - 9 

Venus' mer. pass, at place, appt. time - 22 46 '5 



practical examples. 

1. At what time will the moon pass the meridian of Peters- 
burgh, in longitude 2»» 1^ 16 8 East, on March 2, 1840 ? 

The moon passes the meridian of Greenwich on March 2, 
at 23 h 39 m '9, and on March 4, at 0»» 26^-8; and the equation 
of time is — 12 m *l. 

Answer. 23 h 23 m '9 apparent time. 

2. At what time will Jupiter pass the meridian of St. Do- 
mingo, in longitude 69° 59' 30" West, on September 16, 1840? 

Jupiter passes the meridian of Greenwich on Sept. 16, at 
3h 12m- 1, and on Sept. 17, at 3 h 8 m *8; and the equation of 
time is+5 m# 3. As the passages are retarded, and the longi- 
tude is west, the correction must be subtracted. 

Answer. 3 h 16 m, 7 apparent time. 

PROBLEM X. 

(563) Given the observed altitude of a fixed star, to find its 
true altitude. 

Rule. From the observed altitude, subtract the refraction 
(Table IV.). If the star be observed at sea, subtract the dip 
of the horizon (Table V.). See art. (183). 
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EXAMPLE I. 

The observed altitude of Spica Virginia was 20° 3^ 40", the 
error* of the quadrant 19" subtractive, and the height of the 
eye 18 feet above the level of the sea; required the correct 
titude. 

Observed altitude of Spica Virginia 20° 39* 40" 
Refraction (Table IV.) - - - = -2 30 



Dip for 18 feet (Table V.) - 

Index error of the quadrant 
True altitude of the star 

Or,20°39 / 40"- (2 , 30" + 4'3 V + 19") =20° 32 , 48". Answer. 

2. Suppose the observed altitude of Regulus to be 45° 13' 15", 
the height of the eye 14 feet above the level of the sea, and 
the error of the quadrant 5' 6" additive, required the true 
altitude* 

Answer. 45° 13' 50". 

PROBLEM XI. 

(564) Given the observed altitude of the sun's lower or upper 
limb-f, to find the true altitude of its centre. 

Rule. To the observed altitude apply the semidiameter 
(taken from page II. of the month in the Nautical Almanac) 
by addition or subtraction, according as the lower or upper 
limb has been observed; from this result subtract the re- 
fraction % (Table IV.), and then add the parallax in altitude § 
(Table VI.). If the altitude be taken at sea, the dip of the 
horizon (Table V.) must be deducted, the last result will be 
the true altitude of the sun's centre. 

EXAMPLE I. 

On the 13th of March, 1840, if the altitude of the sun's 
lower limb, observed at sea* be 18° 40' ; required the true 
central altitude, the height of the eye being 22 feet. 

* Observations taken with a quadrant are liable to errors, arising from the 
bending and elasticity of the index, and the resistance it meets with in turning 
round its centre. These errors, though they cannot in all cases be avoided, may 
be pretty accurately allowed for by a correct observer. 

f The sun's upper limb is the upper edge of its face, or the upper extremity 
of the vertical diameter ; and the lower limb is the lower edge, or the lower 
extremity of the vertical diameter. 

J Art (165), etseq. § Art. (184). 
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Observed altitude of the ©'s lower limb =18° 40> 0" 
O's semidiameter (Naut Aim.) --= + 166 



18 56 6 

Refraction for 19° of altitude (Table IV.) = -2 44 



18 53 22 

O's parallax in altitude (Table VI.) = +8 



18 53 30 
Dip for 22 feet (Table V.) - - - = -4 28 



True altitude of the O's centre - - =18 49 2 



Or,(16' 6" + 8'0H 2 '^" + 4'28'0=9'2 / 'andl8 o 40' + 9'2'' 
= 18° 49' 2". Answer. 

Note. The index error, if any, of the quadrant must be 
applied to the observed altitude, previous to the other cor- 
rections. 

2. On the 3d of September, 1840, suppose at sea the altitude 
of the sun's upper limb to be 28° 31' 30", the index error 40" 
additive, height of the eye 12 feet, and the sun's semidiameter 
15' 53"; what is the true altitude of the sun's centre? 

Answer. 28° 11' 20". 

PROBLEM XII. 

(565) Given the observed altitude of the mooris lower or upper 
limb, to find the true altitude of its centre. 

Rule. Find the moon's semidiameter and horizontal pa- 
rallax for the time and place of observation (559), and in- 
crease the semidiameter by the augmentation answering to the 
moon's altitude (Table VII.). 

To the observed altitude* apply the augmented semi- 
diameter by addition or subtraction, according as the lower or 
upper limb has been observed ; and, if the observation has been 
made at sea, subtract the dip of the horizon (Table V.) ; the 
result will be the apparent altitude of the moon's centre. 

To the cosine of the apparent altitude of the moon's centre, 
add the logarithm of the horizontal parallax in seconds 
(found above), the sum, rejecting 10 from the index, will be 
the logarithm of the moon's parallax in altitude in seconds 
(185), from which take the refraction of the moon in alti- 

* Here, as in the preceding problem, the index error of the quadrant, if any, 
must be applied to the observed altitude, previous to the other corrections. 
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tude (Table IV.), and the remainder will be the moon's cor- 
rcction, which, added to the apparent altitude, will give the 
true altitude. 

EXAMPLE I. 

On the 18th of July 1840, in longitude 113° 10 7 W. at 
20 h 45 m 30% if the observed altitude of the moon's lower limb 
be 45° 22' 3", error of the quadrant 58" subtractive, and the 
eye 21 feet above the level of the sea; what is the true central 
altitude ? 

Time at the given place - - 20 h 45 m 30* 

Longitude 113° 10' W. in time - = 7 32 40 W. 

28 18 10 
24 



Time at Greenwich on the 19th of July =4 18 10 



)) *s lemidiameter at noon, 19th = 15 
J 't ■emidiameter at midnight, 1 9th a 1 5 



Difference 4 



30", Horizontal parallax - 56' 51" 
34 , Horizontal parallax - 57 9 

Difference 18 



12* : 4" : : 4 h 18 m 10' : 0' 1" 

> *s semidiameter at noon - 15 SO 



3>*s semidiam. at 4 h 18 m 10««15 31 
D 'a augmentation (Tab. VI I) = 11 



])*saug. semidiameter - —15 42 



J) *s obserred altitude 
Error of the quadrant 



Semidiameter 



Dip (Table V.) - 



-45° 22' 3' 
- -58 



45 21 5 
« +15 42, 



45 36 47 
- -4 22 



12 h : 18":: 4* 18™ 10* : O' 6'' 

Horizontal parallax at noon - 56 51 

Horizontal par. at 4 h 18 m 10' -=56 57 
60 

In seconds=3417 



App. altitude J 's centre —45 32 25 
}) *s correction - « 38 57 



True alt }> *s centre —46 11 22 



Cos ]) *s app. alt. 45°S2' 25"= 9-84535 
Horizontal parallax 341 7"log = 3-53364 

Parallax in altitude 2393"log = 3 -37899 

Then 2393" - « 39 53" 

]) *s refraction - - = — 56 

D *s correction - = 38 57 



2. On the 22d of April, 1840, in longitude 105° E. of 
Greenwich, at 13 11 30 m , if the observed altitude of the moon's 
upper limb be 23° 48\ and the eye 18 feet above the level of 
the sea ; required the moon's true central altitude. 
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The moon's semidiameter and horizontal parallax at noon 
[Naut Aim.), being 14' 49" and 54' 21"; and at midnight, 
14' 51" and 54' 30". 

Answer. The time at Greenwich is 6 h 30 m ; D *s aug. semi- 
diameter 14' 57", horizontal parallax 54' 26"; apparent alti- 
tude of the D 's centre 23° 29' 0" ; the D 's correction 47' 45", 
and the true altitude of her centre 24° 16' 45". 

PROBLEM XIII. 

(566) Given the sun's meridian altitude, to find the latitude 
of the place of observation. 

Rule. Reduce the sun's declination to the meridian of the 
place of observation * (558). 

Subtract the sun's corrected altitude (564) from 90°, the 
remainder is the zenith distance. 

If the sun be south of the observer when the altitude is 
taken, call the zenith distance north ; but, if north, call it 
south. 

Then, if the zenith distance and declination have the same 
name, their sum is the latitude ; but, if they have contrary 
names, their difference is the latitude, and it is always of the 
same name with the greater of the two quantities. 

EXAMPLE I. 

On the 17th of October, 1840, in longitude 52° W., suppose 
the meridian altitude of the sun's lower limb to be 28° 40 7 , 
the observer at sea, the sun to the south of him, and the eye 
14 feet above the surface of the water. Required the latitude 
of the place of observation. 



Obser. alt. ©'s lower limb 28° 4tf 0" 
Semidiameter - - + 16 5 


I Time at given place - O h O ra 
Longitude 52° w. - - 3 28 


Refraction (Table IV.) 


28 56 5 
-1 42 


Time at Greenwich - - 3 28 


0's decl. Oct. 17, at noon 9° 23' 8"s. 
0's decl. Oct. 1 8, at noon 9 45 2 


28 54 2S 
©*s paral. in alt ( Table VI. ) +8 


Increase in 24 hours - 21 54 




28 54 31 
) —3 S4 


Dip for 14 feet (Table V. 


24 h : 21' 54' : : 3'' 28™ : 3' 10" 
0's declin. 17th at noon 9° 23' 8"s. 


True altitude 0's centre 


28 50 57 


0's reduced decl. - 9 26 18 s. 
Zenith distance - 61 9 3 n. 


Zenith distance - - 


61 9 3n. 






True latitude - - 51 42 45 n, 







* The same rule, with a little variation, will answer for a planet ; and for the 
moon, correcting for the declination as at (560). — See Dr.Mackay's Navigation, 
1st edition, page 151 — 155. 
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2. On the 18th of March, 1840, in longitude 106° E., 
suppose the meridian altitude of the sun's lower limb, when 
north of the observer, to be 74° 56', and the height of the eye 
] 6 feet above the level of the sea ; required the latitude. 

The sun's semidiameter (Naut Aim.) being 16' 5"; the de- 
clination at noon on the 17th 1° 1 1' 37" S., and on the 18th 
0° 47' 56" S. 

Answer. The sun's true altitude = 75° 8' 3"; time at 
Greenwich 16 h 56 m on the 17th, sun's reduced declination 
0° 54' 54" S., latitude 15° 46' 51" S. 

3. On the 28th of September, 1840, suppose the meridian 
altitude of Arcturus to be 36° 18' north of the observer, and 
the eye 20 feet above the level of the sea; required the latitude. 

Answer. 33° 46' 41" S. 



CHAP. XL 

THE APPLICATION OF RIGHT-ANGLED SPHERICAL TRIANGLES 
TO ASTRONOMICAL PROBLEMS. 

(567) The celestial sphere is represented by Plate III. Fig.l. 

1. Let the circular space, South, Zenith, North, Nadir, 
represent the brazen meridian* of a celestial or terrestrial 
globe, having its north pole elevated above the horizon. 

2. Imagine the globe to be cut in halves by the brass me- 
ridian, and the semi-globe to be of transparent glass with the 
circles of the sphere drawn on it. Now if a sheet of paper be 
put upon the section, and a light be placed in the point aries 
(the eye being in libra), the shadows of all the most useful 
circles of the sphere will form a plane figure similar to Figure 1. 
Plate III. 

3. nas will present the axis of the globe, n the north pole, 
s the south pole. 

4. jeaq the equator. 

5. ho the horizon. 

6. Zenith a the quadrant of altitude screwed on the zenith, 
and passing through aries. Or, Zenith a Nadir, the prime 
vertical passing through aries A. 

7. V? O A ©the ecliptic, n its north pole, m its south pole. 



• It is here presumed that the learner has some knowledge of the globes, and 
of the circles described thereon. It would be a very good exercise to solve the 
succeeding problems both by the globes and by calculation. 
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8. © © the tropic of cancer, or any parallel ot the sun's 
north declination. 

9. y? V? the tropic of Capricorn, or any parallel of the sun's 
south declination. 

10. on the elevation of the north pole above the horizon, 
equal to m zenith, the latitude of the place. 

1 1. hje the elevation of the equator above the horizon, 
equal to zenith n, the complement of the latitude. 

12. t©w a parallel circle 18 degrees above the horizon, or 
the boundary between twilight and dark night 

13. Zenith sec, Zenith od 9 &c. azimuth, or vertical circles. 

14. nsds, ng © cws, &c. meridians or circles of terrestrial 
longitude. 

15. ftvxm, ncvm, &c circles of celestial longitude. 

Note. The several triangles in this general figure, and the 
lines which form them, are explained at the head of each 
problem, to which the triangle is applied. 

problem i. (Plate III. Fig. 1.) 

(568) Given the obliquity of the ecliptic and the sun's longi- 
tude, to find his right ascension and declination. 

In the right-angled spherical triangle ag©, or ab©. 

1. a© = sun's longitude, an arc of the ecliptic from aries. 

2. ag, or ab= sun's right ascension, an arc of the equinoc- 
tial ; the point b always comes to the meridian with the sun. 

3. G0, or b © =sun's declination, an arc of a meridian 
passing through the sun's place. This arc likewise comes to 
the meridian with the sun. 

4. ga©, or baG = the obliquity of the ecliptic, or the 
angle formed between the equinoctial and the ecliptic. 

5. a©g, or A©B=the angle formed by the ecliptic, and 
the meridian passing through the sun's place. 

Any two of these five quantities being given, the rest may 
be found. 

example. 

On the 17th of May, 1840, the sun's longitude at mean 
noon is 56° 35' 20" ; required his declination, right ascen- 
sion, and the angle formed between the ecliptic and the me- 
ridian passing through the sun's place, the obliquity of the 
ecliptic being 23° 27' 44". 

1. To find the sun's declination, in the triangle ab©. 

# 

rad x sin b© =sin ba© x sin a©. 

.*. log sin BA0+ log sin a© — 10=log sin b©. 

or, rad : sin a© = 56° 35' 20" : : sin ba© = 23° 27' 44" • 

sin b© = 19° 24' 40". 
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2. To find the surfs right ascension, in the triangle ab©. 

rad x cos ba© =cot a© x tan ab. 
.\ 10 -flog cos ba©— log cot A©=log tan ab. 
or, cot a© =56* 35' 20" : rad : : cos ba© =23° 27' 44" : 
tan ab=54° 16' 46"=3 h 37 m 7M. 

3. To find the angle a©b between the ecliptic and meridian^. 

* 
rad x cos A©=cot ba© x cot a©b. 

.*. 10 + log COS A©— log COt BA© = log COt A©B. 

or, cot ba© = 23° 27' 44" : rad : : cos a© = 56° 35' 20" : cot 
a©b=76° 33' 31". 

(569) Astronomers reckon the sun's longitude and right 
ascension from aries quite round the globe. Hence, though 
at equal distances from the equinoctial points, aries and libra, 
the sun may have the same quantity of declination and of the 
same name, viz. from aries to libra, north ; and from libra to 
aries, south ; yet the longitudes and right ascensions differ ma- 
terially at these points where the declinations agree. Hence, 

If the sun be in the second quadrant of the ecliptic, sub- 
tract the longitude from 180° ; use the remainder to find the 
right ascension; and take the right ascension, when found, 
from 180°. 

If the sun be in the third quadrant, subtract 180° from 
his longitude ; use the remainder to find his right ascension ; 
and add 180° to the right ascension when found. 

If the sun be in the fourth quadrant of the ecliptic, subtract 
his longitude from 360° ; use the remainder to find the sun's 
right ascension; and take the right ascension, when found, 
from 360°. 

In the first quadrant of the ecliptic between the 20th 
March and 2 1st June, the sun's declination is north, and in- 
creasing; and in the third quadrant, between the 22nd Sep- 
tember and 21st December, the sun's declination is south and 
increasing. — In the second quadrant of the ecliptic, from 
21st June to 22nd September, the sun's declination is north, 
and decreasing; and in the fourth quadrant, from 21st De- 
cember to the 20th March, the sun's declination is south and 
decreasing. 

PRACTICAL EXAMPLES. 

1. On the noon of the 17th of May, 1840, the obliquity of 
the ecliptic =23° 27' 44", the sun's declination = 19° 24' 40" N. 
and increasing; required his longitude, right ascension, and 

f The finding of this angle is of no other use than as an exercise of right-angled 
spherical triangles. 
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the angle formed between the ecliptic and the meridian pass- 
ing through the sun's place. 

{The sun's longitude =56° 35' 20" 

The sun's right ascension =54 16 46 =3 h 37 m 7 - *l 
The angle a©b =76 33 31 

The answers here would have been ambiguous, had it not 
been shown that the sun was in the first quadrant of the 
ecliptic. 

This problem is useful for calculating tables of the sun's 
longitude. For the latitude of the place being accurately de- 
termined, and a quadrant fixed in die plane of the meridian, 
the observation of the sun's meridian altitude gives his decli- 
nation, or distance from the equator ; whence his longitude 
for any day is readily obtained. 

2. At mean noon on the 5 th of August, 1840, the obliquity of 
the ecliptic =23° 27' 44", the sun's right ascension =9 h 2 m 4*'4, 
or 135 31' 6"; required the sun's longitude, declination, 
and the angle formed between the ecliptic and the sun's me- 
ridian. 

{The sun's longitude =133° 2' 51" 
Declination = 16 54 56 N. 

The angle a©b =106 30 11 
The sun's right ascension being greater than 90°, and less 
than 180°, he is in the second quadrant of the ecliptic. 

3. On the 10th of November, 1840, at apparent noon, the 
sun's right ascension is 15 h 2 m 54 - 7 or 225° 43' 40", and his 
declination 17° 15' 50" S.; required his longitude and the 
obliquity of the ecliptic. 

A /The sun's longitude =228° 1 1' 39" 
Ans ' \ Obliquity of the ecliptic = 23 27 43 

The sun's right ascension being greater than 180°, and less 
than 270°, he is in the third quadrant of the ecliptic. 

4. On the 1st of February, 1840, at mean noon, the sun's 
longitude is 311° 46' 13", his declination =17° 16' 28" S.; 
required his right ascension and the obliquity of the ecliptic. 
A f The sun's right ascen. =314° 14' 9" or 20 h 56» 57 - 
Jms ' \ Obliquity of the ecliptic = 23 27 45 

problem ii. (Plate III. Fig. 1.) 

(570) Given the latitude of the place, and the sun's declina- 
tion^ to find its amplitude, ascensional difference, and the time 
of his rising and setting. 

f This problem may be applied to the rising or setting of a planet, or of a 
star. But where great exactness is required, the declination of the sun or planet 
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In the right-angled spherical triangle abs or agc 

1. ab or ag = the suns, or star's, ascensional difference. 

2. bs or oc=the sun's, or star's, declination. 

3. as or ac = the amplitude. 

4. bas, measured by the arc qo ; or cag, measured by the 
arc hje, =the complement of the latitude. 

5. asb or ACB:=the angle formed between the horizon and 
the meridian passing through the sun. 

Any two ot the above five quantities being given, the rest 
may be found. 

(571) The game things may be found from the right-angled 
triangle son or chs. 

For, in the triangle son, so is the complement of as ; sn is 
die complement of bs ; on is the complement of the arc qo, 
which measures the angle bas ; and the angle sno, measured 
by the arc bq, is the complement of the ascensional difference. 
In the same manner the triangle chs may be compared with 
the triangle agc. 

example I. 

Given the latitude of London 51° 32' N. on the longest day 
when the sun has 23° 28' N. declination ; required the sun's 
amplitude, ascensional difference, time of rising, setting, the 
length of the day and night, &c 

1 In tlie triangle abs to find the amplitude as* 

* 
rad x sin bs =sin bas X sin as. 

.*. 10+log sin bs— log sin bas = log sin as. 

or, sin bas =38° 28' : rad : : sin bs=23° 28' : sin AS=39°4iy; 

viz. Cosine of the latitude is to radius, as the sine of the sun's 

declination is to the sine of the amplitude. 



must be calculated as near to the time of rising and setting as possible ; especially 
for the moon, on account of her swift and irregular motion. Likewise, the de- 
clination of the sun near the equinoxes alters considerably in the compass of an 
hour. Hence what is generally called a parallel of the sun's declination, and 
drawn as such in the projection of the sphere, is not strictly a parallel circle, but 
a spiral line. 

When the latitude of the place and the declination of the object have the 
same name, the right ascension diminished by the ascensional difference, leaves 
the oblique ascension, and increased by the same gives the oblique descension. 

But when the latitude of the place and declination have contrary names ; tbe 
right ascension increased by the ascensional difference gives the oblique ascen- 
sion; and being diminished by the ascensional difference leaves the oblique 
descension. 
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This part of the problem is usefiil in navigation, for finding 
the variation of the compass. — It is evident, by comparing 
the triangle abs with the triangle agc, that the amplitude is 
always of the same name with the declination, whether north 
or south. 

2. To find the ascensional difference ab. 

# 

rad x sin ab =cot bas X tan bs. 

.*. log cot BAS + log tan bs— 10= log sin ab. 

or, rad : cot bas =38° 28' : : tan bs=23° 28' : sin ab=33° 7'; 

viz. Radius is to the tangent of the latitude, as tangent of the 

sun's declination is to the sine of the ascensional difference. 

(572) By comparing the triangle abs with the triangle agc, 
it is evident that when the sun's declination and the latitude of 
the place are of the same name, the ascensional difference in 
time subtracted from six hours gives the time of sun-rising, 
and added to six hours gives the time of setting : but when the 
latitude of the place and the sun's declination are of contrary 
names, the ascensional difference added to six hours gives the 
time of sun-rising, and subtracted gives the time of setting. 

In the present case the sun rises at 3 h 47 m 32% and sets at 
8*» 12«» 28 8 ; double the time of rising gives the length of the 
night, and double the time of setting, gives the length of the 
day. 

When the sun's declination is equal to, or greater than, 
the complement of the latitude ; viz. when q © is equal to or 
exceeds qo (a circumstance that can never happen in latitudes 
lower than 66° 32') the parallel of declination © © will not cut 
the horizon ho, and consequently the sun will never set at 
these times. The same observations hold true with stars whose 
co-declination or polar distance cn, is equal to, or less than, 
the latitude of the place, or elevation of the pole on, and in 
the same hemisphere. 

EXAMPLE II. 

Required the amplitude, time of rising, culminating, and 
setting, of Arcturus at Greenwich, latitude 51° 28' 39" N. on 
the 1st of December, 1840, its right ascension being 14 h 8 m 24 s f, 
and declination 20° 0' 48" N. 

The sun's right ascension at apparent noon December 1st 
(Naut. Aim.) being 16 h 31 m s , and hourly difference 10 8 -83. 

f Sea Table VIII., at the end of the Book. 
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1. To find the amplitude as, in the triangle abs. 

The star's declination being north, the triangle abs must 
be used, wherein bas = the co-lat and bs the declination are 
given, to find as. 

* 
rad x sin Bs=sin as X sin bas. 
.•. 10 + log sin bs— log sin bas = log sin as. 
or, sin bas = 38° 31' 21" : rad : : sinBs=20° (K 48" : sin as 
=33° W 57". 

The amplitude is always of the same name as the de- 
clination ; and since the variation of a star's declination is 
extremely small f, the same star may be considered as having 
constantly the same amplitude, or to rise and set in the same 
point of the horizon, during the whole year, in the same 
latitude. 

2. To find the ascensional difference ab, in the triangle abs. 

* 
rad x sin ab =cot bas x tan bs. 
.*. log cot bas 4- log tan bs — 10=log sin ab. 
or, rad : cot bas =38° 31' 21" : : tanBs=20° 0' 48" : sin ab 
=27° 13' 43" = l h 48 m 55% and 6 h + l h 48 m 55* =7 h 48 m 55' 
the arc badje, or half the time of the star's continuance above 
the horizon. % 

3. Find the time of the *'* culminating, Prob. VIII. (561). 

Then, From the time of the *'s culm. (561) 21 h 33 m 30 8 
Take the semi-diurnal arc - 7 48 55 



Time of the *'s rising, December 1st 13 44 35 

And, To the time of the *'s culminating (561) 21 h 33 m 30* 
Add the semi-diurnal arc - - - - 7 48 55 



Sum 29 22 25 



Then 29 h 22 m 25*-24 h =5 h 22 m 25% time of setting, 
December 2nd. 



f The amplitude of this star on the same day, in the year 1 822, was SS° SO' 50", 
making a variation of only 10' 53" in its amplitude during 1 8 years. In the fourth 
edition of this work (which was published in the year 1820) the places of the 
stars were corrected to the year 1822. 

\ When the declination of the star and the latitude of the place are of the 
same name, the ascensional difference added to 6 hours gives the semi-diurnal 
arc ; but when of contrary names, the ascensional difference subtracted from 
G hours, leaves the semi diurnal arc. 
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{573) On account of the small change in the declinations 
of the stars, the same star, in any latitude, may be considered 
as having the same ascensional difference during the year ; 
consequently the diurnal difference of tlje same star's rising, 
culminating, and setting, in the same latitude, is nearly equal 
to the diurnal difference of the sun's right ascension. 

The sun's mean daily motion is 3™ 56**555, the daily dif- 
ference between the rising, southing, and setting of any fixed 
star, in the same latitude. 

PRACTICAL EXAMPLES. 

1. Given the sun's amplitude =39° 46' N., hisjdeclination = 
23° 28' N. ; to find the latitude of the place, time of sun rising 
and setting, and the length of the day and night. 

f The latitude=51° &X N. 
Sun rises at 3 h 47 m 32*. 
AnsxerA Sun sets at 8 h 12 m 28% 

Length of day = 16 h 24 m 56\ length of night = 
7 h 35 m 4\ 

2. Required at what time Sirius, the Dog Star, will rise, cul- 
minate, and set at Greenwich, lat 51° 28' 39" N. on the 18th 
of December 1840. 

The right ascension of Sirius being 6 h 38 1 " 8 s , and declina- 
tion 16° 30' 12 // S. ; the sun's right ascension at apparent 
noon {Naut. Abru) being 17 h 45 m 42*, and hourly diff. 11-11. 
r Ascensional <£fference=:21 6V 58" = 1* 27 m 24*. 
Semi-diurnal arc=4 h 32 011 36*. 
Answer .\ Sirius will be on the meridian at 12* 50 m 3% 

rise at 8 h 17 m 27% in the evening. 

.set at 5 h 22 m 39* next morning. 

Star's declination being south, the triangle agc is used. 

3. Required the amplitude, time of rising, setting, and cul- 
minating of Aldebaran at Greenwich, on the 20th ofNovember 
1840. 

TTie right ascension of Aldebaran being =4 h 26 m 48*, de- 
clination=16° IT 1" N«, the sun's right ascension at apparent 
noon (Naut. Aim.) being 15 h 44 m 7% and hourly diff. 10-5. 
f Ascensional difference =21° 22' 51"=l h 25 m 31\ 
Semidiurnal arc 7 fc 25 m 31*. 
Aldebaran culminates at 12 h 40 m 28 s . 
— — rises at 5 h 14'" 57* evening. 

sets at 8 h 5™ 59* next morning. 

..The amplitude =26° 35' 2" towards the N. 

4. Given the latitude=51° 32' N., the sun'3 amplitude= 

v 



Answer. 
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39° 48' N. of the east; required the sun's declination, ascen- 
sional difference, time of rising, setting, &c. 
f Sun's declination =23° 28' N. 

Ascensional dif£ =33 7 

Sun rises at 3* 47 m 32^ 

Sun sets at 8 12 28 



Answer. 



problem in. (Plate III. Fig. I.) 

(574) The latitude of the place, and the sun's (or a star's) 
declination being given, to find the altitude and azimuth, frc. at 



example i. 

In latitude 51° 32' North, when the sun has 19° 39* North 
declination ; required his altitude and azimuth at 6 o'clock. 

1. To find the altitude ds, is the triangle ads. 

* 
rad x sin Ds=sin a x sin as. 

.\ log sin A+log sin as— 10=log sin ds. 

or, rad : sin as = 19° 39' : : sin sad =51° 32 : sin ds = 15° 16'. 

2. To find ad the co-azimuth, in the triangle ads. 

# 
rad x cos a =cot as x tail ad. 

.'. 10 -flog COS A— log COt AS=log tan AD. 

or, cot as=19° 39> : rad : : cos sad = 51° 32' : tan ai> = 
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12° 31' 23". Hence, 90°-12° 31' 23"=77° 28' 37"=od the 
azimuth from the north. 



EXAMPLE II. 

At what time will Arcturus appear upon the six o'clock hour 
line at Greenwich, latitude 51 s 28' 39" N., and what will its 
altitude and azimuth be on the first of April, 1840 ? 

Its right ascension being 14 h 8 m 23% and declination 20° 1' 
N. (Table VIII.), and the sun's right ascension at appt noon 
on the first of April { Naut. Aha,) being h 43 m 32 s , and hourly- 
cliff. 9-L 

1. To find the time of the star's culminating* 

By Problem VIII. (561) Arcturus will culminate at 
13 h 22 m 49". 

Consequently it will be upon the six o'clock hour circle at 
<13 h 22 ra 49 9 — 6 h =) 7 h 22 m 49* in the evening, in the eastern 
hemisphere; and at (13 h 22 m 49'+6 h = ) 19 h 22 m 49% or 
7 h 22 m 49 s the next morning, in the western hemisphere. 

2. To find the altitude ds, in the triangle ads. 

# 

rad x sin Ds=sin sad X sin as. 

.•. log sin SAD-f log sin as— 10=log sin ds. 

or, rad : sin as = 20° V : : sin sad =51° 28' 39" : sin ds = 



1. At what time will Aldebaran appear upon the six o'clock 
hour circle at Greenwich, latitude 51° 28' 39" N., and what 
will its altitude and azimuth be on the 20th November 1840? 

u 2 
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The right ascension being 4 h 26 m 48% and declination 
16° 11' 1" N. (Table VII I.); also the sun's right ascension 
at appt. noon on the 20th Nov. (Naut. Aim.) = l5 h 44 m 7% 
and hourly diff. 10 8, 5. 

Answer. Aldebaran culminates at 12 h 40 m 28 s (561), there- 
fore it is on the six o'clock hour circle in the eastern hemi- 
sphere at 6 11 40 m 28* in the evening, and in the western he- 
misphere at 6 h 40 m 28 8 the next morning. 

Its altitude at each time being 12° 35' 43", and the azimuth 
79° 45' 15" from the North. 

2. Required the sun's altitude and azimuth at 6 o'clock, in 
latitude 51° S2 7 N. when his declination is 15° 23' North? 

Answer. Altitude=ll° 59 17", azimuth 80° 17' 17" from 
the North. 

3. Given the sun's declination 19° 39 / North, his altitude 
at 6 equal 15° 16'; required the azimuth and the latitude? 

Answer. Azimuth =77° 28' 37" from the North, latitude = 
51° 32' North. 

4. Given the sun's declination = 19° 39' North, his azimuth 
at 6 in the morning N. 77° 28' 37" E. ; required his altitude 
and the latitude? 

Answer. Altitude=15° 16', latitude 51° 32' North. 

5. At what time will Regulus appear upon the six o'clock 
hour circle nsas at Greenwich, latitude 51° 28' 39" North, 
and what will its altitude and azimuth be on the 6th Feb- 
ruary, 1840? 

The right ascension being 9 h 59 m 51% and declination 
12° 44' 45" N. (Table VIII.), also the sun's right ascension 
at apparent noon on the same day (Naut. Aim.) =21 h 17 m 14% 
and hourly diff. r0 8 -02. 

Answer. Regulus culminates at 12 h 40 m 30 s (561), is on the 
6 o'clock hour circle, at 6 h 40 m 30 8 in the evening in the 
eastern hemisphere, and at 6 h 40 m 30 8 the next morning in 
the western hemisphere. Its altitude = 9° 56' 23", and its 
azimuth=81° 58' 51" from the North. 

6. At what time will Castor appear upon the 6 o'clock hour 
circle at Greenwich, latitude 51° 28' 39" N., and what will 
its altitude and azimuth be on the 1st of December 1840 ? 

The right ascension being 7 h 24 m 26 s and declination 
32° 13' 49" N. (Table VIII.), also the sun's right ascension 
on the 1st of December at app. noon {Naut. Aim.) = 16 h 31 m 8 , 
and hourly diff. 10 8 83. 

Answer. Castor culminates at 14 h 50 m 45 8 (561), will be on 
the six o'clock hour circle at 8 h 50 m 45 s in the evening, in 
the eastern hemisphere, and at 8 h 50™ 45 8 next morning in 
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the western hemisphere; altitude =24° 39* 41", azimuth = 
68° 33' 39" from the north. 

problem iv. (Plate III. Fig. 1.) 

(576) The latitude of a place, and the deoHnation of the sun 
(or of a star) being given, to find the altitude, and the time when 
it will be due east and west. 

In the right-angled spherical triangle ags. 

1. ag = the time from six o'clock when the sun is due east 
or west Or it is the complement of the time from a star's 
culminating. 

2. as = the altitude of the sun, or a star, above the horizon, 
when on the prime vertical zsan. 

3. os =the sun's or star's declination, of the same name as 
the latitude. 

4. The angle gas = the latitude of the place ; for the eleva- 
tion kje of the equinoctial is always equal to the complement 
of the latitude. 

Any two of these quantities being given, the rest may be 
found. 

The triangle sn Zenith, right-angled at Zenith, is comple- 
ment^ to the triangle ags. 

example i. 
In latitude 51° 32' North, when the sun's declination is 
19° 39' North, required his altitude, and the time when he 
will appear due east or west. 

1. To find the altitude as in the triangle ags. 

rad X sin GS=sin gas X sin as. 
.•. 10 -flog sin os— log sin gas = log sin as. 
or, sin gas=51° 32 / : sin gs = 19° 39' : : rad : sin as=25° 26'. 

2. To find ag the hour from six, in the triangle ags. 

# 

rad x sin AG=tan gs x cot gas. 

.*. log tan GS+log cot gas— 10= log sin ag. 

or, rad : tan gs = 19° 39' : : cot gas = 51* 32' : sin ag = 

16° 28' 49". 

Now 16° 28' 49" = l h 5 m 55* the time from six, hence the 
sun will be east at 7 h 5 m 55 8 in the morning, or west at 4 h 54 in 5* 
in the afternoon. 

(577) As the declination increases, the altitude and hour 
from six increase, and when the declination vanishes, the sun 
appears in the horizon upon the prime vertical. When the 
latitude is equal to 90°, the sun's altitude upon the prime 
vertical is equal to his declination. 

u 3 
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When the latitude of the place is less than the declination, 
the sun never appears on the prime vertical* 

EXAMPLE II, 

At what time will Arcturus appear upon the prime vertical, 
or be due east or west from Greenwich, latitude 51° 28' 39" N., 
on the first of April, 1840 ; and what will be its altitude? 

Its right ascension being 14 h 8 m 23% and declination 
20° 1' 0" North (Table VIII.), the sun's right ascension on 
the same day at app. noon {Naut. Aim.) being h 43 m 32% 
and hourly diff. 9-1. 

1. To find the altitude as in the triangle ags. 

# 
rad x sin os=sin gas X sin as. 
.\ 10+log sin gs— log sin GASzrlog sin as. 
or, sin gas = 51° 28' 39" : rad : : sin gs = 20° V : sin as =r 
25° 56' 44". 

2. To find ag, the complement of the time from the star's arf- 
minating, in the triangle ags. 

* 
rad x sin AG=tan gs X cot gas. 
.*. log tan Gs+log cot gas— 10=log sin ag. 
or, rad : tan gs = 20° 1' : : cot gas = 51° 28' 39" : sin ag = 
16° 51' 30". 

Hence 90°- 16° 51' 30" = 73° 8' 30", which reduced to 
time=4 h 52 m 34% the time from the star's culminating. The 
star comes to the meridian at 13 h 22 m 49* (561); therefore 
13 h 22 m 49"— 4 h 52 m 34 8 =8 h 30" 1 15% the time in the evening 
when the star will appear due east; and 13 h 22 m 49* -t- 
4 h 52 m 34 8 =18 h 15 m 23% or 6 h 15 ra 23 s next morning, when 
the star will appear due west. 

(578) The height of the same star upon the prime vertical 
in any place, is always nearly the same, for the reasons already 
assigned (575) ; and the difference of the times of its coming 
to the prime vertical, will be equal to the difference of the 
times of its culminating, which is nearly equal to the diurnal 
difference of the sun's right ascension. 

practical examples. 

1. The sun's declination being 19° 39' north, and having 
25° 26' altitude upon the prime vertical ; required the latitude 
of the place, and the hour of the day. 
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Answer. Latitude=51° 32' N., time 7 h 5 m 55* or 4 h 54 m 5% 
according as the observation was made in the forenoon or 
afternoon. 

2. At what time will Aldebaran appear due east or west at 
Greenwich, latitude 51° 28' 39" N. on the 20th of November 
1840, and what will its altitude be at that time? 

Its right ascension being 4 h 26 m 48 s and declination 
16° 11' l y/ N* (Tab. VIII.), the sun's right ascension at app. 
noon 20th November (Naut. Ainu) 15 h 44 m 7% and hourly 
diff. 10 s -5. 

Answer. Aldebaran culminates at 12 h 40 m 28* (561), is 
due east at 7 h 33 m 54% due west at 17 h 47 m 2*, and its alti- 
tude =20° 52' 13". The arc ag=13° 21' 28". 

3. The sun's declination being 19° 39' N., and he was ob- 
served to be due west at 4 h 54 m in the afternoon ; required 
his altitude, and the latitude of the place. 

Answer. Altitude=25° 26', latitude=51° 32' N. 

4. At what time will Regulus appear due east or west at 
Greenwich, latitude 51° 28' 39" N. on the 6th of February, 
1840, and what will be its altitude at that time ? 

Its right ascension being 9 h 59 m 51 s , and declination 
12° 44' 45" N. (Tab. VIII.), the right ascension of the sun 
at app. noon on the 6th of February (Naut. Aim.) being 
21 h 17 m 14% and hourly diff. 10 8 02. 

Answer. Regulus culminates at 12 h 40 m 30 8 , is due east at 
7 h 22 m , due west at 17 h 59 m , and its altitude — 16 22 8 46". 
The arc ag=10° 22' 26". 

5. In latitude 51° 32' North, the sun's altitude when on 
the prime vertical was 25° 26' ; required his declination, and 
the hour of the day. 

{Declination = 19° 39' North. 
Time 7 h 5 m 55" or 4 h 54 m 5 8 , according as the ob- 
servation was made in the forenoon or afternoon. 

problem v. (Plate III. Fig. 1.) 
(579) Given tlie latitude of the place, and the surfs altitude, 
when on the equinoctial, to find his azimuth and the hour of the 
day. 

In the right-angled spherical triangle Ado. 

1. ag = the complement of jeg the hour from noon, being 
an arc of the equinoctial, on which g represents the sun's 
place between noon and 6 o'clock. 

2. Ad=the complement of nd the sun's azimuth from the 
meridian, or south point of the horizon. 

3. ^g = the sun's altitude. 

u 4 
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4. GA<f =the complement of the latitude, being measured by 
the arc hje the elevation of the equator above the horizon. 

Any two of these quantities being given, the rest may be 
found* 

This triangle is camplemental to the triangle gje Zenith; 
for oz is the complement of do the altitude, jeg is the hour 
from noon, jbz the latitude, and the angle jezg, measured 
by the arc ud, is the sun's azimuth from the meridian, 

EXAMPLE. 

In latitude 51* S2 7 North, when the sun was on the equi- 
noctical, his altitude was 22° 15'; required his azimuth, and 
the hour of the day. 

1. To find Ad the complement of the azimuth in the triangle 

Ado. 

* 
rad x sin Ad=tan da x cot GAd. 
.'. log tan do f log cot GAd— 10 =log sin acL 
or, rad': tan <fo=22° 15' : : cot ga^=38° 28^ : sin ad =31° (K. 
Hence the azimuth = 59° from the south towards the east 
or west, according as the time is before or after noon. 

2. To find ag, the hovr from 6, in the triangle Ada* 

• 
rad x sin <?o=sin ag x sin qacL 
.*. 10+log sin do— log sin GA^=log sin ag. 
or, sin gacJ = 38° 28' : rad : : sin da = 22° 15' : sin ag = 
37° 29' 46", which reduced into time=2 h 29* 59»; this 
added to, and subtracted from, six hours, gives 8 h 29"" 59% or 
3 h 30 m 1% according as the sun is in the eastern or western 
hemisphere. 

PRACTICAL EXAMPLES. 

1. In latitude 51° 32* N., when the sun has no declination, 
what is his altitude and azimuth at three hours and a half 
from noon ? 

Answer. The altitude =22° 15', and azimuth =S. 59° E. 
or W. 

2. At the time of the equinox the sun's altitude was found 
to be 22° 15', and its azimuth S. 59° E.; required the hour of 
the day, and the latitude of the place? 

Answer. Time 8* 30 m , and latitude 51° 32' North. 

3. In latitude 51° 32' North, the sun being in the. equinox, 
there is given the angle (ag<?) which the vertical circle passing 
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through the sun forms with the equinoctial =57° 46'; to find 
the hour of the day and the altitude and azimuth of the sun. 
Answer. Time 8 h 29 m 53% or 3 h 30 m 7% altitude 22° 14', 
and azimuth S. 59° 2' E. or W. 

problem vi. (Plate III. Fig. 2.) 

(580) The difference of longitudes between two places, both in 
one parallel of latitude being given, to find ike distance between 
them. 

Before we give any examples to this problem, it will be ne- 
cessary to remark, tnat all the meridians on the terrestrial 
globe are great circles meeting each other in the poles of the 
equator. Therefore the meridional distances of places vary as 
the latitudes ; that is, the distance between the meridians pe 
and pw is greater on the equator woqe (supposing woqe to be 
a part of the equator) than it is on the parallel of latitude mn, 
and greater at mn than at /l, &c. 

Longitude is always counted on the equator, where a de- 
gree is reckoned 60 geographical miles, hence a degree of 
longitude in the parallel mn must be less than 60 miles. Tliis 
shows that what is called meridional distance in navigation, 
is always less than the longitude, except the ship sail on the 
equator. 

Since all the meridian* pw, po, pq, &c. cut the equator at 
right angles (291), they must necessarily cut all the parallels 
61 latitude at right angles. 

The arcs of the equator wo, oo, &c. are the measures of 
the spherical angles wpo, opq, &c. at the pole (286). 

If wm or on represent the latitude of two places on the same 
parallel, then mv or nv will be their co-latitudes. 

The arcs wo and mn are similar (297.) and (299) ; hence 
mr : mn : : cw : wo, viz. cw : mr : : wo : mn. But mv is the 
sine of the latitude wwi, mr=vc is its cosine, and cw is the 
radius of the sphere. Therefore, 

Radius : cosine of any latitude : : the length of any arc on 
the equator : the length of a similar arc in that latitude. 

practical examples. 

1. Suppose a ship in latitude 40° north, sail due east until 
her difference of longitude be 60°; required the distance 
sailed in that parallel. 

rad : cos 40° : : diff. long =3600 miles : the distance 2757*7 
miles. 
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EXAMPLE II. 

2. Suppose a ship, in latitude 40° north, sail due east 
2757-7 miles, what is her difference of longitude? 

Answer. 3600 miles. 

(581) By the first of these examples, geographers have cal- 
culated tables showing how many miles answer to a degree of 
longitude for each degree of latitude ; thus in latitude 45°, a 
degree of longitude is 42*43 miles ; in the latitude of London 
31° 32 / , the length of a degree is 37*32 miles, &c. 

3. If a ship sail 2757*7 miles directly eastward or westward, 
so as to alter her longitude 60°, what latitude is she in ? 

Answer. 40° north or south. 

4. Suppose a ship to sail from latitude 40° north to latitude 
10° north, till her difference of longitude be 60°, and it is re- 
quired to find her departure, course, and distance sailed. 

Here 7l the parallel of 40° is the latitude left, ha the parallel 
of 10° is the latitude arrived at, and mn the parallel of 25° is 
the middle latitude between them • hence mp is the comple- 
ment of the middle latitude, and mn is the meridional distance, 
or the true departure nearly # ; pw is a quadrant or 90°, and 
we is the difference of longitude. 

Hence the following construction (Plate III. Fig. 3.) : 

1. With the chord of 60°, which is equal to the sine of 90°, 
and centre p, describe the arc we, on which set off the dif- 
ference of longitude (60° =3600 miles) ; draw pw and pe. 

2. With the sine of (65°) the complement of the middle 
latitude, taken from the line of sines on Gunter's scale, de- 
scribe the arc mn, and draw the straight line mn. 

3. Set off the difference of latitude (30°= 1800 miles) from 
p to m ; draw mn perpendicular to pjw, and equal to mn ; lastly, 
draw pw, ancf the construction is finished. The several lines, 
are named as in the figure. 

OR THUS. 

Make the angle mpn (Plate III. Fig. 4.)= the complement 
of the middle latitude, and pn the difference of longitude, 
then mn will be the departure or meridional distance ; for, in 
the plane triangle mpn, per Plane Trigonometry, rad : pn : : 
sin L mpn : mn, the same proportion as is used in the first 
example. The triangle mpn is the same as before. 



* See the Theory of Navigation, Book IV. Chapter II. 
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or Thus. (Plate III. Fig. 5.) 

Draw the meridian ap, in which assume any point p ; make 
the angle at p equal to the complement of the middle latitude, 
in the opposite quadrant to which the ship sails; set off pn 
equal to the difference of longitude, and draw mn perpen- 
dicular to ap; lastly, set off the difference of latitude from m 
to a, and draw an ; then the names of the several lines are as 
expressed in the figure. 

by calculation. (Plate III. Fig. 3, 4, or 5.) 

rad : diff. long : : sin comp. midd. lat : merid. disk or de- 
parture =3262-7. 

diff. lat : rad : : departure : tan course=61° 7'. 

sin course : dep. : : rad : distance =3726*2. 



CHAP. XII. 

THE APPLICATION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES 
TO ASTRONOMICAL PROBLEMS. 

problem vii. (Plate III. Fig. 1.) 

(562) Given the sun's declination, and the latitude of the place, 
to find the apparent time of day-break in the morning, and the 
end of twilight in the evening. 

1. In the oblique-angled spherical triangle O Zenith n. 

1. O N=the sun's distance from the north pole. 

2. © Zenith = the sun's distance from the zenith. 

3. Zenith N=the complement of the latitude. 

4. On Zenith, measured by the arc ass. = the time from noon. 

or, 2. In the oblique-angled spherical triangle © Nadir s. 

1. s= the sun's distance from the south pole. 

2. © Nadir =the sun's distance from the nadir. 

3. s Nadir =the complement of the latitude. 

4. © 8 Nadir, measured by the arc aQ, =the time from mid- 
night. 

EXAMPLE. 

Given the latitude of the place 51° 32' N., and the sun's de- 
clination 10° N., to find the time of day-break in the morning, 
and the end of twilight in the evening. 

In the triangle © zenith n. 

© n =80° the sun's distance from the north pole=90°— 10°. 

© ZenithzzlQ8° the sun's distance from the zenith =18° 
+90°. 

Zenith n=:38° 28' the complement of the latitude. 
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To find the angle Zenith n 0, measured by the arc cue, = the 
time from noon. 

coseczN= 38°28 / -206171 reject 
cosec©N= 80 -00665 J indices, 
sin - - 113 14 9-963-27 
sin - - 5 14 8-96005 



©n- = 80° 0' 
© Zenith = lOQ 
Zenith n = 38 28 



2 | 226 28 



Half sum - 113 14 
QZenith— 108 



Remainder - 5 14 



2 | 19-13614 

cos68 17 / 28 /, - 9-56807 
2 



136 34 56= Z.©NZ=9 h 6 m 20%time 
from noon* when the sun is 18° below the horizon. Conse- 
quently the day breaks at 2 h 53 m 40* in the morning, and 
twilight ends at 9 h 6 m 20 s in the evening, supposing the sun's 
declination to undergo no change between the beginning of 
twilight in the morning, and the ending thereof at night, 
being about 18 hours. 

The same might have been found from the triangle 
QsNadirfor s©=90° + 10° = 100° 9 NadirQ =90° - 18°=72°, 
and Nadir s =comp. lat. =38° 28'. Then, by the method 
above, find the angle © s Nadir (measured by the arc ao) = 
43° 25'=2 h 53 m 40* as before, the time from midnight, when 
the sun is 18° below the horizon. 

(583) When the declination of the sun, the latitude and de- 
clination being of the same name, is greater than the difference 
between the complement of latitude and 18°, the parallel of 
declination ( © sss © ) will not cut the parallel of 18° (t©w) 
below the horizon : consequently there will be no real night 
at these times, but constant day or twilight ; as is the case at 
London from the 22d of May to the 21st of July. 

(584) Since the sun sets more obliquely at some times of 
the year than at others, it necessarily follows that he will be 
longer in descending 18° below the horizon atone season than 
at another. 

When the sun is on the same side of the equinoctial as the 
visible pole, the duration of twilight will constantly increase 
as he approaches that pole, till he enters the tropic, at which 

• The L © ** represents the time from apparent noon, that is, from the time 
the comes to the meridian, and not the time from 19 o'clock, as shown by a 
well-regulated clock or time-piece. If the equation of time, given in page I. 
of each month in the Nautical Almanac* be applied to this apparent time by 
addition or subtraction, as there directed, you will obtain the mean time, or that 
shown by a well-regulated clock or chronometer. 
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time the duration of twilight will be the longest. It will then 
decrease till some time after the sun passes the equinox, but 
will increase again before he arrives at the other tropic ; there- 
fore there must be a point between the tropics, where the 
duration of twilight is the shortest, which point may be found 
by the following proportion ; viz. 

rad : tan 9° : : sine of the latitude : sine of the sun's de- 
clination.* 

The declination must always be of a contrary name with 
the latitude. 

PRACTICAL EXAMPLES. 

1. Given the sun's declination 10° south, and the latitude 
of the place 51° 32' N. to find the time of day-break in the 
morning, and the end of twilight in the evening. 

Answer. The L ©s Nadir=z73° 35' 34" = 4 h 54 m 22» the 
time from midnight. Hence day breaks at 4 h 54 m 22 8 in the 
morning, and twilight ends at 7 h 5 m 38* in the evening; ad- 
mitting the sun's declination to be constant for one day. 

2. Given the sun's declination 23° 28' S. and the latitude 
of the place 51° 32' N. to find the time of day-break in the 
morning, and the end of twilight in the evening. 

Answer. TheZO sNadir=90° 16'=6 h l m 4 i the time from 
midnight when the © is 18° below the horizon. Consequently 
day breaks at 6 h l m 4 8 , and twilight ends at 5 b 58 m 56% on the 
shortest day at London. 

3. In the latitude of London, 51° 32' N., what time does 
the day break when the sun has 11° 3(K N. declination? 

Answer. 2 h 41 m , rejecting seconds. 

4. Required the beginning and ending of twilight at London, 
lat. 51° 32' N., when the sun's declination is 15° 12' N. 

Answer. 2 h 4 m 11* and 9 h 55 m 49 8 . 

5. Required the time the twilight begins and ends at 
London, latitude 51° 32 / , when the sun has 11° 30' south de- 
clination. 

Answer. 5 h 2 m and 6 h 58 m , rejecting seconds. 

6. At London, latitude 51° 32 / N., required the sun's de- 
clination, day of the month, and duration of twilight when it 
is the shortest. 

Answer. Sun's declination =7° 7' 25" south, answering to 
March 2nd and October 11th. The duration of twilight is 



• Vide Dr. Gregory's Astron. page S28. Vince's Astronomy, vol. i. page 18. &c. 
Also, Leybourn's edition of the Ladies' Diary, vol. iv., from page 81 4 to 339, 
where the subject is amply discussed. 
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l h 56 m 92f ; this is found by taking the difference between 
the time of sun-rise and day-break. 

problem viii. (Plate III. Fig. 6.) 

(585) Given the day of the month, the latitude of the place, 
the horizontal refraction, and the sun's horizontal parallax, to 
find the apparent time of his centre appearing in the Eastern 
and Western part of the horizon. 

Example. Given the sun's declination at noon cm the 21st 
of June 1840=23° 28', the latitude of the place =51° 32* K, 
the horizontal refraction =33', the sun's horizontal parallax 
=8"; to find the apparent time of his rising and setting. 

This example being given for the longest day, the sun's 
declination may be considered the same at his rising as at 
noon ; for the declination does not vary above 5" in 24 hours 
at this time, though near the equinoxes it varies about 1' in 
an hour. 

Let s be the true point of the sun's rising, and b that of his 
apparent* rising, then ft© =33'— 8" =32" 52" the distance of 
the sun's centre below the horizon; hence the true zenith 
distance zs will be increased, by refraction to z©, but the 
declination will remain the same, for ns=n ©. 

In the oblique-angled triangle zn ©. 
z©= 90° 32' 52" app. dist. of ©'s centre from the zenith. 
N©= 66 32 app. dist. of©'s centre from the north pole. 
zn = 38 28 the complement of the latitude. 



2)195 32 52 



i Sum 97 46 26 
z©= 90 32 52 



Rem. 7 13 34 



zn =38° 28' 0" cosec -20617 
n© =66 32 cosec *03749 
Half sum =97 46 26 sin 9*99599 
Remainder = 7 13 34 sin 9*09963 



2)19*33928 



62° 8' 15" cos 9*66964 
2 



L zn© =124 16 0O=8 h 17 m 6* the 
apparent time from noon when the sun's centre appears in the 
western part of the horizon. Hence the apparent time of 

* The apparent time of rising and setting of the heavenly bodies always 
differs from the true time, for they are elevated by refraction (165% and de- 
pressed by parallax (184). 

All the heavenly bodies, when in the horizon, appear 33' above their true 
places, by the effect of refraction (see Table IV.); but they are depressed by 
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the * sun's apparent rising is 3 h 42 m 54% and the time or ap- 
parent setting is 8 h 17 m 6*, The time of the sun's true rising 
and setting on this day, has been determined (page 287) 
to be 3 h 47 ra 32* and 8 h 12 m 28*; hence the apparent day is 
9 m 16* longer than the true day. 

(586) As the refraction causes an error in the rising and 
setting of the celestial objects, so it will cause an error in the 
amplitudes, as may be seen by comparing the triangle abs 
with the triangle ad& If the sun's amplitude be taken when 
his centre is in the visible horizon, an allowance depending * 
on the horizontal refraction, parallax, height of the eye, and 
latitude of the place, should be Applied to the observed 
amplitude, in order to obtain the true amplitude. This in- 
convenience may be avoided, by observing the amplitude 
when the altitude of the sun's lower limb is equal to 16'+ the 
dip of the horizon. 

practical examples. 

1. Required the apparent time of the sun's rising and setting 
at Glasgow, latitude 55° 32' N., longitude 4° 15 7 W., on the 
12th of October 1840. 

The sun's declination at apparent noon, for the meridian 
of Greenwich (Newt. Jim.), being 7° 31' 50" S., and on the 
13th 7° 54' 19" S. 

Answer. The sun's declination, when it is noon at Glasgow, 
is 7° 32 / 6" S. (558). The ©'s declination being south, the 
triangle zn will fall on the left hand of the prime vertical za. 
Then 

' With these three sides, find the hour 
Z.ZN0-79 53' 6" = 5* 19 m 32 8 , the 
time from noon when the sun sets; hence 
^ the sun rises at 6 h 40 m 28*. 
Call these the approximate times of rising and setting, calcu- 
late the sun's declination for these times of rising and setting, 
which you will find to be 7° 27' 7" S., and 7° 37' 5" S. ; 

parallax. Hence, by these causes combined, a body becomes visible when its 
distance from the zenith is equal to 90° + S3'— horizontal parallax, and as the 
son's horizontal parallax is about 8" (see Table VI.) his centre will appear in 
the horizon when it is 32* 52" below it, or 90° 32' 52" from the zenith. If to 
this zenith distance, the sun's semi-diameter 15' 45" be added, the zenith dis- 
tance of the centre for the setting of the upper limb will be had ; if subtracted, 
that for the lower limb wilt be obtained ; the former being 90° 48' 37", and the 
latter 90° 17' 7", and the respective times 8 h 19 n 20* and 8 h 14 m 52*. 

A star has no sensible parallax, and, therefore, will appear in the horizon when 
h is 33' below it, or 90° 33' from the zenith. 

* The equation of time on this day at noon (see page I. of the Nautical 
Almanac) is l m 24 s at Greenwich; this, applied as directed in the Nautical 
Almanac, will give the mean time of the sun's rising and setting, as shown by a 
well-regulated clock or time-piece. 



z©=90 o 32'52" 
n©=97 32 6 - 
zn =34 28 
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then, with the polar distance n©=97° 27' 7" repeat the 
operation, and the apparent time of apparent rising will be 
6* 39 m 58>; with the polar distance n0=97° 37' 5" repeat 
the operation a second time, and the apparent time of the 
sun's apparent setting will be 5 h 20 m 2*. To obtain the 
mean time of rising and setting, as shown by a well regulated 
clock, or time-piece, the equation of time must be applied 
as directed in the Nautical Almanac 

2. Required the apparent time of the rising and setting 
of the sun, in latitude 51° 82 / N., supposing his declination to 
be 23° 29 / S. 

Answer. 8 h 8 m 2* and 3 h 51 m 58*. 

3. Required the apparent time of the rising and setting of 
the sun, in latitude 51° 32' N. when his declination is 17°t32 / N^ 
supposing it to undergo no change from sun-rise to sun-set. 

Answer. 4 h 22 m 14' and 7 h 37 m 46\ 

4. Required the apparent time of the rising and setting of 
the sun in latitude 56° N., supposing the sun's declination 
at his rising to be 22° 34' 35" K, and at his setting 
22° 3C 7" N. 

Answer. 3 h 22 m 19* and 8 h 36 m 59*. 

problem ix. (Plate III. Fig. 7.) 

(587) Given the latitude of the place 9 the day of the mom% 
the moon 9 s horizontal parallax and refraction^ to find the mean 
and apparent time of her rising. 

Required the time of the moon's rising at Greenwich, lati- 
tude 51° 28* 39" N., on the 4th of August 1840. 

The horizontal parallax of the moon varying from 53^ to 
62', always exceeds the horizontal refraction ; therefore, when 
the moon's centre appears in the horizon it is really above it, 
by a quantity equal to the horizontal parallax minus the 
refraction. 

The moon's declination must be found as near to the time 
of her rising as possible, because it is subject to a considerable 
variation in the course of a few hours. 

Let n be the place of the moon, when in the horizon, m the 
point where she becomes visible, and e her place on the me- 
ridian ; then de will represent her change of declination from 
the time of her rising to the time of her transit. 

The time of the moon's passage over the meridian at 
Greenwich is given in page IV. of the Naid. Aim., and may be 
reduced to any other meridian by art. (562) ; reduce the de- 
clination to this time (558). With this declination, the lati- 
tude, &c. calculate the hour angle, which subtract from the 
time of the moon's passage over the meridian, and call the 
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difference the estimated time of the moon's rising. Correct 
the moon's declination, and her horizontal parallax, to the 
estimated time of rising, repeat the operation, and correct the 
result for the daily retardation of the moon's transit, which 
will be the mean time of the moon's rising, to which apply 
the equation of time for the nearest noon, as directed in Page l£ 
of the Naut Aim., for the apparent time. 

SOLUTION. 

1. Find the time of the moon's passage over the meridian. 
The moon passes over the Greenwich meridian at 5 h 17 m '4 

mean time. (Naut Aim., Page IV.) 

2. To find the D 's declination when she is on the meridian. 

]> 's dec. Aug. 4th, at 5 h (Naut. Aim.) - - 18° 22' 2" S. 
. 6 h - 18 33 9 S. 



Increase of dec. in 1 hour -----0117 



Hence 60 m : 11' 7" : : 17 m -4 : 3' 13"; this added to the dec. 
at 5 h gives 18° 25' 1 5" S., the moon's dec. when on the meri- 
dian. 

3. In the triangle znwi, find the L znwi. 

The horizontal refraction =33' (Table IV.) The D's hori- 
zontal parallax at noon (Naut. Aim.) =55' 4", at midnight 
=54' 49", and by calculating the proportional part for . 
5 b I7 m, 4 (559), "the time past noon, when the D is on the 
meridian, the horizontal parallax at that time will be 54' 57"; 
Hence we have 

{zm=90° + 33'-54'57" = 89° 38' 3"1 T fl , - 
n™=90 + 18°25'15" = 108 25 15 \ lotmaUi * 
zn =90 - 51 28 39 = 38 31 21 J ^ ZNWl - 
The L znwi will be found = 64°35'=4 h 18 m -3 = nearly; 
whence 5 h 17 m '4— 4 h 18 m '3=0 u 59 m l P. M. the estimated time 
of the moon's rising; and the time of setting will be nearly 
9 h 35 m -7 P. M. on the 4th of August 
4. To find the D 's declination at the estimated time of rising. 
D 's dec. Aug. 4th, at h - - - 17° 25' 10" S. 
l h - - , 17 36 42 S. 



Increase of dec. in 1 hour - - 11 32 



Hence 60 m : 11' 32" : : 59 ra -l : 11' 22"; this added to the 
dec. at h , gives 17° 36' 32" S., the moon's declination at the 
estimated time of her rising. The moon's horizontal parallax, 
at h 59 m -l is found to be 55' 3" from the parallaxes at noon 
and midnight given above. 
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5. Again*) in the triangle ZNm, we have 
"zm=90° + 33'-55' 3" = 89° 37' 57"! ^ ~ , , 
Given 4 Nm =90 + 17° 36' 32" = 107 36 32 I "and the 
zn=90 - 51 28 39 = 38 3121 J Z - ZNW - 

The Z.ZN/W will be found =65° 50'=4 h 23 m -3, the interval 
between rising and the meridian passage ; whence 5 h 17 m, 4— 
4 h 23 m *3 = h 54 m *l P. M., the time of the moon's rising, 
nearly. 

To find the correct time. The D passes the meridian on 
the 3d of August (Naut. Aim.) at 4 h 33 m -l, then 5 h 17 m -4— 
4 h 33 m, l =44 m -3 daily variation of transit; hence 24 h : 44 m, 3 : : 
(interval) 4 h 23 m '3 : 8 m '6, and h 54 m 'l — 8 m '6 =0 h 45 m '5 P. M. 
mean time of the moon's rising. The equation of time at 
mean noon, on Aug. 4th, is 5 m, 8 to be subtracted ; hence the 
apparent time of the moon's rising is h 39 m, 7 P. M. 

Should more examples be thought necessary, they may be 
formed and solved in a similar manner ; likewise the rising 
of the different planets may be found by the same method. 
The times of the risings and settings of the sun, moon, and 
planets are given in White's Ephemeris, and not in the Nau- 
tical Almanac. 

problem x. (Plate III. Fig. 1.) 

(588) The latitude and longitude of a fixed star, or planet, 
being given, to find its right ascension and declination, et 
contra.* 

In the oblique triangle wnc. 

NW=obliquity of the ecliptic, or distance between the poles 
of the equator and ecliptic. 

nc=the complement of the star's latitude vc. 

NC=the complement of the star's declination rc. 

The angle nwc, measured by the arc vffi, is the complement 
of the star's longitude from aries. 

The supplement of the angle wnc, measured by the arc rq, 
is the complement of the star's right ascension from aries. 

Or, In the oblique triangle smx. 
sm =the obliquity of the ecliptic. 
?wx=the complement of the star's latitude vx. 
sx =the complement of the star's declination rx. 
The supplement of the angle xms, measured by the arc 
wzs, is the complement of the star's longitude from aries. 

The angle xswi, measured by the arc rq, is the complement 
of the right ascension from aries. 

* A neat method of solving this problem may be seen, if necessary, in Dr. 
Maskelyne's introduction to Taylor's logarithms. The problem may be varied so 
as to admit of several cases, but the two above specified are the most useful ones 
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EXAMPLE. 

The latitude of Aldebaran in Taurus being =5° 28' £l" S., 
its -longitude 67° 33' 11", Jan. 1. 1840; required its right 
ascension and declination, the obliquity of the ecliptic being 
23° 27' 45". 

In the triangle amx. 
sm = 23° 27' 45" =the obliquity of the ecliptic. 
xms = 157 33 11 = star's longitude + 90°. 
mx = 84 31 9 = the complement of the star's lat. 

1. To find the co-declination sx. 
sm =23° 27' 45" log sin - - = 9-60005 
mx =84 31 9 log sin - - — 9-99801 

£x/ns=78 46 36 log sin - -={9.9 



-99161 
1-99161 



f 



Sum of logs 1-58128 

nat no - -38131 
2 



•76262 
»wx— sm=z 61° 3' 24" nat cos - - -48395 



sx=106 10 51 nat cos - - -27867 



Hence 106° W 51"-90° = 16° 10' 51"=rx the dec. n. 
2. To find the co-right ascension xsm. 
sin sx = 106° 10 7 51" : sin xros = 157° 33' 11" : : 
sin mx — 84° 31' 9" : sin xsm= 23° 18' 48". 
Hence ar=66° 41' 12", the right ascension. 

or thus: 
Draw the perpendicular xl* 
rad : cos Lmx : : tan mx : tan lwi, and Lm + wismLs. 
cos mi, : cos mx : : cos sl : cos sx. 
sin niL : sin sl : : cot Lmx : cot xsm. 

PRACTICAL EXAMPLES. 

1. Required the right ascension and declination of Regulus 
in the Lion's heart, latitude being 0° 27' 30" N., longitude 
147° 36' 22", and obliquity of the ecliptic 23° 27' 45". 

Answer. Right ascension = 149° 57' 42", and declination = 
12° 44' 46" N. 

2. Required the right ascension and declination of Spica 
Virginia, in the sheaf of Virgo, latitude 2° 2' 29" South, Ion* 
gitude 201° 36' 32", and obliquity of the ecliptic 23° 27' 45", 

x 2 
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Answer. Right ascension = 199° ll 7 36", and declination =r 
10° W 26" South. 

3. Required the right ascension and declination of Betilguese 
in the shoulder of Orion, latitude being 16° 3' 1" South, lon- 
gitude 86° 31' 12", and obliquity of the ecliptic 23° 27' 45". 

Answer. Right ascension = 86° 37' 41", declination = 
7° 22' 17" North. 

4. Required the right ascension and declination of Antares 
in Scorpio, latitude being 4° 32> 47" S., longitude 247° 31' 45", 
and obliquity of the ecliptic 23° 27' 45". 

Answer. Right ascen. =244° 54' 8", declination =26° 4' 13" 
South. 

5. Required the right ascension and declination of the moon, 
on Nov. 22. 1840, at noon, when her latitude is 4° 55' 37" S., 
longitude 222° 36' 40", and the obliquity of the ecliptic 
23° 27' 43". 

Answer. Right ascension =218° 33' 45", declination = 
20° J 9' 28" South. 

6. Given the right ascension of Aldebaran=4 h 26 m 44 8, 8, 
and its declination 16° 10' 54" N., Jan. 1, 1840; required 
its latitude and longitude, the obliquity of the ecliptic being 
23° 27' 45". 

In the triangh /inc. 
wnc=156° 4V 12"=ar + 90°, ar being =4 h 26 m 44 8 -a 
nc = 73 49 6 = complement of rc. 
Nn = 23 27 45 = obliquity of the ecliptic 

1. To find the co-latitude nc 
Nn =23° 27' 45" log sin - - = 9-60005 
nc =73 49 6 log sin - - ;= 9-98244 

{9*99095 
9-99095 



( 



Sum of logs 1-56439 

natno - - -36677 
2 



•73354 

tfc— tfn~50°21'£l" natcos - - -63802 



Co-lat=95 28 52 nat cos - - - -09552 



Hence the latitude=5° 28' 52" S.* 

* The latitude of this star, in the year 1796, was 5° 28' 27" S., making a 
difference of only a few seconds in 44 years. 
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OR THUS, 



Draw the perpendicular cl, then, in 
the right-angled triangle cln, 
rad.sinof90° - - 10-00000 

: cos cnl -= eq = 23° 1 8' 48" 9 '96301 
;:tannc =73 49 6 1053734 



tan nl 



-72 27 53 0*50035 



Then nl + n* = iil « 95° 55' 38" 



In the oblique-angled triangle »hc 
(404) 

cos hl —72° 27' 53" - 9*47899 

: cos iil — 95 55 38 - 9*01395 

: cos nc— 73 49 6 - 9*44512 



cos nc —95 28 52 



8*98008 



Hence the lat-5° 28' 52" South. 



•2. To find the co-fongitude own. 

sin nc = 95° 28' 52" : sin »nc = 156° 41' 12" : : sin nc = 
73° 49' 6" : sin am = 22° 26' 48". Hence the longitude = 
67° 33' 12". # 

7. Required the latitude and longitude of Sirius in the 
Great Dog, right ascension being 99° 31' 29", and declin- 
ation 16° 30' 7" South; the obliquity of the ecliptic being 
23° 27' 45". 

Answer. Latitude 39° 34' 18" S., longitude 101° 52' 41". 

8. Required the latitude and longitude of Procyon in the 
Little Dog, right ascension being 112° 43' 50", declination 
5° 37' 47" N., and obliquity of die ecliptic 23° 27' 45". 

Answer. Latitude 15° 59" 23" S., longitude 113° 34' 43". 

9. Required the latitude and longitude of Arcturus in 
Bootis, right ascension being212°5'30", declination 20° 1'5" 
North, and obliquity of the ecliptic 23 p 27' 45". 

Answer. Latitude 30° 50' 56" N., longitude 202° 0' 0". 

1 0. Required the latitude and longitude of Fomalhaut, in the 
Southern Fish, right ascension being 342° 1 1' 54", declination 
30° 28' 5" S., and obliquity of the ecliptic 23° 27' 45", 

Answer. Latitude 21° 6' 47" S., longitude 331° 36' 24". 

11. Required the latitude and longitude of the moon, on 
the 25th of June 1840, when her right ascension is 32° 38' 1", 
declination 18° 11' 0" North, and the obliquity of the ecliptic 
23° 27' 44". 

Answer. Latitude 4° 44' 10" N., longitude 36° 86' 5". 



* The longitude of this star in the year 1796 was found, by the same process, 
to be 66° 56' 24", making an increase of 36' 48" in 44 years. 

By comparing together the places of the fixed stars deduced from observation, 
astronomers have found that their longitudes increase about 50\" annually. This 
increase of longitude must necessarily cause an irregular motion in the same star 
with regard to the equinoctial. Hence the right ascensions and declinations of 
stars are continually varying, so that stars which formerly had north declination 
have now south declination, et contra. Their latitudes are also subject to a small 
variation. See the Tables, page 206, &c. Nattt. Aim. 1833. 

x 3 



Digitized by 



Google 



• Tit) ASIBOSOHCAL FBOUXIIS. BOOK. I1L 

problem xl (Plmte ILL Fig. a) 

(569) 2~A* ripAf mmr m umi mmd dedtmaOams of two stars, or 
ti<c lati tu d es and longUmies sf two stars gnat, to find their 
distorter. 

Required the distance between Sinus in the Great Dog, 
right ascension =99° 31' 29", and decimation =16° 3QT 7" S., 
andProcvon iii the IJnle Dog, right aBceosionzr 112° 43'50 // , 
and declination 5° 37' 47" N. 

In the triangle xst let the star at t r epresent Procyon, 
because its right ascension is the greatest, and the star at x 
represent Sirius. 

TbeZ-XST=13° W 21" diiE of their right ascensions =rq. 

sx=73° 29* 53"* the complement of Sirius's declination rx. 

8T=95°37' 47", Procyon's declination + 90° =sq + QT. 

Hence, here are two sides and the contained angle given, 
to find the third side xt, by any of the methods in the pre- 
ceding problems. 

Answer. xt=25» 43? 0". 

EXAMPLE IL 

The latitude and longitude of Sirius being =39° 34' 18" Su, 
and 101° 52" 41"; and the latitude and longitude of Procyon 
=15° 59" 23" South, and 113° 34' 43". Required their 
distance. 

In the triangle xarr as before, we have 

xjn=50° 25' 42" the complement of Sinus's lat. vx. 

Tin =74° C 37" the complement of Procyon's lat. 25 t. 

The Z-Xarr=ll° 42' 2" the difference of their longitudes 

T25. 

Hence, as before, here are two sides and the contained 
angle given, to find the third side, xt=25° 42' Answer. 

EXAMPLE III. 

Required the distance between Capella in the Goat, right 
ascension =76° 13' 12", declination =45° 49* 39" North, and 
Procyon in the Little Dog, right ascension =112° 43" 50", 
and declination=5 37' 47" North. 

In the triangle tnc, let the star at t represent Procyon, and 
c Capella. 

kc=44° W 21" the co-declination of Capella. 
tn=84° 22' 13" the co-declination of Procyon. 

L tnc =36° 3CK 38" the diff. of their right ascensions =rq. 

Here we have two sides and the contained angle given, to 
find the third side, as in the preceding examples. 

Answer. cr=51° 7' 5". 



Digitized by 



Google 



Chap. XII. oblique-angled triangles. 311 

EXAMPLE IV. 

Required the distance between Capella, whose latitude is 
22° 51' 37" North, longitude 79° 37' 23", and Procyon, lati- 
tude 15° 59' 23" South, longitude 113° 34' 43". 

In the triangle twc, let the star at t represent Procyon, 
that at c, Capella. 

nc= 67° 8'23"=comp. CapehVs lat. oc. 
ot=105 59 23 =90° + Procyon'slat. Sot. 

Z-Twc= 33 57 20 =diff. of their longitudes =025. 

Here we have two sides and the contained angle given, to 
find the third side ct=51° 7 3" Answer. 

(590) In the same manner we may find the distance be- 
tween any two places on the earth ; suppose x and t to be 
two places whose latitudes and longitudes are known, then in 
the triangle xnt, xn is the distance of x from the pole, tn 
the distance of t from the same pole, and the angle xnt, 
measured by the arc rq, the difference of longitude between 
the two places, hence the distance xt is easily found. In a 
similar manner the distance between t and c, or c and x may 
be obtained. 

EXAMPLE V. 

What is the extent of Africa, from Cape Verde, latitude 
14° 46' N., longitude 17° 47' W., to Cape Guardafui, latitude 
11° 47' N., longitude 51° 35' E.? 

Answer. 67° 19 / , the arc of a great circle contained between 
the places, or 4679 English miles, of 69 J to a degree, or 4039 
geographical miles, of 60 to a degree. 

problem xn. (Plate III. Fig* 8.) 

(591 ) The places of two stars being given, and their distances 
from a third star, to find the place of this third star. 

example 1. 

Suppose die distance of a comet or new star c, was measured 
by a sextant to be 65° 47' 42" from Sirius the dog-star, lat. 
39° 34/ 18" South, longitude 101° 52' 41"; and 51° 6' 56", 
from Procyon the Little Dog, lat 15° bW 23" South, longi- 
tude 113° 34' 43"; it is required to find the latitude and lon- 
gitude of this comet or star. 

Let x represent the place of Sirius, or one of the known 
stars, t that of Procyon the other known star, having the 
greater longitude, and c the place of the comet or unknown 
star. 

x 4 
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First. In the triangle xjit, we have given 
xn=129° 34' 18" Sirius's distance from the pole of the 
ecliptic nearest the comet or star. 
to =105 59 23 Procyon's distance from the same pole. 
Z.xwt = 11 42 2 the difference of longitude between 

the given stars. 
To find xt the distance between the two known stars = 
25° 42' 0", and the angle wxt=26° 42' 53": To find the 
former of these quantities, there are two sides and the included 
angle given, and to find the latter the three sides and one 
angle are given. 

Secondly. In the triangle xtc, we have giver 

xt =25° 42' 0" 1 To find the L cxt at the star x. By 

tc=51 6 56 \ any of the methods in arts. (484) and 

and xc=65 47 42 J (502), you will find cxt=49° 13' 42". 

This angle being greater than nxT, shews the longitude of the 

star at c to be less than at x. Hence cxt— nxT=22° 30' 49" 

=wxc. 

Thirdly. In the triangle xnc, we have given 
xn = 129° 34' 1 8" "] To find the side nc the comet or star's 
xc= 65 47 42 J- co-lat, and xwc the diff. between the 
andnxc = 22 30 49 J star's long, at c and Sirius's long. 

nc=67° 9' 7" the star's co-latitude, hence its latitude oc= 
22° 50' 53" N., and xwc=22° 16' 16"; and since the star's 
longitude has been shown to be greater than the comet's, 
from Sirius's longitudes 101° 52' 41" take 22° 16' 16", the 
remainder 79° 36' 25" is the unknown star's longitude. 

EXAMPLE II. 

Suppose the distance of an unknown star at x was measured 
to be 65° 47' 42", from a known star (Capella) at c, having 
22° 51' 37" North latitude, and 79° 37' 23" of longitude ; and 
its distance from another known star at t (rrocyon) = 
25° 42' 10", this star having 15° 59' 23" South latitude, and 
1 13° 34' 43" of longitude ; required the latitude and longitude 
of the unknown star. 

First In the triangle otct, we shall have 
cm =mo + oc = 1 1 2° 5 1' 37" — Capella's distance from the pole 
of the ecliptic nearest the comet, or unknown star. 

chit =33° 57' 20"= the diff. long, between Capella and 

Procyon. 
Tm =74 37 =Procyon's distance from the pole 
of the ecliptic. 
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cm = 112° 51' 37" 
cx= 65 47 42 
Z_xcm= 18 39 8 



To find tc =51° 7' 3", the distance between the known 
stars, and the angle mcT=43° 36' 42". 

Secondly. In the triangle xct, we have given 
xc=65°47'42"l 

xt =25 42 10 \ To find the angle xct at the star c. 
tc=51 7 3 J 

By any of the methods in arts. (484) and (502) xct will be 
found =24° 57' 34"; this angle being less than mcr shows the 
longitude of the star at x to be greater than that at c 
Hence mcr— xct=: 18° 39' 8"=xcm. 

Thirdly. In the triangle xcm, we have 

'To find xm the unknown star's co- 
latitude, and xmc the difference be- 
tween the star's longitude at x, and 
^ Capella's longitude at c. 
xm=50° 25' 46" the star's co-lat., hence its latitude vx = 
39°34 / 14" S., and xmc =22° 14' 6"; and since the given 
star's longitude has been shown to be less than the required 
star's longitude, this difference must be added to Capella's 
longitude, viz. to 79° 37' 23" add 22° 14' 6", the sum is 
101° 51' 29", the longitude required. 

EXAMPLE III. 

Suppose the distance from an unknown star at t was mea- 
sured to be 25° 42' 10", from a star at x, whose latitude is 
39° 33' 30" South, longitude 101° 13' 44"; and 51° 6' 56" 
from another known star at c, whose latitude is 22° 51' 57" 
North, and 78° 57' 57" longitude ; required the latitude and 
longitude of the unknown star. 

First. In the triangle xmc, you will have given 
xm=the complement of x's latitude, 
cm = the distance of c from the same pole of the 
ecliptic, and the angle xmc —the difference between their 
longitudes =vo. 

Hence xc will be found =65° 47' 51", and the angle mxc = 
157° 29 / 50". 

Secondly. In the triangle xtc, are given 
xc~ 



:)' 



To find the angle cxt=49° 13' 30". 

, I Now mxc— cxt = 108° 16' 20"=mxt, 
and tc 



xm 

XT 

Z_mXT 



Thirdly. In the triangle mxT, are given. 

" To find Tm=62° 1'50", the distance of the star t 
from the pole of the ecliptic, and the angle xmr 
=27° 47' 38", the difference between the longi- 
tude of x and t. 
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Hence the lat=27° 58' 10" S., and the longitude =long. 
oFx + angle xmT=101° 13' 44"+27° 47'38" = 129° 1'22". 

(592) By the assistance of the foregoing problem, and a 
knowledge of any one fixed star's true situation, the places of 
all the rest may be determined. Indeed it is by this problem 
principally that astronomers have rectified the places of all 
the fixed stars ; and thence, by a similar mode of proceeding, 
found the true places of the planets. Leadbetter tells us in his 
Astronomy, page 230., that he made use of this method for 
constructing his astronomical tables. The preceding examples 
contain every variation that can happen with respect to the 
stars' latitudes and longitudes, but the same things may be 
determined from their right ascensions and declinations, as in 
the following example : — 

example iv, (Plate III. Fig. 9.) 
Suppose the distance of a star or planet at y was observed 
to be 65° 47' 42", from Sirius the Dog-star at x, whose right 
ascension is 99° 31' 29", and declination 16° 3CK 7" South ; 
and to be 51° & 56" distant from Procyon at t in the Little 
Dog, whose right ascension is 112° 43' 50", and declination 
5° 37' 47" North; it is required to find the right ascension 
and declination of this unknown star or planet 

First, In the triangle xnt, we have 
The angle xnt =13° 12 7 21"= the difference between the 
right ascensions of x and t, measured by the arc rq. 

xn=106° 30 7 7"=x*s distance from the pole n. 
tn = 84 22 13 =t^s distance from the same pole. 
Hence two sides and the included angle are given, to find 
the third side xt=25° 42>, and the angle nxt=31° 37' 6". 
Secondly. In the triangle yxt, we have given 
yx=65° 47' 42" 1 To find the angle yxt=49° 13' 42" 
yt=51 6 56 > Then yxt — nxt =17 36 36 
xt =25 42 J =yxn. 

The L yxt being greater than the L nxt shows the right 
ascension of the unknown star at Y to be less than the right 
ascension of that at x. 

Thirdly. In the triangle xyn, are given 

~ To find yn the complement of the 

declination by, and the angle ynx 

the difference between the right 

ascensions of y and x=br. 

You will f YN=44 ° n ' 12"» consequently by =45° 48' 48" K 



xy= 65° 47' 42" 
xn = 106 30 7 
Z.yxn= 17 36 36 



{yn =44° 1 1' 12", conseque 
ynx=23° 19' 19", hence 
=AB=76° 12' 10". 



i* i -jxnA— *t> u* i»> nfiice the right ascension of y 
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problem xiii. (Plate III. Fig. I.) 
(693) Given the latitude of the place, the sun's declination 
and altitude, to find the azimuth* 

example i. 
In latitude 51° S2 7 North the sun's altitude was observed 

to be 50°, and his declination 23° 28' North ; required his 

azimuth from the North. 

In the triangle szn, we have given 
sn=66° 32* the co-declination, or sun's polar distance ; for 

ds is the sun's declination North, 
sz = 40 the co-altitude of the sun ; for cs is his altitude 

above the horizon ho. 
zn=38 28 the co-latitude of the place, or what on the 

elevation of the pole wants of 90°. 
To find the angle szn, measured by the arc of the horizon 

co, the 3un*s distance 4rom the North. 

Call the co-latitude zn the base, bisect zn in <, and draw 

the perpendicular sf Then (484) 

tan J zn=z* = 19° 14' - - - 9-54269 

: tan £ (sn + sz) = 53 16 - - - 10-12710 

:: tan 4 (sn— sz) = 13 16 - - - - 9-37250 
: tan^fr = 42 10 - - - 9-95691 

Take the difference between ft and half the complement of 

latitude. Then 

Radius, sin of 90° 10-00000 

: tan(/*-z0=22°56 / .... 9-62645 

: : tan of the sun's altitude =cs= 50° - - 10-07619 
: sin of azimuth from the east or west =30° 17' 9-70264 
Hence 90°+30° 17' = 120° 17' the sun's azimuth from the 

North. 

(594) A slight review of Figure L Plate III. will naturally 
point out to us the following observations : 

If the latitude of the place and the declination of the sun 
be of the same name, the sun is less than 90° from the ele- 
vated pole ; therefore the co-declination is the polar distance. 

If the sun or star be in the equinoctial, it is 90° from the 
pole, and forms a quadrantal triangle. If the declination be 
of a contrary name with the latitude, the distance of the 
object from the elevated pole will be equal to the declination 
increased by 90°. 

(595) The preceding solution is on the supposition that 
the sun's declination, a3 taken from the Nautical Almanac, 
remains the same in all places, and at all times of the day. 
But this cannot be strictly true, for the declination is subject 
to a daily variation, and is adapted to the meridian of Green- 
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wich. An azimuth will not be materially affected by this 
change, but it will make a considerable difference when we 
want to find the time of the day. 

EXAMPLE II. 

Suppose the sun's altitude at London, latitude 51° 32* 
North, to be 1° 14' when the declination is 20° 11' South, 
what is the azimuth from the North ? 

Answer. 125° 34'. 

EXAMPLE III. 

Given the latitude of the place 51° 32' North, the sun's alti- 
tude 25°, his declination 4° 47' South; required the azimuth 
from the North. 

Answer. 137° 18'. 

EXAMPLE IV, 

Suppose in latitude 51° 32' North, the altitude of the star 
Arcturus in Bootis was 44° 30 7 , when its declination was 
20° 1' N. ; required its azimuth from the North at that time. 

Answer. 117° 44'. 

EXAMPLE V. 

In latitude 48° 51' North, when the sun's declination is 
18° 30 7 North, and his altitude 52° 35'; what is his azimuth 
from the North? 

Answer. 134° 36'. 

(596) This problem is not only useful for finding the varia- 
tion of the compass, but it will be found very convenient for 
determining the true meridian, and the four cardinal points. 
For, if with a line representing the vertical on which the sun 
is, an angle be made equal to the supplement of the azimuth 
from the North, the meridian will be obtained, provided care 
has been taken to correct the sun's altitude for refraction, &c 

(597) An azimuth may be constructed by a scale of chords, 
sufficiently accurate for Nautical purposes : Thus, 

With the chord of 60° describe a cirele (Plate IV. Fig. 2.), 
set off the complement of the latitude from z to p, and the 
complement of the altitude from z to a, draw zon through 
the centre c and aoa at right angles to it. Set off the polar 
distance from p to p, draw pp through the centre c, and 
from the point I where it intersects aoa draw ir parallel to 
zon, and through c the centre draw cs parallel to aoa. 

With c as a centre, and the distance oa, cross the line ir 
in m ; through m draw cw, then sw, measured on a scale of 
chords, will be the azimuth from the south (in North latitude) 
if the point i fall on the left of zn, and from the north if it 
fall on the right. 

See Leybourris Mathematical Repository, old series, vol, i. 
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page 283., second edition, 1799, and vol. ii. pages 26 and 27. 
See also Dr. Macka/s Navigation, first edition, 1804, page 
200. 

problem xiv. (Plate III. Fig. 1.) 
(598) Given the latitude of the place, the sun's declination 
and altitude, to find the hour of the day. 

EXAMPLE I. 

At London, latitude 51° 32' North, the altitude of die sun's 
centre was 38° 19', and his declination 19° 39' North; required 
the hour of the day. 

In the triangle szn, we have given 

sn=70° 21' the sun's distance from the elevated pole. 

sz =51 41 the sun's co-altitude. 

zn=38 28 the co-latitude. 

To find the angle zns, measured by the arc md, the dis- 
tance between the meridian which the sun is on at the time of 
observation, and the meridian of the place of observation. 

Since jez is equal to the latitude on ; it follows, that if the 
latitude and declination be both north or both south, the dif- 
ference between them is equal to the meridional zenith dis- 
tance; if the one be north and the other south, their sum is 
the meridional zenith distance. 

Nat cos of merid zenith dist 

(51 32 / -19°39 / ) - 31° 53' =84913 

Nat sine of the sun's altitude - - 38 19=62001 



Remainder - - 22912 



Common logarithm of - - 22912=4*36007 
Secant of the latitude - - 51°32 / = -20617 
Secant of the declination - 19 39 = -02606 



Num. in col. ris., Requisite Tables, 3 h 30 m 4-59230 
Or, Increase the index by 5 + 

Log versed sine - - * 52° 29' 24" - 9-59230 
Or add the logarithm of 1 Q.fiQftQ7 

5000000000=| radius. J + 9 69897 

Divide by 2 | 19-29127 

Log sine of half the hour angle 26° 14' 42"=9-64563 

2 



The hour angle - ? $2 29 24 =3 h 29" 57* 36* 
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This solution is analogous to Problem 8th in the Requisite 
Tables published by order of the Commissioners of Longitude; 
or to Problem VII. Chap. II. Book III. of Dr. Macka/s 
Navigation. If you have the Requisite Tables * by you, die 
sum of the three logarithms above may be looked for in the 
column of rising, and the hours and minutes answering 
thereto will be the time from noon. Or, increase the index 
by 5, and the sum is the log. versed sine of the same angle. 
Or, the log. versed sine of an arc increased by the logarithm 
of 5 (with 9 for its index), will give double the logarithmic 
sine of half the required angle (281 ). 

EXAMPLE II. 

In latitude 39° 54' North, longitude 80° 39 / 45" West of 
Greenv ich, suppose the altitude of the sun's lower limb to be 
15° 4(K 57" on the 9th of May, 1840, at 5 h 34 m 2P P. M. 
per watch ; required the correct apparent and mean time at 
that place, and the error of the watch. 
1. To find the time by acct at Greenwich, and equation of time. 



May 9* 



5 h 34 01 
5 23 



21* time by watch. 
39 long in time W. 



10 57 Gr. time by acct 



2. 7b correct the ©** decUn. 
© % s decL May 9th 840« 17° 27' 1 2"N. 
Ditto May 10th - -=17 42 57 



Increase in 24 hours =■. 15 45 



24" : 15' 45" : : 10* 57 m : V 1 1" 
Hence the 0*s declin. at the time and 
place of observation^ 17° 34' 23" N. 



Eq. of time May 9, 1840 = — 3* 
May 10 — -3 



47 s 
49 



Increase in 24" - «= 2 

24* ; r : : ll h : V 
Hence the cor. eq. is— 3 m 48* 

3. 7b correct the ©** altitude. 
©•s observed alt - « 15° 40' 57" 
Refractionf - - ■ - 3 21 



©*s semidiameter \ 
0's parallax | - 



True alt. ©*s centre - «15 53 35 



15 


37 


36 


«* + 


15 


51 


— 


♦ 


8 



• The XVIth of the Requisite Tables, or the XXXVth, XXXVIth, and 
XXXVIIth Tables in Dr. Mackay's Navigation. 

The XVIth of the Requisite Tables is divided into three columns. The first 
column, called half elapsed time, is only a table of secants with 10 rejected from 
the index ; the time being reduced to degrees. 

The second, called middle time, u the logarithmic sine of half the elapsed time, 
increased by the logarithm of 2, and the index of the sum diminished by 5. 

The third, called column of rising, is a table of logarithmic versed sines with 
their indices diminished by 5. 

Thus for 1 hour of time, or 15 degrees, 
cosec 15^=10*58700 sin 15°«9*41300 vers 15° = 8*5S243 

— 10 log 2 -0*30103 -5 



log \ clap, time 0*58700 



sum 9 71403 
-5 



log rising 3*53243 



log mid. time 4*71403 

Proceed in the same manner for any other time, 
f Table IV. \ Nautical Almanac. 



K Table VI 
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4. To find the correct time. In the triangle 

Complement of latitude nz=50° 6' 0" cosec 
Complement of altitude sz =74 6 25 
Polar distance sn=72 25 37 cosec 



319 

sz*?, 

reject indices. 

- 11511 

- -02076 





2 
sz: 

51' 


| 1-96 


38 


2 


sin- - 
sin 

App, 1 
Equal 

Mean 

Time 

Watch 




4 sum - 


98 
= 74 


19 
6 ! 


1 i 
25 


9-99541 


Remainder 


24 


12 - 


36 


9-61287 




5" 
2 


1 34 m 49' 
- 3 48 

31 1 
34 21 

28 


| 19-74415 


Cosine of half zns=41° 


: 9-87208 


zns=83 
(Subtract from App. 


42 10=5* 

5 

time) 5 


time 
ion 

time 
per watch 

i too slow. 



(599) In the practical application of this problem, it will 
be proper to take several altitudes of the sun within a minute 
or two of each other, and to note the corresponding times per 
watch. The mean of these altitudes, and of the times, will 
be more correct than a single altitude and time, and will in a 
great measure counteract the errors arising from the imper- 
fection of the instrument 

EXAMPLE III. 

On the 4th of March, 1840, in latitude 45° 37' North, and 
longitude 169° 59' 30" West, suppose the following altitudes 
of the sun's lower limb to be observed : — 

App. time P. M. per watch. Alt. of the 0's lower limb. 

2 h 53" 32 8 - - - 24° 55' 

2 54 30 - - - 24 48 

2 55 36 - - - 24 40 

2 56 46 - - - 24 31 



4 | 11 40 24 



4 | 98 54 



Mean 2 55 6 P.M. Mean 24 43 30. 
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Required the correct apparent and mean time of observa- 
tion, and the error of the watch. 

The sun's declination at Greenwich, app. noon, on March 
4th is 6° 17' 7" S. (Naut. Aim.), and on the 5th 5° 53' 57" S., 
the equation of time at noon on March 4th is+ll m 55% and 
on the 5th + 1 l m 42 s , and the O's semi-diameter 16' 8". 

Answer. The time at Greenwich is 14 h 15 m 4% the O's de- 
clination at that time =6° & 21" S., the equation of time 
ll m 47% and true altitude of the 0's centre=24° 57' 43"; 
hence the apparent time of observation =2 h 57 m 22 s , mean 
time=3 h 9 m 9", and the watch is 2 m 16* too slow. 



EXAMPLE IV. 

On the 16th of September, 1840, in latitude 33° 56' South, 
and longitude 84° 6' 15" West, suppose the app. time per 
watch of several altitudes of the sun's lower limb to be 
8 h 5 m 43* A.M., and the mean of the altitudes themselves 
24° 43' ; required the correct apparent and mean time at 
that place, and the error of the watch. 

The O's declination at app. noon (Naut. Aim.) on the 16th 
is 2° 31' 39" N., and on the 17th 2° 8' 25", the equation of 
time at noon on the 16th is— 5 m 20% and on the 17 th 
— 5 m 41% and the O's semi-diameter 15' 57". 

Answer. The time at Greenwich on the 16th is l h 42 m 8 s 
P.M., the O's declination at that time =2° 30 7 0" N., the 
equation of time= — 5 m 21% and true altitude of the O's centre 
=24° 57' 2"; hence the apparent time is 8 h 10 m 16 s A.M., 
mean time 8 h 4 m 55 8 A.M., and the watch is 4 ,T, 33 S too slow. 



problem xv. (Plate III. Fig. 1.) 

(600) Given the latitude of the place, the declination and 
altitude of a known fixed star, to find the hour of the night 
when the observation was made. 



EXAMPLE I. 

In latitude 7° 45 ; South, and longitude 30° 18 7 East of 
Greenwich, on the 7th of September, 1840, suppose the alti- 
tude of the star Procyon, when east of the meridian, to be 
28° 12' ; required the apparent and mean time of observation, 
the declination of Procyon being 5° 37' 40" N. 
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Procyon's alt=(23° 1* 0"- refraction 1' 46"=)28° 10' 14" 

Co-lat nz = 82° 15' 0" - - cosec - -00399 

Co-alt sz = 61 49 46 

Polar dist8N= 95 37 40 - - cosec - -00210 

2 | 239 42 26 

Half sum =119 51 13 - - sin - 9-93817 
Co-alt sz = 61 49 46 

Remainder= 58 1 27 - - sin - 9-92854 

2 | 19-87280 

Cos of half the hour L 30° 15' 26" - - 9-93640 

2 

The hour L zns =60 30 52=4 h 2 m 3* 

(601 ) The hour L found by calculation, as above, is the dis- 
tance of the star from the meridian of the place of observa- 
tion ; consequently when the star is eastward of the meridian 
at the time of observation, this hour angle must be subtracted 
from the time of the star's culminating, and when westward 
it must be added. 

*'s Rt. Am. Jan. 1. 1840(Tab. VIII.) + 24 h -31 h 30*55' ( +314 an. var.) 
3*14x0-7 - +8 

* 's Rt Asc at given time - 31 30 57 

©•§ Rt. Aac at noon, Sept. 7. 1840 - - 11 4 19 ( + 9»O0 hourly diff.) 

Required time nearly - - - - 20 26 38 
Longitude 30° 18' £. in time - 2 1 18 

Greenwich time - - - - - 18 25 86 

900x184- —2 46 

Time of *'s culminating - 20 23 52 

Hour angle - - - 4 2 3 

Apparent time of observation - 16 21 49 

Equation of time, Sept. 7. 1840 - —2 12 
Sept. 8. — - -2 32 

Variation in 24 h 20 

24* : 20" : : 16 h «4 s 14» 
Hence the corr. equation of time ia - —2 26 

Mean time of observation - - -1619 23 

y 
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(602) In order to attain the greatest accuracy several alti- 
tudes of a star should be observed in succession, and if two 
or more separate stars be observed, and the error of the watch 
be deduced from each star, the medium result will be more 
correct than that derived from the observation of a single star. 

If an equal number of stars can be observed on each side 
of the meridian, and nearly equidistant therefrom, the errors 
arising from the imperfection of the instruments, &c will be 
rendered almost insensible. 

EXAMPLE II. 

On the 20th of January, 1840, in latitude 53° 24' North, 
and longitude 25° IS' West; suppose the following altitudes 
of Procyon to the west, and Alphacca to the east of the me- 
ridian, were observed by two separate persons at the same 
instants of time; required the error of the watch. 

The right ascension and declination of Alphacca being 
15 h 27 m 55 8 and 27° 15' 24" N., and of Procyon 7 h 30 m 66 s 
and 5° 37' 46" N. The sun's right ascension at apparent 
noon on the 29th being 20 h 44 m 40' and its hourly diff. 10-3 8 ; 
also the equation of time on Jan. 29. ia+ 13 m 23% and on Jan. 
30 it is + 13 m 33'. 

Apparent Time 

per watch. Procyon'i altitude. Alphaoca's altitude. 

14 h 53 m 0' - - 20° 41' 40" - - 41° 17' 40" 

14 57 - - 20 7 40 - - 41 57 40 

15 32 - * 19 37 40 - - 42 24 40 
15 4 - - 19 8 40 - - 42 55 40 



4 I 59 54 32 - 4 | 79 35 40 - 4 I 168 35 40 



Mean 14 58 38 Mean 19 53 55 Mean 42 8 55 

Answer. The hour L by Alphacca's corrected altitude is 
3 h 40 m 28% the * culminates at 18 h 39 m 45*; hence the ap- 
parent time=14 h 59 m \T. 

The hour L by Procyon's corrected altitude is 4 h 15 m 39% 
the * culminates at 10 h 44 m 7 8 ; hence the apparent time = 
14 h 59 m 46". The mean between these two times is 14 h 59 m 32% 
consequently the watch is 54* too slow. 

EXAMPLE III. 

In latitude 48° 56' North, longitude 66° West, suppose the 
altitude of Aldebaran, when west of the meridian, to be 
22° 20' 15" on the 1 5th of April, 1840 ; required the apparent 
time of observation. 
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The right ascension of Aldebaran being 4 h 26 m 46 s , and 
declination 16° 10' 56" N. Also the 0's right ascension at 
apparent noon on the 15th (Naut. Aim.) = l h 34 m 48% and its 
hourly difference 9*24*. 

Answer. The hour L by the #'s corrected altitude =4 h 57 m 44% 
and die * culminates at 2 h 50 m 51% hence the apparent time 
=7 h 48 m 35'. 

SCHOLIUM. 

(603) The three preceding problems (XIIL, XIV., and XV.) 
are all included in one triangle (Zenith ns Plate III. Fig. 1.), 
but they have been considered separately, on account of their 
importance, and to prevent confusion. 

Any three of the five quantities, viz. the sun's or star's de- 
clination, the latitude of the place, the altitude of the object, 
the azimuth, and the hour of the day being given, the rest 
may be found. 

A sixth quantity might be taken into consideration, were it 
materially useful, viz. the L opposite to the complement of the 
latitude, being formed by the intersection of the azimuth 
circle zsc, and hour circle nso. 

PRACTICAL EXAMPLES. 

1. Given the sun's declination 19° 3^ North, in north lati- 
tude, his correct altitude 38° 19% and his azimuth= S. 72° 13' 
E. ; required the hour of the day and the latitude of the place. 

Answer. The hour angle is 52° Q(y=S h 30 m , the hour from 
noon, hence the time is 8* 30 m A.M., and the latitude 51° 32* 
North. 

When the altitude of the sun and his declination are equal, 
the triangle is isosceles, and the hour angle is equal to the 
azimuth. But when the altitude of the sun is less than the 
declination, the case is ambiguous. 

2. Given the sun's declination =19° 39' North, his altitude 
corrected =38° W at 3 h 30™ in the afternoon; required the 
latitude of the place, supposed to be north, and the sun's 
azimuth. 

Answer. This problem is ambiguous, the azimuth may be N. 
72° 13' 30" W. and the latitude 9° 15' 14" N., or the azimuth 
may be N. 107° 46' 3(T' W. and the latitude 51° 30' 54" N. 
But when the sun's altitude is less than the declination, the 
problem will be limited. 

3. Given the latitude of the place =51° 32' N. the sun's de- 
clination == 19° 3& North, the sun's azimuth =S. 72° 13' W. ; 
required the sun's altitude and the hour of the day. 

y 2 
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Answer. The sun's altitude is 38° 18" 26", the hour angle 
52° W 16", and the time from noon 3 h 30 m . If the latitude 
of the place be less than the sun's declination, when both have 
the same name, the case will be ambiguous ; see the following 
example. 

4. Given the latitude of the place = 13° 3C North, the sun's 
declination =23° 28' N., the sun's azimuth =N. 67° 3C East; 
required the sun's altitude and the hour of the day. 

Answer. The angle opposite to the complement of latitude 
may be either acute =78* 20 7 , or obtuse =101° 40 / . In the 
former case the sun's altitude is 7° & nearly, and the time from 
noon 5 h 52 m 3* ; and in the latter case the sun's altitude is 
57° 4' 33", and the time from noon 2 h 12 m 46-. Hence it 
follows that in this latitude on the longest day, the sun appears 
upon the same point of the compass twice in the forenoon and 
twice in the afternoon. 

5. Given the latitude 13° 30* North, the sun's corrected 
altitude =60° 30 / at two o'clock in the afternoon ; required the 
sun's azimuth and its declination. 

Answer. The angle opposite to the complement of latitude 
may be either acute =80° 52*, or obtuse =99° 8 / ; in the former 
case the declination is 10° 21' 40", and the azimuth 87° 12 / 34", 
and in the latter case the declination is 20° 37' 36", and azi- 
muth 71° 51' 29". 

6. In latitude 51° 32' North, at 3 h 30 m in the afternoon, the 
sun's azimuth was S. 72° 13* West ; required the sun's alti- 
tude, his declination, and the angle formed by the intersection 
of the azimuth circle, and the hour circle passing through 
the sun. 

Answer. The sun's altitude=38° 18' 53", the declinations 
19° 39 / 19", and the angle Zenith sn formed by the vertical and 
azimuth circle =38° 58T 30". 

7. The sun's corrected altitude at 8 h 30* in the forenoon 
was 38° W 9 the angle of position, viz. formed by the azimuth 
and hour circles, was 38° 58' ; required the sun's azimuth, de- 
clination, and the latitude of the place. 

Answer. The latitude is 51° 32* 34" ; but it cannot be deter- 
mined by the data whether it be north or south, the sun's de- 
clination =19° 39 / 46", and the azimuth =72° 13* from the 
north or south. 

problem xvi. (Plate III. Fig. 10. and 11.) 

(604) Given two altitudes of the sun and the time between the 
observations, tofnd the latitude of the place. 
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example i. (Plate III. Fig. 10.) 

Given the sun's declination 19° 39' North, his altitude in 
the forenoon 38° 19', and at the end of one hour and a half 
the same morning the altitude was 50° 25' ; required the lati- 
tude of the place, supposing it north. 

On a supposition that the sun's declination is the same at 
both observations, (which will not materially affect the result 
of the operation, when the observations are taken at no great 
distance from each other, and the time is not near the equi- 
noxes,) the triangle and is isosceles, a being the place of the 
sun at the first observation, d its place at the second, and 
an=nd. Draw ng perpendicular to ad, then will ag=gd 
and' gnd =£and half the elapsed time (316). 

1. In the right-angled triangle ngd, 
there is given nd=70° 21' the sun's distance from the pole 
at each observation, and the angle gnd=11° 15' =£ elapsed 

time, to find gd. 

# 
rad x sin gd =sin gnd x sin nd. 
•*. log sin gnd + log sin nd— 10=log sin gd. 
or rad : sin nd = 70° 21' : : sin gnd = 11° 15' : sin gd = 
10° 35' 13", the double of which is 21° 10' 26"= ad. 

2. To find the Z_gdn. # 
rad x cos ND=cot gnd x cot gdn. 

.% 10 + log COS ND — log COt GND=log COt GDN. 

or cot gnd =11° 15' : rad : : cos nd = 70 21' : cot gdn = 
86° \W 24". 

3. To find the Ladz. 

In the oblique-angled triangle adz, there is 

J Istco-alt. az=51°41' ©"I Hence Jadz=57°41'30» 
Given j 2d co-alt dz=39 35 V d J^-nm „ 

land ad=21 10 26 J 

The L adz being greater than the L gdn, this example belongs 
to Figure 10. 
And Zl adz- Z. gdn = 115° 23' 0"-86° 10' 24" =29° W 36' 

= L NDZ. ' 

. To find nz the co-latitude. 
In the oblique triangle dzn, there is. 

n, i2V°*Z ND= ^° 55' TITO find nz the 
Given < 2nd co-alt. dz=39 35 U X _Q fl0 o& ift» 

[and the Z.ndz=29 12 36 J - 38 ™ 16 • 

This may be done by the Rules Case III. (500), 

Case VIII. page 204, viz. 

y 3 
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cos Z. ndz . tan ND , COS ND , v 

tan *= — = 3 ; and cos nz= • cos (dz~«). 

r rad cos <p y ri 



«M/m»-i29 19*36" - 9*94093 

turn «70 SI O - 10*44725 



Sum 20-38818 
Subtract nd» 10* 



tanf -67° 45' 3" - 10*38818 



cofin> -70°21' O" - 9*52669 

eos(9Z~f)»28 10 3 - 9*94526 



Sum 19-47195 
cos p -67 45 3 sub. 9*57823 



=38 28 16 . 9*89372 



Hence the latitude is 51° 31' 44" N. 

(605) The principal use to which this problem is applied, is 
in questions of a similar nature with the preceding; but several 
other things may be determined from the same data ; such as 
the hour from noon when each altitude was taken, the azimuth 
at each observation, the difference of azimuths, &c. It, will be 
sufficient in this place to point out the method of solution of 
these less useful cases. 

The hour from noon when the second altitude was taken, is 
measured by the angle dnz, for is the place of the sun 
when on the meridian. Now in the triangle dnz, we have 
dz =39° 35', zn =38° 2# 16", and the angle ndz =29 q \V 36", 
to find the angle dnz the hour from noon =30° or 2 hours; 
consequently the second altitude was taken at 10 o'clock, and 
the first at 8 h 30° in the forenoon. Again, in the triangle 
anz we have an =70° 21', the sun's polar distance at the first 
observation, az=51° 41' his zenith distance, and the angle 
ANa=3 h 30 m or 52° SO 7 the hour from noon when the first 
altitude was taken, to find the angle azn = 107° 47' the azimuth 
from the North at the first observation. Also, in the triangle 
dnz we have dn =70° 21' the sun's polar distance at the second 
observation, dz=39° 35' the zenith's distance, and the angle 
dnz =80° or 2 hours, the hour from noon when the second 
altitude was taken, to find the angle nzd = 132° 21', the azi- 
muth from the north at the second observation. The difference 
of the azimuth is therefore =24° 34'. The azimuths might 
have been found independent of the time, for in each of the 
above triangles, the co-declination, the co-altitude, and the 
co-latitude are given. 

example ii. (Plate III. Fkf. 11.) 

When the sun's declination was 22° 40 7 North, his altitude 
at 10 h 54 m in the forenoon was 53° 29', and at l h 17™ in the 
afternoon it was 52° 4& ; required the latitude of the place of 
observation, supposing it to be north. 
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12 h m 
Time of the first alt 10 54 



The time from noon 1 6 

The time from noon 1 17 when the second alt was taken. 



Elapsed time - - 2 23=35° 45' the angle and. 
Half elapsed time - I h ll*a0':=:17 fi3'a0" the angle gnd. 

Supposing the sun's declination constant during the elapsed 
time, and is an isosceles triangle, and the method of solution 
is precisely the same as in the former example* 

I. For nd=an=67° 20', and the angle gnd=17° 52' 30", 
whence the angle gdn is found = 82° 54' 55", and ad = 
32° 54' 22". 

II. In the triangle adz are given az the first co-alt =36° 31', 
dz the second co-alt =87° IV 9 and the side ad =32° 54' 22", 
to find the angle adz =65° 44' 30" ; hence the difference be- 
tween gdn and adz gives ndz=17° W 26". 

The L gdn being greater than the L adz, this example be- 
longs to Figure 11. 

III. In the triangle dzn there are given nd the polar dis- 
tance =67° 20', dz the second co-altitude =37° 12 / , and the 
angle ndz=17° KK 26", to find the co-lat nz=32° 51' 37"; 
hence the latitude is 57° & 23". 

The azimuth at the time of each observation may be found 
as in the preceding example. 

(606) If the times as given in Example II., and such like, 
were exactly true, one altitude only would at all times deter- 
mine the latitude. But we must not depend upon these times : 
they only serve to point out the elapsed time between the 
observations. If the watch go true during the elapsed time, 
or measure that time truly, it is of no consequence to the solu- 
tion of the problem, whether it be too fast or too slow. 

The methods of solving this important problem directly by 
trigonometry, as is done in the foregoing examples, have been 
considered by mathematicians as too troublesome for general 
practice. Tney have, therefore, contrived various other rules 
dependent upon an assumed latitude, in such a manner that 
when the latitude assumed is true, the result of the operation 
will exactly agree with it But when the latitude obtained by 
calculation differs materially from the assumed latitude, the 
solution must be repeated. 

y 4 
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The rule now chiefly used, and which is printed in almost 
every Treatise on Navigation, the Requisite Tables, &&, was 
first given by Mr. Dowe3, examiner of the marine cadets at 
Amsterdam ; this rule, and tables adapted to it, were first pub- 
lished in England, by Mr. R. Harrison, in the year 1759, but 
without any account of the construction of the tables. In the 
year 1760 the learned Dr. Pemberton gave a very circum- 
stantial account of the construction of the' tables, and the 
reason of the process ; showed the nature and limits of the 
approximation, and estimated the errors which may arise 
from the several circumstances that occur in it. Vide Phil. 
Trans. 1760. 

The following rule depending only on the elapsed time, the 
two altitudes and declination, is deduced from examples I. 
and II. It is in all cases accurate, and in general less 
troublesome in the process than the common method by 
assumed latitudes.* 

GENERAL RULE. 

I. Radius is to the sine of the polar distance, as the sine of 
half the elapsed time is to the sine of half the first arc, the 
double of which gives arc the first. 

II. The cotangent of half the elapsed time is to radius, as 
the cosine of the polar distance is to the cotangent of arc the 
second. This arc is acute or obtuse like the polar distance. 

III. Add the two zenith distances and arc the first into one 
sum. From half this sum subtract the greatest zenith distance. 
Add together the cosecant of arc the first, the cosecant of the 
least zenith distance (rejecting the indices), the sine of the 
half sum, and the sine of the remainder ; half this sum is the 
logarithmic cosine of half the third arc, double of which gives 
arc the third. The difference + between arc the third and arc 
the second gives arc the fourth. 

• Dr. Brinkley, Professor of Astronomy in the University of Dublin, bas 
published a set of rules for solving this problem, which are annexed to the 
Nautical Almanac for the year 1822. 

f 1. When the supposed latitude, or latitude by account, is less than, or 
nearly equal to, the declination, and both the same way, the magnetic azimuths 
of the sun ought to be attended to at the time of taking the altitudes. For 
when the magnetic azimuth at taking the least altitude is greater than the mag- 
netic azimuth at taking the greatest altitude, counting from the elevated pole, 
the supplement of arc the second must be added to the supplement of arc the third 
to obtain are the fourth. 

2. Should the double natural number used near the conclusion of the problem, 
at any time exceed the natural cosine of the difference between the least zenith 
distance and polar distance, the latitude will be of a different name to the sup* 
posed latitude. 

3. Hence it appears that in places near the equator where the azimuths in- 
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IV. Add double the sine of half the fourth arc, the sine of 
the polar distance, and the sine of the least zenith distance 
into one sum, and reject 30 from the index. Consider the re- 
mainder as £ common logarithm, and find the natural number 
answering to it, to as many places of figures as the tables 
extend to, if the index be 9 ; if 8, to one less ; if 7, to two less ; 
and if 6, to three less (for this index can never exceed 9, nor 
fall short of 6). Subtract double this natural number from 
the natural cosine of the difference between the polar distance 
and the least zenith distance, the remainder will be the natural 
sine of the true latitude. 

EXAMPLE 111. 

In a supposed latitude of 50° 41' N. at 10 h 17 m 30' per 
watch, the true altitude of the sun's centre was 17° 13', and at 
ll h 17 m 30" it was 19° 41', the sun's declination on that day 
was 20° South ; required the true latitude independent of the 
supposed one. 

Here 1 l h 17 m 30"— 10 h 17 m 30" = l h the elapsed time, hence 
i the elapsed time=30 m =7° 30 7 . 

II. 



I. 

radssineof 90° 0' O" 10-00000 
: sin pol. dist. 110 9*97299 
: : sin £elap. time 7 30 9*11570 
: sin J arc 1st 7 2 44 9*08869 

Are lst-14 5 28 



cot A elap. time 
: rad=sine of 



7° SO' 0" 10-88057 
90 10*00000 
: cos pol. dist 110 9*53405 
cot arc 2nd 92 34 41 8*65348 



IIL Arc first 

Greatest zen. dist. 
Least zen. dist. 



Halfsiftn - - - 
Greatest zen. dist. 

Remainder 



. - 14° 5'28" 

- 72 47 

- 70 19 

2 | 157 11 28 

- 78 35 44 

- 72 47 



cosec -61357 
cosec -02615 



sin - 9-99134 



5 48 44 - sin - 900548 



2 | 19-63654 



£ third arc 



48° 50' 51" - cos - 9-81827 



crease and decrease slowly, the above method of solution requires a little more 
attention. However, should any doubt remain whether the latitude found by 
the general rule be true or not : find the fourth arc as directed in the first note, 
and use it instead of that found by the rule : one of the two results will most 
certainly be the true latitude, and some circumstances will generally occur that 
wiU seldom fail to point out which is the proper one. 
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4 third arc 

Third arc 
Second arc - 

Fourth arc - 
£ fourth arc - 

Polar distance 
Least zen. dist. 


- - 48° 50 7 51" 
2 


- sin 

- sin 

- log 






- = 97 41 42 
- = 92 34 41 






- = 571 




IV. 


- = 2 33 31 


- 8-64973 
2 




- - 110° (K 0" 

- - 70 19 

176 
2 




17-29946 

- 9-97299 

- 9-97385 




- 7-24630 



352 
76959 



Polar dist. — zen. 1 
dist =39° 41' ) natC08 

True lat 50° 0' - nat sin 76607 



Note. This example, by the approximating rules, requires 
a repetition of the process, vide page 18, Requisite Tables, 
Example 2. 

EXAMPLE IV. 

In a supposed latitude of 51° 0' North, when the sun's de- 
clination was 22° 23^ South, some time past noon the sun's 
corrected altitude was found by observation to be 14° 46', and 
l h 22 m afterwards his altitude was 8° 27' ; required the true 
latitude independent of the supposed one. 

Answer. The true latitude is 50° 33' 44" North. 

EXAMPLE V. 

In a supposed latitude of 47° 19' North, when the sun's de- 
clination was 12° 16' North, some time in the afternoon the 
true altitude of the sun's centre was observed to be 51° 59', 
and 2 h 50 m afterwards it was 49° 9 / ; required the true lati- 
tude independent of the supposed one. 

Answer. The true latitude is 49° 19' 30" North. 
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EXAMPLE VI. 

In a supposed latitude of 30° North, when the sun's de- 
clination was 10° 24' North, at 8 h 54 m in the forenoon the 
sun's true altitude was 41° 30 7 , and at l h 24 m in the afternoon 
his altitude was 61° 47' ; required the true latitude independ- 
ent of the supposed one. 

Answer. The latitude is 31° 33' 26" North. 

EXAMPLE VII. 

In a supposed latitude of 40° North, when the sun's de- 
clination was 2° 46' South, at 9 h 20 m in the forenoon the sun's 
altitude corrected was 33° 11', and at l h 20 m in the afternoon 
his altitude was 42° 44'; required the true latitude independ- 
ent of the supposed one. 

Ansicer. The latitude is 40° 5C 10" North. 

EXAMPLE VIII. 

In a supposed latitude ot 50° 40' North, when the sun's de- 
clination was 20° South, the true altitude of the sun's centre 
was 19° 41', and one hour afterward his altitude was 17° 13'; 
required the true latitude independent of the supposed one. 

Answer. The true latitude is 50° North. 

EXAMPLE IX. 

In a supposed latitude of 60° North, when the sun was on 
the equinoctial, or had no declination, the true altitude of his 
centre was 28° 53', and two hours afterwards his corrected 
altitude was 20° 42' ; required the true latitude independent 
of the supposed one. 

Answer. The true latitude is 59° 59' 32" North. 

In this example the polar distance is equal to 90° ; and in 
all such examples, the elapsed time will be arc the first, and 
arc the second will be 90°. 

example x. 

In North latitude, when the sun's declination was 23° 29' 
North, at 8 h 54 m in the forenoon the sun's corrected altitude 
was 48° 42', and at 9 h 46 m the altitude was 55° 48' ; required 
the true latitude. British Palladium, 1773, page 72. 

Answer. The true latitude is 49° 49' 28" North. 

example XI. 
In a supposed latitude of 6° 50' North, at 7 h 30 m in the 
forenoon the true altitude of the sun's centre was 22° 30', and 
at 10 h 36 m 40 s his altitude was 63° 40', the sun's declination 
being 22° 48' North ; required the true latitude, without using 
the supposed one. 
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Here I0 h 36 m 40»-7 h 30 m =3 h 6 m 40 8 the elapsed time, 
hence half the elapsed time=l h 33 m 20 8 =23° 20'. 



I. 

radsineof - 90° C 10-00000 

: sin poL dist, - 67 12 9-96467 

: : sin | elap time 23 20 9*59778 

: sin } arc 1st - 21 25 9*56245 
Arc 1st - 42 50 



II. 

cot 1 elap. time 23° 20' O" 10-36516 

: rad sin of - 90 O O 10*00000 

: : cos poL dist. 67 12 O 9-58829 

: cot arc 2nd 80 30 37 9*22313 



cosec - 



III. Arc first - - - 42° 5CK 
Greatest zenith dist. 67 30 
Least zenith dist 26 20 - cosec 





2 | 136 40 


Half sum - - 68 20 
Greatest zenith dist 67 30 


Remainder 


50 


J third arc - 


77° 46' 40" 
2 


Third arc - 
Second arc - 


155 33 20 
80 30 37 


Fourth arc - 


75 2 43 


IV. i fourth arc 


37° 31' 21" 



- sin 



sm 



cos 



Polar distance 67 12 
Least zenith dist 26 20 



sm 



- sm 

- sin 



16758 



•35302 



9-96818 



8-16268 



2 | 18-65146 
- 9-32573 



9-78467 
2 

19-56934 
9-96467 
9-64698 



Polar dist — zen. dist 1 



15170 log 9-18099 
2 



30340 



nat cos 75623 



=40° 52' 
Latitude - 26° 56' - nat sin 45283 
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This latitude being so very different from the latitude by 
account, it will be necessary to examine it by the. notes to the 
rule. 

There can be no error, except in die fourth arc, and this is 
examined with very little additional trouble, there being only 
three numbers to take out of the tables : 

Arc the second - 80° 30' 37" its supplement =99° 29' 23" 

Arc the third =155 33 20 its supplement =24 26 40 



Sum =arc the fourth 123 56 3 



J arc fourth 61° 58' - sin - 9-94580 

2 



19-89160 

sin polar distance * - 9-96467 

sin least zenith disk ... 9-64698 



31860 log 9-50325 
2 



63720 
Natural cosine of the diff. polar 1 75503 
disk and the least zenith disk J 



Latitude - 6° 50' N. nat sin 11903 



One of the two latitudes found above is certainly the true 
one; the latter, being the nearest to the latitude by account, 
may be taken as the proper one. 

example xii. 

In latitude 1° 50' North by account, at 10 h 24 m in the fore- 
noon the true altitude of the sun's centre wa3 64° 59', and at 
1 l h 20 m it was 78° 57', the sun's declination being 0° 30' North; 
required the true latitude, without making use of the sup- 
posed one. 

Answer. The latitude by the rule is 1° 36' 24" North, but 
the place being so near to the equator, it will be proper to 
examine arc the fourth as directed in the notes to the rule. 
By this method the latitude is 0° 39' South. The former is 
nearest the latitude by account. 

(607) In all the preceding examples the two observations 
of the sun's altitude are supposed to have been made at the 
same place, and the latitude determined by the solution agrees 
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to that place. Although the two altitudes are generally taken 
at the same place at land, yet at sea that is seldom the case. 
An allowance, therefore, ought to be made for the run of the 
ship during the elapsed time ; thus, find the angle contained 
between the ship's course and the sun, if it be eight points no 
correction is necessary, but if less or more than eight points 
the correction must be applied to the first altitude, by addi- 
tion or subtraction. Consider the angle contained between 
the ship's course and the bearing of the sun as a course, the 
distance made good during the elapsed time as a distance; 
with these find a difference of latitude and apply it as above. 
The result will reduce the first altitude to what it would have 
been if taken at the same place where the second was taken. 
The latitude must be found with these altitudes, thus cor- 
rected, in the same manner as before : this will be the lati- 
tude of the place where the second altitude was taken. 

The difference of longitude during the elapsed time may 
likewise be taken into consideration, though in general it is of 
little or no consequence. The change of the sun's declination 
during the elapsed time might likewise be considered, but 
this, like the longitude, will cause no sensible error : particu- 
larly if the declination answering to the middle time between 
the observations be used. 

problem xvii. (Plate III. Fig. 12.) 

(608) Given the apparent distance of the moon from the sun, 
or a star, and their apparent zenith distances, to find their true 
distance, as seen from the earth' s centre. 

Let zm be the observed zenith distance of the moon, zm the 
true zenith distance ; Mm being the difference between the 
moon's refraction and her parallax in altitude. And let z 
represent the observed zenith distance of the sun or of a star: 
zs the true zenith distance, O s being the difference between 
the sun's refraction and his parallax, or the refraction of a 
star. 

GENERAL PRINCIPLES. 

I. Find the segments of the base v and vm, (by art. 484). 
With O z and O v find the angle z © v, which will be equal 
to the angle t© s (295). With © s, and the angle t © s, find 
© t, which will be equal to sp. The triangle t © s, being 
indefinitely small, may be considered as a plane triangle. 

Again, with vm and zm find the angle zmv, with Mm and 
the angle zmv find the base rm, considering the right-angled 
triangle wirm as a plane triangle. 
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Lastly, M0 +sp— RM=sm the true distance in all cases 
except where the angle at the zenith is acute, and the angle 
at the moon obtuse, then M0 + sp+RM=sm. 

II. Or, with z ©, zm, and ©m find the vertical angle zm 
(502) ; and with zs, zm, and the angle zm, find the true 
distance sm (500). 

The various methods which have hitherto been made use 
of for determining the distance between the moon and the 
sun, or a star, are derived from one or other of the above 
principles. Those methods which are derived from the latter, 
are generally preferable to those derived from the former, as 
being more correct and simple. When the observed distance 
is small, or the moon's parallax great, and the star's refrac- 
tion considerable, two other corrections are necessary in order 
to render the first of these principles generally correct We 
have considered the small triangles as right-angled, but the 
fact is np and nrm are each of them isosceles triangles, and 
therefore p and nm are not strictly perpendicular to sm and 
© m ; these corrections, therefore, consist in determining how 
much sp and rm deviate from the bases of right-angled tri- 
angles. A true method of determining these Jour corrections 
may be seen in the Edinburgh Transactions, Article VII., 
Physical Class. 

INVESTIGATION OF A GENERAL RULE FOR DETERMINING THE 
TRUE DISTANCE OF THE MOON FROM THE SUN, OR FROM 

a fixed star. (Plate III. Fig. 13.) 

(609) Let m be the observed distance, and sm the true 
distance. Also let zm be the observed zenith distance of the 
moon and zm the true zenith distance; z© the observed 
zenith distance of the sun or of a star, and zs the true zenith 
distance, as above. Then in the triangle 0zm, we have by 
art (422), 

2 sin 2 ^ z _cos (z0— zm)— cosQm. 
rad **" sin z0 . sin zm 
and likewise in the triangle szm, 

2 sin 2 ^ z — cos (zs— zm)— cos sm 
rad ~~ sin zs . sin zm 
cos (z0— zm)— cos0m_cos (zs— zm)— cos sm 
sin z© . sin zm ~~ sin zs . sin zm ' 

hence cos sm— cos (zs— zm)=[cos0M— cos (z0— zm)]x 
sin zs . sin zm 
sin z0 . sin zm* 
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sin zs . sin zut 



or cos sm = [cos m — cos (z0 — zm)]x-- ^ 

*- x /J sin z 3 . sin zm 

+ COS (Z8 — ZWl). 

Hence the following 

GENERAL RULE.* 

Take the sum of the natural cosine of the difference be- 
tween the apparent altitudes f, and the natural cosine of the 
apparent distance, if greater than 90°, or their difference if less 
than 90°, and find the logarithm of the remainder, to which 
' add the logarithmic secants of the apparent altitudes, the 
logarithmic cosines of the true altitudes, and reject 40 from 
the index. The difference between the natural number an- 
swering to this sum in the table of logarithms, and the natural 
cosine of the difference between the true altitudes, will give 
the natural cosine of the true distance, which will be less or 
greater than 90°, according as the natural cosine is greater or 
less than the natural number. 

Note. The moon's correction, which is the difference be- 
tween the refraction and the parallax in altitude, must always 
be added to the apparent altitude, to obtain the true altitude; 
but the sun or star's correction must always be subtracted 
The sun's correction is the difference between the refraction 
(Table IV.) and the parallax in altitude (Table VI.), and a 
star's correction is the refraction (Table IV.). 

example i. 

The apparent distance of the moon's centre from the star 
Regulus was G3° 35' 13", when the apparent altitude of the 
moon's centre was 24° 2& 44", the apparent altitude of the 
star 45° 9 / 12"; and the moon's horizontal parallax 55' 2''; 
required the true distance. 

)'s horizontal parallax =55' 2", the parallax in altitudes 
SO^" (185), refraction =2' 5" (Table IV.); hence thej>'s 
correction =(50' 5"— 2'5"=)48' 0"; and the tfs correction 
=57" (Table IV.). 



• For other methods, see Professor Young's Trigonometry, page 171, and 
Riddle's Navigation, page 263. 

f The apparent altitudes are the observed altitudes corrected for dip and 
semidiameter, and the apparent distanse is the observed distance corrected for 
semidiameter 
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Diff app. aks. 20° 39> 28" nat cos -93570 
Apparent disk 63 35 13 nat cos -44484 



33? 



Moon's app. alt.* 
Star's app. alt. 
Moon's corr. alt. 
Star's corr. alt. 



Difference -49086 log— 1-69095 

- 24° 29 / 44" log sec 10-04096 

- 45 9 12 log sec 10-15168 

- 25 17 44 log cos 9-95623 

- 45 8 15 log cos 9*84844 



nat no. -48782 log — 1 -68826 



Diff. true alts. 19° 5(Y 31" nat cos -94063 
True distance 63 4 32 nat cos -45281 



EXAMPLE II. 

The apparent distance of the moon's centre from the sun's 
was 106° 46' 44", when the apparent altitude of the sun's 
centre was 45° 32 / 30", and the moon's 19° 43' 22" ; the 
moon's correction 50* 3", and the sun's 50"; required the true 
distance of their centres. 

Diff. app. alts. 25° 49* 8" nat cos -90017 
Apparent dist. 106 46 44 nat cos -28868 





Sum 1-18885 log 


0-07513 


Moon's app. alt. 


- 19° 43' 22" log sec 


10-02625 


Sun's app. ale 


- 45 32 30 log sec 


10-15466 


Moon's corr. alt. 


- 20 33 25 log cos 


9-97143 


Sun's corr. alt. 


- 45 31 40 log cos 


9-84544 



nat no. 1-18281 log 007291 
Diff. true alts. 24° 58' 15" nat cos -90652 



True distance 106 2 19 nat cos -27629 



EXAMPLE III. 

The apparent distance of the sun and moon's centres was 
68° 42 / 1 1", when the apparent altitude of the sun's centre was 

* Instead of the logarithmic secants of the apparent altitudes, we may take 
the logarithmic cosines, add them together and take the sum from 20, the re- 
mainder will be the same as the sum of the logarithmic secants without the 
indices. 

Z 
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32° 0' 1", and that of the moon's 24° 0' 10"; the sun's cor- 
rection was 1' 23", and the moon's 51' 1"; required the true 
distance of their centres. 
Answer. 68° 19' 46". 

EXAMPLE IV. 

The apparent distance of the moon's centre and a star was 
2° 20% when the apparent altitude of the star's centre was 
11° 14", and that of the moon's 9° 39'; the moon's correction 
was 51' 30", and the star's 4' 40"; required the true distance 
of their centres. 

Answer. 1° 49'. 

EXAMPLE Y. 

The apparent distance of the moon from the star Spica was 
observed to be 31° 17' 53", when the apparent altitude of the 
moon's centre was 18° 56' 45", and the apparent altitude of 
the star 20° 10 7 56"; the moon's correction was 50* 46", and 
the star's 2' 35"; required the true distance of their centres. 

Answer. The true distance is 31° 11' 44". 

EXAMPLE VI. 

The apparent distance of the moon's centre from that of the 
sun was 70° 8' 23" at a time when the apparent altitude of the 
sun's centre was 22° 14' 55", and the apparent altitude of the 
moon's centre 80° 52' 22"; the sun's correction was 2 / 11", 
and the moon's correction 8' 47" ; required the true distance 
of their centres. 

Answer. 70° 7' 56". 

EXAMPLE VII. 

The apparent distance of the sun and moon's centres was 
63° 5' 46", the apparent altitude of the sun 45° & 12", that 
of the moon 24° 29 / 40" ; the sun's correction 57", and the 
moon's 47' 47" ; required the true distance of their centres. 

Answer. 62° 44'. 

EXAMPLE VIII. 

The apparent distance of the sun and moon's centres was 
72° 21' 40", the apparent altitude of the moon 19° 19% that 
of the sun 25° 16' ; the moon's correction being 50 7 40", and 
the sun's 1' 53" ; required the true distanced their centres. 

Answer. 72° 3' 51". 
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PROBLEM XVIII. 

(610) The latitude of a place and its longitude by account, 
the distance between the sun and the moony or the moon and a 
star* in the Nautical Almanac, being given, to find the correct 
longitude. 

I. Turn the longitude by account into time (556), and add 
it to the time by the watch when the observations are taken, 
if west longitude, but subtract it from that time if east, and 
you will have the apparent Greenwich time nearly. 

II. In page III. of the Nautical Almanac, for the given 
month and day, take out the moon's semidiameter and hori- 
zontal parallax, for the noon and midnight between which the 
Greenwich time falls, subtract the less semidiameter from thd 
greater, and the less parallax from the greater. 

Then, as 12 hours are to the first difference, so is the re- 
duced time to a fourth number, which must be added to the 

• The principal stars used for finding the longitude at sea are the following : 

1. a Arietis in the head of Aries. This is a small star, without the zodiac, and 
cannot be readily found and applied by the generality of persons ; it appears 
about 22° to the right hand of the Pleiades. 

2. Aldebaran in the Bull's eye is easily distinguished by its largeness, colour, 
and position to the other stars, being half way between the Pleiades and the star 
which forms the western shoulder of Orion. 

9. a Pegasi or Markab, about 44° to the right hand of Arietis, a line drawn in 
the imagination from the Pleiades through Arietis will pass through a Pegasi. — 
The constellation Pegasus is very remarkable, the three principal stars in it, with 
the head of Andromeda, form a large square, of which the four corner stars are 
all of the second magnitude. 

4. Pollux, a little northward of Aldebaran, and about 45° towards the left 
hand, there are two stars nearly together : the right hand one is Castor, the left 
hand one Pollux. 

5. Reguhts, about 38° S. E. of Pollux, is easily distinguished by being the 
southernmost of lour bright stars resembling the letter Z inverted, it lies to the 
north-east of Aldebaran. 

6. Spica, or a Virginis, a white sparkling star, about 54° south -east of Regulus. 

7. AtUares, The arc of a great circle passing through Regulus and Spica Vir- 
gin** east-south-east, or to the left hand of Regulus southward, will pass through 
Antares, which is about 45° from Spica Virginia. 

8. Fomalhaut, about 45° south of a Pegasi. 

9. a AqnUa, 47° westward, or to the right hand of a Pegasi. 

The distance of the Moon from the Sun, Mars, Venus, Jupiter, Saturn, and 
the nine stars above described (being near her path), are given in pages XIII. 
to XVIII. of the Nautical Almanac, for every three hours of mean time for the 
meridian of Greenwich. The observer who uses the Nautical Almanac, — and 
certainly no observer ought to be without it, — is under the necessity of taking the 
distance of one or other of the above stars from the moon. The distances cal- 
culated in the Nautical Almanac afford, perhaps, the readiest method of knowing 
the star from which the moon's distance ought to be observed. For the sextant 
being fixed to that distance, and the moon found upon the horison glass, there is 
nothing more to do than to look to the east or west of the moon, according as 
the distance corresponds to that given in the Nautical Almanac, guiding the 
sextant in a line with the moon's shortest axis. 

z -2 
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moon's semidiameter if tlie tables . are increasing, but sub- 
tracted if they are decreasing ; to the sum or difference add 
the augmentation (Table VII.)> and you will have the moon's 
true semidiameter at the Greenwich time. 

Again, as 12 hours are to the second difference, so is the 
reduced time to a fourth number, which must be added to or 
subtracted from the horizontal parallax at the nearest noon, or 
midnight, preceding the Greenwich time, according as the 
tables are increasing or decreasing, and it will give the horizon- 
tal parallax at the Greenwich time. (See Example, page 272.) 

III. Clear the observed altitude of the moon of dip (Table V.) 
and semidiameter *, and you have the apparent altitude of her 
centre : to the cosine of the moon's apparent altitude, add the 
logarithm of the horizontal parallax in seconds at the Greenwich 
time ; the sum, rejecting 10 from the index, will be the loga- 
rithm of the moon's parallax in altitude in seconds (185), from 
which take the refraction of the moon in altitude (Table IV.), 
the remainder will be the moon's correction. 

The moon's correction must always be added to the ap- 
parent altitude to obtain the true altitude. 

IV. Additional Preparation for the Sun and Moon. 

Clear the observed altitude of the sun of dip and semi- 
diameter f, and you have the apparent altitude of his centre. 

From the refraction of the sun's altitude (Table IV.) take 
his parallax in altitude (Table VI.), and you have the cor- 
rection of the sun's altitude, which must always be subtracted 
from the apparent altitude to obtain the true altitude. 

V. To the observed distance of the sun and moon's nearest 
limbs, add their semidiameters at the Greenwich time 9 and the 
sum will be the apparent distance of their centres. 

IV. Additional Preparation for the Moon and a Star. 

From the star's observed altitude take the dip of the horizon 
(Table V.), the remainder will be its apparent altitude. The 
refraction of a star (Table IV.) is the correction of its altitude, 
and must always be subtracted from the apparent altitude to 
obtain the true altitude. 



* Viz. take their difference, and add it to the observed altitude of the moon's 
lower limb ; or take their sum, and subtract it from the observed altitude of the 
moon's upper limb, according as the lower or upper limb has been observed. 

f Viz. take their difference, and add it to the observd altitude of the 0's lower 
limb ; or take their sum, and subtract it from the observed altitude of the 0's 
upper limb, according as the lower or upper limb has been observed. 
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V. To the observed distance of the moon from a star, add 
the moon's semidiameter at the Greenwich, time, the , sum will 
be the apparent distance; if the remote limb is observed, sub- 
tract the semidiameter. 

VI. To find the true Distance. 

With the apparent altitudes, their corrections, and the appa- 
rent distance, find the true distance by the general rule (609). 

Note. If the watch has not been previously regulated, the 
apparent time must now be found with the mean altitude of 
the sun or star, and the latitude of the ship, as in Prob. XIV. 
and XV., taking care to reduce the sun's declination to the 
Greenwich time. 

VII. To find the Longitude. 

In pages XIII. to XVIII. of the Nautical Almanac for the 
given month and day, look for the computed distance between 
the moon and the other object; if you find it there exactly, 
the time at Greenwich stands at the top of the column ; but 
if you do not find it exactly, take the nearest distances to it, 
both less and greater ; take their difference, and likewise the 
difference between the computed distance and the earliest 
Ephemeris distance. 

Then, as the first difference is to 3 hours, so is the second 
difference to a fourth number, which being added to the time 
standing over the earliest Ephemeris distance, will give the 
mean time at Greenwich, to which apply the equation of time 
as directed in Page II. of the Nautical Almanac, and we have 
the apparent time at Greenwich. 

The difference between the ship's apparent time, and the 
apparent time at Greenwich (turned into degrees) will be the 
longitude of the place, where the altitude of the object was 
taken for determining the apparent time. If the ship's time 
be greater, the longitude is east ; if less, west. 

EXAMPLE I. 

Suppose on the 11th of March 1840, in longitude 7° west 
by account, at 5 h 15 m 45" A. M. apparent time per watch, well 
regulated, the distance of the moon's farthest limb from the 
star Regulus to be 64° 2', the altitude of the moon's lower limb 
24° 18' 30", the star's altitude 45° 13' 15", and the eye 18 
feet above the surface of the sea ; required the true longitude. 

Apparent time (astron.) at ship, Mar. 10th 17 h 15 m 45? 
Long. 7° W. in time - 28 

Apparent Greenwich time - 17 43 45 

z 3 
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II. 

Mar. 10, D 's semidiam. at midnight —16' 5" Hor. paral. - 
Mar. 11, }> 's semidiam. at noon « 16 S Hor. paral. - 



First diff. 



2 



Second difF. 



«59' 2" 
«58 54 

O 8 



I2 h t 2" : : 5 h 44 m : <f 1" 
J *a semidiam. at midnight a 16 5 

> 'a semidiam. at Gr. time — 16 4 

> *s augmentation (tab. VI I.) — + 7 

) '• true semidia. at Gr. lime— 16 11 



12 h : 8" : : 5 h 44 m : O' 4" 
Hor. parallax at midnight ^=59 2 



Hor. parallax at Gr. time =58 58 
60 



In seconds 8538 



D 's observed altitude « 24° 1 8' SO" 
D'ssemidia. = 16'11"\ ^,00 
Dip. (Tab. V.)- 4 3/ =s+12 8 



App. altitude D *s centre — 24 SO 38 
D 's correction - = 51 85 



hi. 

Cos }) *s apparent altitude =9*95899 
Horisontal paral. 3538'' log =3 548 76 

Paral. in altitude 821 9" logs 3 -50775 



}) 's corrected altitude -25 22 13 



IV. 

*'s observed altitude -45° 13' 15" 
Dip. (Table V.) ---43 



**s apparent altitude - «=45 9 12 
*'sreftwetion(Tab.IV.)» - 57 



*'s corrected altitude 



.45 8 15 



S219 , '«5S / S9" 
D'srefr. (Tab.IV.)« 2 4 



> 's correction 



Observed distance - 
}) 's semidiameter - 

Apparent distance - 



-51 35 



-64° 2* <r 
» —16 11 

-63 45 49 



VI. To find the true Distance. 

*'s app. alt. 45° 9> 12" log sec - 10-15168 
D'sapp. alt. 24 30 38 log sec - 10-04101 
Diff. app. alts. 20 38 34 nat cos -93579 
App. dist. 63 45 49 nat cos -44308 



*'s cor. alt. 
D 's cor. alt. 



Common log of -49371 —1-69347 
45° 8' 15" log cos - 9-84844 

25 22 13 log cos - 9-95596 



Natural number -49041 — 1-69056 
Diff. of true alts. 19° 46' 2" nat cos -94108 



True dist. - 63 12 48 nat cos -45067 
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VII. To jind the Longitude. 



Distance at 15 h - - - 64° 54' 37' 
Distance at 18 - - «63 9 11 



First difference . « l 45 26 



Earliest ephem. distance =64° 54' 37" 
Computed distance - = 63 12 48 



Second difference - « l 41 49 



Then 1° 45' 26" : 3 h : : 1° 41' 49" : 2 h 53 m 49» 
Time above the earliest distance =15 



Mean time at Greenwich - - =17 63 49 
Mar. 10. Equat. of time = — lO" 27^0 
Mar. 11. Equat. of time = — 10 10-9 

16-1 



As 24 h : 16*-1 : : 17 h 54" ; 12 



Equat. of time at I7 h 54 m - = - 10 m 15* 

Apparent time at Greenwich - - 17 43 34 
Apparent time at ship - - - 17 15 45 

Difference - - 27 49=6° 57' 15" 

the longitude west of Greenwich, because Greenwich time 
exceeds the ship's time. 



EXAMPLE II. 

Suppose on the 7th of May 1840, in longitude 105° E. 
of Greenwich by account, at 5* l m 37' A. M. apparent time, 
the distance between the sun and moon's nearest limbs to be 
68° 9 / 30", the altitude of the sun's lower limb 31° 48' 16", 
the altitude of the moon's lower limb 23° 44' 16", and 
the eye 18 feet above the level of the sea; required the true 
longitude. 

J's semi-diameter at noon, May 6th (Naut.Alm.) =16' 11", 
and at midnight = 16' 4"; horizontal parallax at noon = 
59/ 22", and at midnight=58' 58" ; also the O's semidiameter 
= 15' 52". Equation of time (added to mean time) May 6th 
is 3 m 35 g -0, and May 7th it is 3 ,n 39 g -4. 

Answer. The apparent time at Greenwich is May 6th 
10 h l m 37 § ; i's true semidiameter =1 6' 12"; horizontal 
parallax = 59 / 2"; apparent altitude of the J's centre 
23° 56' 25"; and the correction of her altitude =51' 50". 

z 4 
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The apparent altitude of the O's centre =32° C 5", cor- 
rection r 23"; apparent distance of the© and J's centres 
68° 4tV 34", true distance 68° l& 49", and the true longi- 
tude = 104° 56' 30" East. 

(Naut. Abn. distance at IX h , being =67° 47' 7", and at 
midnight=69° 25' 6".) 

EXAMPLE lit. 

Suppose on the 6th of August 1840, in longitude 102° W., 
by account, the following observations to be taken : — 

Apparent Alt. Q's Alt. }> 's Distance of 

Time A. M. lower limb. upper limb. nearest limbs. 

9 h 24 m 28» - 44° 48' 30" - 20° 32' O" - 106° 19' 15" 

9 25 28 - 45 4 - 20 18 30 - 106 18 45 

9 26 18 - 45 22 45 - 20 10 - 106 18 30 

9 26 38 - 45 45 - 19 50 - 106 17 45 

9 27 13 - 45 50 - 19 SO O - 106 16 45 



5 | 47 lO 5 5 | 226 50 15 5 | 100 20 SO 5 | 531 31 O 

Mean 9 26 1 - 45 22 3 - 20 4 6 - 106 18 12 
Errors of the quadrant —58 - —10- —2 37 



True mean 45 21 5 - 20 3 6 - 106 15 35 



Required tne true longitude, the eye being 21 feet above 
the level of the sea. 

J's semidiameter at noon, Aug. 6th (Naut. Aim.) = 
14' 48", and at midnight 14' 47" ; horizontal parallax at noon 
=54' 19", at midnight 54' 14" ; also the 0's semi-diameter = 
15' 48". Equation of time (subtracted from mean time) 
Aug. 6th is 5 m ^-e, and on Aug. 7th it is 5 m 20 s -7. 

Answer. The reduced time is Aug. 6th 4 h 14™ l 8 ; D r s 
true semi-diameter 14' 54"; horizontal parallax 54' 17"; 
apparent altitude of her centre 19° 43' 50"; and correction 
of her altitude 48' 29". 

The apparent altitude of the sun's centre is 45° 32^ 31"; 
correction 50"; apparent distance of centres 106° 46' 17"; 
true distance 106° 3' 11", and the true longitude 102° MY 45" 
W. 

(Naut. Aim. distance at III h = 105° 26' 44", and at VI h 
= 106° 48' 28"). 

EXAMPLE IV. 

Suppose on the 22d of March, 1840, in longitude 127° 40' E. 
by account, the following observations to be taken : — 
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TRIANGLES, 


& 


Apparent 




Alt >'« 




Alt. * 


Dist of * from 


Time P. M. 




lower limb. 




Spica ttf . 


}) '8 far limb. 


12 30 16' 


- 


19°10'20" 


. 


20*39' 40" 


- S1°S5'45" 


12 32 26 


- 


18 50 10 


- 


20 29 20 


- 31 34 10 


12 34 36 


- 


18 40 30 


- 


20 15 50 


- 31 32 50 


12 36 26 


- 


18 20 10 


- 


20 4 10 


- 31 31 35 


12 38 24 


5 


18 9 20 


5 


19 47 30 


- 31 30 40 


5 | 62 52 8 


| 93 10 30 


| 101 16 30 


5 | 157 45 


Mean 12 34 26 


18 38 6 


20 15 18 


- 31 S3 



Error of the quad. + 7 39 Error — 19 



18 45 45 20 14 59 



Required the true longitude, the eye being 18 feet above 
the level of the sea. 

D's semidiameter at noon, March 22d (Naut. Aim.) = 
14' 48", and at midnight 14' 47" ; horizontal parallax at noon 
54' 18", and at midnight 54' 13". Equation of time (sub- 
tracted from mean time) on March 22d is 6 m 57 8, 6, and on 
March 23d it is 6 m 39 8 -l. 

Answer. The apparent time at Greenwich is 4 h 3 m 46 8 , D 's 
true semidiameter =14' 54", horizontal parallax = 54' 16", 
apparent altitude of the D 's centre = 18° 56' 36", and her cor- 
rection = 48' 35". 

App. altitude of the star 20° KK 56", correction 2' 34". 
App. distance of centres 31° 18' 6"; true distance 31° 12' 12". 
The true longitude 127° 45' East. 

(Naut. Aim. distance at IIP =30° 37' 24", and at VI h = 
32° 6' 27".) 

(611) In all the preceding examples the watch is supposed 
to have been previously regulated ; when that is not the case, 
the error of the watch must be found from observations of the 
altitudes of the sun or of a star, taken either before or after 
that of the distance, as directed in Problems XIV. or XV.* 
pages 316 and 319. Or if the sun or star be sufficiently 
distant from the meridian, the mean of the sun's or star's 
altitudes, taken at the same time as the distance is taken, 
together with the latitude of the place and the sun's decli- 
nation, &c. may be used to correct the watch ; with this cor- 
rected time proceed as before. 



example v. 



At sea, April 7th, 1840, in latitude 47° 39' N. and longitude 
184° 45' West from Greenwich by account at 3 h 56 m P. M. 
apparent time, per watch not previously regulated ; suppose 
the observed altitude of the sun's lower limb to be 25° 57' 10", 
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and that of the moon's lower limb 46° 22* 32", and at the 
same time the distance of the sun's and moon's nearest limbs 
to be 75° 33* 37" ; required the longitude, the eye being 
18 feet above the level of the sea. 

D *s semidiameter at midnight, April 7th (Naut. Aim.) = 
16' 9', and at noon April 8th = 16' 4"; horizontal parallax 
Apnl *"th at midnight =59 / 15", and at noon April 8th = 
58*58 ; also the Q's semidiameter =15' 59". Equation of 
time (subtracted from mean time) April 7th is 2 m 7*'0, and 
April 8th it is l m 49*-9. 

Answer. The apparent time at Greenwich is April 7 d 16 h 15 m ; 
D's true semidiameter 16' 18"; horizontal parallax 59* 9"; 
apparent altitude of her centre 46° 34' 47", and correction of 
her altitude 39' 45". 

The apparent altitude of the sun's centre is 26° 9* 6"; 
correction 1' 47" ; apparent distance of centres 76° 5' 54" ; 
true distance 75° 51' 24". Apparent time at Greenwich 
16 h 12- 19". 

The sun's declination at apparent noon (Naut. Aim.) on 
the 7th, is 6° 58* 3" N., and hourly difference 56"-l, which 
reduced to the apparent time at Greenwich is 7° iy 15" N.; 
with this declination, the ©*s true altitude 26° 7' 19"; and 
the co-latitude 42° 21', find the correct apparent time at 
ship=3 k 54* 43* ; and hence the true longitude is 184° 24' 
West. 

(Naut Aim. distance at XV h ^75° W 44", and at XVIIP 
=76° 49' 21".) 



CHAP. XIIL 

ON THE DIFFERENTIAL ANALOGIES OF SPHERICAL 
TRIANGLES.* 

proposition I. (Plate IV. Fig. 3.) 
A preparatory Proposition. 

(612) Construct a general figure as at Prop. XIX. 
Book III. Chap. I. Thus, let a be the pole of the circle hgfe ; 
F the pole of abh ; e the pole of cgi ; and c the pole of edi. 

• See Simpson's Fluxions voL ii. page 278. Traite* de Trigonomeuie, par 
M Cagnoli, chap. xix. page 310. Hind's Trigonometry, 2nd edition, page 286. 
Young's Trigonometry, page 90S. 
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Suppose these circles to be invariable whilst another great 
circle dfcb revolves about the pole F, and let en be at right 
angles to the great circle mnoYsd; then the three triangles 
abc, cgf, and edf will be variable, viz. 

I. In the right-angled triangle abc, theZ. a will be a fixed 
quantity, and the other parts will be variable ; viz. Bm will be 
the increment of ab ; no the increment of bc ; co the incre- 
ment of ac ; and ds die increment of the arc id which mea^ 
sures theZ-C 

II. In the right-angled triangle cgf, the side fg will be a 
fixed quantity, and the other parts will be variable; viz, co 
will be the decrement of cg ; no the decrement of fc ; Bm the 
decrement of the L cfg ; and d* the increment of the L c 

III. In the right-angled triangle fde, the hvpothenuse ef 
will be a fixed quantity, and the other parts will be variable ; 
viz. sd=:no 9 will be the increment of fd=bc; $d the decre- 
ment of ed ; and Bm the decrement of the L efd = L cfg. 

proposition, ii. (Plate IV. Fig. 3.) 

(613) In any tight-angled spherical triangle abc, right-angled 
at b, suppose one of the angles as a to remain constant, it is re- 
quired to find the ratio of the differentials of the other parts. 

1. In the triangles FBm, Fen, having the same acute L at f, 

sin fb : sin fc : : tan Bm : tan en (382). 
But fb=90°, Fc.is the complement of bc, and Bm and en, 
being very small arcs, have the same ratio to each other as 
their tangents. 

COS BC 

.*. rad : cos bc : : Bm : cn= . • Bm. 

rad 

2. In the triangles dci, con, where the L dci may be sup- 
posed equal to the L con, 

tan di : sin ci : : tan en : sin no (382). 
But di is the measure of theZ-C, ci=90°, and the tangent 
of en and the sine of no, have the same ratio to each other as 
the arcs, 

* , COS BC i COS BC 

.*. tan c : rad : : en ( = — . Bm) : no = . Bm. 

rad tan c 

Again, sin di : sin dc : : sin en : sin co (382). 

But di = L c, DC =90°, and the very small arcs en and co, 

have the same ratio to each other as their sines, 

, , cos bc x cos BC 

•\ sin c : rad : : en ( =- — -r- . Bm) : coss — -. . Bm. 

rad 8Ui c 
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3. In the triangles bfjti, df«, where f*=fd ultimately, 

sin fb : sin Bm : : sin f* : sin d* (382). 

But fb=90°, F5=fd=bc, and the small arcs are as their sines, 

, sin bc 

•*. rad : Bm : : sin bc : ds= y- . Bm. 

rad 

ty cos bc _ _ cos bc „_ . 

Hence no = . Bin; C0=— . Bin; 

tan c sin c 

j sin bc _ 

and D5 =. - . Bm. 

rad 

But no represents die differential of bc, co of ac, d* of di 
s L c, and Bm of ab (269). Therefore, 

tan c sine raa 

(614) Hence, in any right-angled spherical C 

triangle abc, right-angled at b ; by denoting 
the sides opposite to trie angles a, b, c, by a, 
b 9 c, respectively, we derive by substitution 
and reduction, the following general equa- 
tions, which include all the varieties that can 
possibly happen wherein the L b is 90° and 
one of the other angles {viz. a) constant. 

*l.da= C ^-?.dc= C ^, 
tan c rad 

II. db=°^JL. &=-£?! 




sin c cos c 

III. <fc=!iH£ . <fc=*5_ c - . da=™± . db. 

rad cot a cot a 

IV. dc =!^L C . da= s ™S . db=^± . dc. 

cos a cos a sin a 

(615) Any of the foregoing equations may be turned into 
proportions, or varied in the expression, by reference to pages 
104, 105, &c 

Thus, from the fourth set of equations dc . cos a z=db . sin c. 
that is, db : dc : : cos a : sin c. 

.. cos*, sine (384) 

COS C SUld 

: : cos h . sin h : cos c . sin c. 
: : sin 2b : sin 2cf (228). 

* Simpson's Fluxions, page 280. 

f Vince's Trigonometry, 2d edition, page 139. ; Traite" de Trigonom&rie, par 
M. Cagnoli, art. 677. page 329 
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proposition in. (Plate IV. Fig. 3.) 

(615) In any right-angled spherical triangle cgf, right-angled 
at o, suppose one of the sides as fg to remain constant, it is re- 
quired to find the ratio of the differentials of the other parts. 

COS R(^ 

By the foregoing proposition no = . Btn; co = 

co * BC . biw; and pg=: Sin . bjw. But no is the decrement 
sin c ad 

of fc ; btw the decrement of theZ. f ; co the decrement of cg ; 

and ds the increment of theZ. c, also fc is the complement of 

bc. Therefore, 

, sin cf fc j j sin cf , , , 

— rfcF= X — rfF;— rfcG =— . X— dF; and dc = 

tan c sin c 

«™_£I x - ds; hence <*f=4^ . rf C F = _™L« . dec '= 
rad sin cf sm cf 

rad 



cos CF 



dc 



(616) Hence, if the fixed side fg be represented by c, the 
hypothenuse fc by b 9 the side cg by a, and the angles opposite 
to these sides by c, b, and a respectively, as at (614), we de- 
rive the following general equations or formula?, which compre- 
hend all the different cases that can possibly happen wherein the 
angle b is 90°, and one of its adjacent sides (viz c) constant 

* T j tan c tt sin c , rad , 

* I. aA=-T — ; . db=-. — =• . oa= i . dc. 

sin b sm b cos b 

rad tan b tan b 

III. <fa =!J2J . rf A =J^- .<*&=-*!*. rfc . 

sm c cos c sin c 

IV. db=™± . dA=S21S . cfa = _!EL_* . dc. 

tan c rad tan c 

(617) The preceding formula? may be varied in the ex- 
pression by reference to pages 104, 105, &c. or they may be 
turned into proportions thus, from the first set of equations 
dh . sin b=da . sin c, that is, 

da : diL : : sin b : sin cf 



• Simpson's Fluxions, page 280. 

f Vince's Trigonometry, 2d edition, page 140. 
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proposition nr. (Plate IF. Fig. &) 
(618) In cmyrightHzngltd spheric 
at d, suppose the hypothenuse bf to remuan constant, it is re- 
quired to find the ratio of the differentials of the other parts. 

By Prop. 11^ «o=^^. urn; co=^? . urn; andj*=: 
tan c sine 

sin bc 

3 — . jsnu 

rad 

But no is the increment of bc, or of its=FD ; Bm is the 

measure of theZ-BFin, or of its equal m>, and consequently 

it is the decrement of the L efd; also bc=fd, and the 

L c is measured by the arc di, which is the complement of 

ED. 

Hence <fr D =??iI5x -«fr. 

COt ED 

Again, co is the decrement of co, and oo is the complement 
of gi, the measure of theZ-E, therefore go is the increment of 
theZ-E. 

Hence As =??!!? x -<*f. 

COS ED 

Also d* is the decrement of ed, consequently we have 

j, sin fd „ , 
rad 

, cot ed j, cos ed , rad , 
•*. aF= . aFD= — • dEzz— . oed. 

COS FD COS FD Sm FD 

(619) Hence, if the hypothenuse ef be represented by ft, 
the side fd by c, ed by a, and their opposite angles by b, c, 
and A respectively, as at (614), we derive the following ge- 
neral formula?, which include oil the varieties that can possibly 
happen, wherein the angle b is 90°, and the hypothenuse (viz. h) 
constant. 

cos a j rad , 

dc. 

III. &=-^, rfA=-^ . &=!^ . dc 
cot a 

IV. da=™4 • dA = -<^ . de=-f^ • dc 

rad cot c cot c 

(620) These formulae may be varied in the expression or 
turned into proportions, &c. as before observed. Thus from 
the third set of equations. 
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, cot c j , A rad a , . rad 2 
dc= • da ; but cot c= , and cot a 



cot a tan c tan a 

tan a 
tan c 



dc= • da. Hence da : dc : : —tan c : tan a.* 



proposition v. (Plate IV. Fig. 4.) 

(621) In any oblique-angled spherical triangle abc, suppose 
the angle a and its adjacent side ab to remain constant \ , if is 
required to find the ratio of the differentials of the other parts. 

Let Be, by its revolution about b, be changed to bwi, then 
ac will become Am, and the L abc will be reduced to the 
Z ab)w. Now me will be the decrement of ac, the L cbto will 
be the decrement of the L b, and if en be drawn perpendi- 
cular to Bn, mn will be the decrement of bc ; produce Bn and 
bc so that Bp and bo may be quadrants, then op will be the 
measure of the L cbtw. Hence, 

I. en : op : : sin bc : sin bo, 
and in the small rectilineal triangle enm right-angled at n 
mn : en : : sin Lmcn : cos Lmcn (109). 
.% mn : op : : sin bc . sin L men : sin bo . cos L men, 
But £ men will be the complement of the angle c, because bc« 
is a right angle, and bo =90° by the construction, hence 
dBC : dB : : sin bc . cos c : rad . sin c. 

. . e ;« „„ . ra( * • si* 1 c 
: : sm bc : . 

cos c 
: : sin bc : tan c. 

II. Again, rad : me : : sin men : mn, 

that is, rad : d\c : : cos c : dBC. 

III. Also, me : ne : : rad : cos L men, 

and ne : op : : sin bc : sin bo = rad; 
.\ me : op : : sin bc : sin c, 
that is, <?ac : ds : : sin bc : sin c 
IV. By taking the supplemental J triangle to abc, viz. dfe 
(302), theZ. e and the sick fe will be constant quantities, and 
the rest will be variable ; now it is shown in the first case of 
this proposition! that the differential of the side opposite a 
constant L : the differential of the L adjacent to the constant 



* Vince's Trigonometry, Prop. 49. page 140. 2d edition. 

f Traits de Trigonomltrie, par Cag noli, page 311. La Lande's Astion. 
vol. iii. art. 3998 to 4003. 

\ Called by the French writers the polar triangle, from the manner in which 
it is described. 
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side : : sine of the side opposite to the constant L : tan L op- 
posite to the constant side.* 

Hence <ft>F : d* : : sin df : tan L d, that is (302), 
dc : dAC : : sin c : — tan bc, 
and dB : d\c : : sin c : sin bc, (HI. case above.) 
.•. dB : dc ' • —tan bc : sin bc, 

rad : —cos bc 

otherwise. (Plate IV. Fig. 4.) , 

(622) Let a perpendicular bd be drawn from the end of the 
fixed side ab and opposite to the fixed L a, then the several 
parts of the right-angled triangle bda will be invariable; and 
in the right-angled triangle bdc, the perpendicular bd will be 
a fixed quantity, and all the other parts will be variable ; hence 
by the assistance of the formulae already given (616), all the 
variations of which this proposition is susceptible may easily be 
derived; some of the principal will here be inserted, denoting 
the sides of the triangle by a, 6, c, and their opposite angles by 
a, b, c, as in the figure, where a is the,constant angle, and c the 
constant side. 

db : ds : : sin a : sin c 



db: 


da : 


: rad : 


cose 


db 


: dc : 


: tana : 


—sin c 


da : 


: dB : 


: sin a : 


tan c 


dB : 


: dc : 


: rad : 


—cos a 


dc : 


: da : 


: tan c: 


—tan a 



proposition vi. (Plate IV. Fig. 5.) 

(623) In any oblique-angled spherical triangle abc, suppose 
the angle a and its opposite side bc to remain constant f , it is 
required to find the ratio of the differentials of the other parts. 

Let bc change its position to mo, and let these circles inter- 
sect each other in an indefinitely small angle at r; make rn = 
rB, and rc=jy ; then nm will be the decrement of rs, and po 
will be the increment of re; and because np =bc, by construc- 
tion, and m0=Bc, by hypothesis; if the common part mp be 
taken from each, there will remain wm=op; then, 

I. Considering the indefinitely small triangles Brow, cpo, as 
rectilineal, and right-angled at n and/?, we have 



* Cagnoli, page 314. art 555. 

f La Lande's Astronomy, vol. iiL art. 4009 to 4010. Cagnoli, page 316, Sec. 
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In the right-angled triangle cpo, rad : co : : cos Lpoc : op, and 
in the right-angled triangle Bwm, rad : bwi : : sin L nhm : nmizop; 
.*. co : bwi : : sin L nBm : cos Lpoc. 
that is, d&c : dAB : : cos b : — cos c. 
For, co is the increment of ac, btw is the decrement of ab ; 
and the three angles pco, per, and Acr are together equal to 
two right angles (294), of which per is a right angle, therefore 
Lpco + Z.Acr=one right angle =Z.pco+ Lpoc, hence Lpoc 

= L ACB. 

. II. Take the supplemental triangle to abc, viz. dfe (302), 
then, since L a and bc are constant quantities in the triangle 
abc, ef and the L d will be constant quantities in the triangle 
dfe ; whence by the first part of this proposition, we have 
£?de : oIdf : : cos f : —cos e ; but de is the measure of b, and 
df is the measure of c, also cos f = — cos ac, and cos e = 

— cos ab; .'. dn : dc : : cos ac : —cos ab. 

III. Again, sin a : sin bc : : sin c : sin ab : : sin b : sin ac 
That is, the sines of the variable angles have a constant ratio 
to the sines of their opposite sides, consequently their dif- 
ferentials will be in the same ratio; but the rectangle of 
radius and the differential of the sine of any arc = the rectangle 
of the differential of that arc and its cosine (1st equation, 
page 127.) Hence, 

j . COS C t j • COS B j 

csincz — — . ac, a sin b= — . ob, 

rad rad 

j . COS AB j , . COS AC , 

dsuiAB= r— . oab, a sin ac= =— . oac; 

rad rad 

.*. sin a : sin bc : : cos c . dc : cos ab . </ab, 

: : cos b . dB : cos ac . dAC, 

that is, dc : d*B : : sin a . cos ab : sin bc . cos c, 

and dB . o!ac : : sin a . cos ac : sin bc . cosZ-B. 

But it has been shown in the first part of this proposition, that 

dAB : dAC : : cos c : —cos b, 

.'. dc : dAC : : sin a . cos ab : —sin bc . cos B. 

(624) Hence, as in the former propositions, if we denote 
the sides of the triangle abc, by a, o, c, and their opposite angles 
by a, b, c, we derive the following proportions, wherein a and 
a are invariable quantities. 

1. db : dc : : cos b : —cos c 

2. dB : dc : : cos b : —cos c 

3. dc : dc : : sin a . cos c : sin a . cos c 

4. dB : db : : sin a . cos b : sin a . cos b 

5. dc : db : : sin 4 . tos c : —sin a . cos b 

a A 
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These proportions may be varied in their form, thus from 

the third. 

, , sin a sin a 

dc : dc : : : . 

cos c cos c 

But sin a : sin a : : sin c : sin c 9 

, , sin c sin c 

.: dc : dc : : : , 

cos c cos c 

viz. dc : dc : : tan c : tan c. 

And exactly in the same manner, from the fourth proportion, 
we derive ds : db : : tan b : tan b. 



proposition vn. (Plate IV. Fig. 6.) 

(625) In any oblique-angled spherical triangle abc, suppose 
the two sides ab and ac to remain constant*, it is required to 
find the ratio of the differentials of the other parts. 

Let bc and ac change their positions to fin and ah, aw 
being equal to ac ; produce ac and An to the points o and p, 
so that Ao and \p may be quadrants, and join en. 

Also, produce bc and bti to the points q and r, making b q 
and Br quadrants, and through c draw cm parallel to qr. 

Then op will be the measure of the increment of the L A, 
qr the measure of the decrement of theZ.B, and mn will be 
the increment of the side bc 

I. sin kp : sin aw : : sin op : sin ca, 

Viz. rad : sin ac : : d\ : cn= r— dh ; 

rad 

also, sin Bq : sin bc : : sin qr : sin cm, 

•\t' j » sin BCj 

Viz. rad : sin bc : : — aB : cm = — —aB. 

rad 

II. In the small rectilineal triangle cmn, 

1. rad : en : : sin L men : mn, 

Vk. rad : !™^a : : sin c : dBc= sin AC ' sin C «k, 
rad rad 2 

But sin c : sin AB : : sin B : sin AC, 
or sin c . sin AC=sin b . sin ab, 
, sin b . sin ab , 

.*. aBC= rr; OA. 

rad 2 



• La Landed Astronomy, vol. iii. art. 4015 to 4034 ; Cagnoli, page 321, &a 
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2. rad : cos L men : : en : cm, 

Viz. red : cos c : : ™-£dA : -!EJ£fe. 
rad rad 

Hence rfezr- 008 ^ ' sin ac ^a. 
rad . sin bc 

3. cot L men : rad : : cm : ran, 

Viz. cot c : rad:: -?HL5?<fe : cfec=-?^^cfe. 
rad cot c 

Hence, by substituting ab for ac, and c for b, we obtain 



cos b • sin ab , , , sin BC, 

5 — r- oa, and aBC= — a 

rad . sin bc cot b 



(626) By denoting the three sides of the triangle by a, ft, c, 
and their opposite angles by a, b, c, the following proportions 
are deduced, where c and ft are constant quantities. 

1. dA: da:: rad 3 : sin ft • sin c. 

2. dA : da:: rad 3 : sin c . sin b. 

rad 3 rad 3 

But -5 — =.=cosec ft, and - — =cosec c ; 
sin ft sin c 

.: dA: da:: cosec ft : sin c : : cosec c : sin ft, 
and dA: da:: cosec c : sin b : : cosec b : sin c 

3. dA : ds : : rad . sin a : —cos c . sin ft. 

4. dA : do : : rad . sin a : —cos b . sin c 

5. dc: da:: —cot b : sin a. 
dB : da:: — cot c : sin a. 

6. .*. dB :dc:: cot c : cot B, 
and dB : dc:: tan b : tan c 

proposition viii. (Plate IF. Fiff. 6.) 

(627) In any oblique-angled spherical triangle abc, suppose 
the two angles b and c to remain constant*, it is required to find 
the ratio of the differentials of the other parts. 

Take the supplemental triangle dep (302), then de and 
df will be constant, therefore by Proposition vn. 

• La Lande's Astronomy, art 4034 to 4045 ; Cagnoli, page 325, &o. 
A A 2 
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1. Jd : Jef : : cosec df : sin f : -..cosec f : sin df, 
Viz. Jbc : Ja : : cosec c : sin ac : : cosec ac : sin c 

2. do : dEF : : cosec de : sin e : : cosec e : sin de, 
Viz. dBC : Ja : : cosec B : sin ab : : cosec ab : sin B. 

3. Jd : Je : : rad . sin ef : cos f . sin fd, 
Viz. dBC : Jab : : rad . sin a : cos ac . sin c. 

. 4. do : Jf : : rad • sin ef : cos e . sin de, 
Viz. dBC : Jac : : rad . sin L a : cos ab . sin B. 

5. d¥ : Jef : : cot e : sin ef, 
and Je : Jef : : cot f : sin ef, 
Viz. dAC : dA : : cot ab : sin L a, 
and Jab : Ja : ; cot ac : sin L a. 

6. .*. Jac : Jab : : cot ab : cot ac, 
and Jac : Jab : : tan ac : tan ab. 

(628) By denoting the three sides of the triangle by a, ft, Cy 
and the ; r opposite angles by a, b, c, we derive the following 
proportions, wherein b and c are constant quantities. 

1. da : Ja : : cosec c : sin ft : : cosec ft : sin c. 

2. Ja : Ja : : cosec b : sin c : : cosec c : sin b. 

3. da \ dew rad . sin A : cos ft . sin c. 

4. da : Jft : : rad . sin A : cos c . sin b. 

5. Jft : Ja : : cot c : sin a. 

6. de : Ja : : cot ft : sin a. 

7. Jft : dc : : cot c : cot ft. 

8. Jft : Jc : : tan ft : tan c. 

SCHOLIUM. 

(629) In all the preceding propositions if the sides of the 
triangle be diminished without limit, the triangle may be con- 
sidered as plane, and instead of the sines and tangents of the 
sides, we may substitute the sides themselves (440). Hence 
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the variations of plane triangles are readily deduced from those 
of spherical triangles, in every case where the differentials 
are proportional to the sines or tangents of the sides. Thus, 
by the 4th proportion (626) we have shown that dk : dc': : 
rad . sin a : cos b . sin c, that is (supposing the triangle 
plane), d\ : dc : : a . rad : c . cos b. 

Again, by the 8th proportion (628) db : dc : : tan b : tan c, 
that is, when the triangle is rectilineal, db : dc::b : c, and 
in the same manner the rest may be deduced. 

The variations of rectilineal triangles may be deduced 
from the triangles themselves, without reference to spherical 
triangles, in a manner exactly similar to those deduced from 
the spherical triangles. Vide Traite de Trigonometrie, par 
M. Cagnoli, Chapitre X. 

THE APPLICATION OF THE DIFFERENTIAL ANALOGIES.* 
PROPOSITION IX. 

(630) To find when that part of the equation of time depend" 
ent on the obliquity of the ecliptic is the greatest possible.^ 

Here the sun's longitude will form the hypothenuse of a 
right-angled spherical triangle, his right ascension will be the 
base, and the obliquity of the ecliptic will be a constant 
angle. 

Let the hypothenuse be denoted by b y and the base by c, 
then db : dc : : sin 2b : sin 2c (346). 

Hence, when b— c is a maximum, c& — cfc=0, or db=dc> 
and therefore sin 2b = sin 2c; consequently 2b must be the 
supplement of 2c, or 5 + c=90°. 

The equation of time dependent on the obliquity of the 
ecliptic is therefore the greatest possible when the sun's lon- 
gitude and his right ascension together are equal to 90° from 
the equinoctial points. This will happen, in 1840, on May 6 
and November 8. 

PROPOSITION x. 

(631 ) Given the parallax in altitude of a planet, to find its 
parallax in latitude and longitude. 

Let b represent the pole of the ecliptic, a the zenith, and c 
the place of the planet. 

* A variety of examples will be met with in the perusal of La Lande's Astro- 
nomy, vol. iii. 

j- Simpson's Fluxions, page 550. 
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Then db will represent the parallax in altitude, da the 
parallax in longitude, and da the parallax in latitude. 

Now <fe = 8 ^-db, and 
sin a 

da =^L±db (350). 
rad 

If ec be supposed to represent 
a part of the ecliptic, then be and 
bc will be quadrants (290) and 
ceb and ecb will be right angles (291). 

In the right-angled triangle cea, making ea the middle part, 

v sin eca /cos c \ sin ea i u u A . . 

we have -j— =1 — =-= )-: , hence by substitution, 

rad , \ rad /suiac 

b, and because the altitude of the nonagesimal 

degree of the ecliptic is an arc of a great circle comprehended 
between the zenith of any place of the pole of the ecliptic 
(550), we obtain the following proportion : 

sine of the zenith distance is to cosine of the altitude of the 
nonagesimal degree, as the parallax in altitude is to the parallax 
in latitude, viz. sin b : sin ea=cos c : : db : da. 

(632) Again, in the right-angled triangle cea, making the 
L eca the middle part, we have rad . cos ECA=tan ec . cot b ; 

but cot b = J2*-, hence £» * CA = (™* =} *" f ; 
tan b rad V rad / tan b 

therefore by substitution ds = £db (because the planet is 

supposed to be in or very near to the ecliptic, sin a=rad) 
hence, 

tangent of the plane fs zenith distance is to the tangent of its 
longitude from the nonagesimal degree, as the parallax in altitude 
is to the parallax in longitude, viz. 

tan b : tan ec : : db : ds. 



PROPOSITION XI. 

(633) Given the altitude of the nonagesimal degree of the 
ecliptic, the longitude of a planet from the nonagesimal degree, 
and its horizontal parallax, to find its parallax in latitude and 
longitude. 
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It is shown in the preceding proposition, that da=^L£ db 

° sin b 

and Bd = — db. Now, if h represent the horizontal pa- 
rallax of any planet, its parallax in altitude db = -r— nearly 

( 185). By substituting this value of db in the above equations 

A, = HC0 f c > andrfB= Btan J EC - si ° 6 . 
rad rad . tan b 

In the right-angled triangle cea, making b the middle part, 

rad . cos b = cos ea . cos ec ; but cos b = — — ' sl T n , and 

tan b 

rad . sin ec t sin b cos ea . sin ec , , 

cos ec= , hence - = = ; and by 

tan ec tan b rad . tan ec 

u *-^_ ^ j tan ec h cos ea . sin ec h cos ea . sin ec 

substitution aB= — . = — = — — — , 

rad tan ec. rad rad 3 

but ec is the measure of the Z.B (474), and cos EA=sin c, 

therefore (?b = ^ : hence are derived the following 

rad a 

general rules. 

1. Radius is to the cosine of the altitude of the nonagesimcd 
degree of the ecliptic, as the horizontal parallax is to tlie parallax 
in latitude. 

2. The square of the radius is to the rectangle of the sines of 
the altitude of the nonagesimal degree and the planefs longitude 
from thence, as the horizontal parallax is to the parallax in 
longitude.* 



PROPOSITION XII. 

(634) To determine the correction for finding the time of 
apparent noon, from equal altitudes of the sun. 

It is obvious that if the sun's declination was invariable, 
half the interval of time between equal altitudes would show 
the instant of noon ; but by the variation in the sun's declin- 



• Simpson's Fluxions, vol. ii. page 286. 
A A 4 
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ation he will have the same altitude 
at different distances from the me- 
ridian : this variation will, in general, 
be very small ; to correct for which 
suppose b to represent the pole of 
the equinoctial, a the zenith, and c 
the place of the sun ; ab and ac will 
be constant quantities. 

By art (626) d* = - c ? 1 C cfa, 
sin a 

and by (430) cot <— sin a ' cot c ~ cos a ' COSB 
sin a . cot c sin a . cot a 




sm b 
<fe = _/cot L c 



cot 



tan b 

)da. 
_ 



VsinB tan; 

Let / be the latitude of the place ; A, A' the hour angles, 

and 8, 8" the declinations of the sun corresponding to the 

common zenith distance b. Then cot c=tan /, cofa=tan &, 

— da-=cR>, and therefore d& and db co temporary increments 

of A— ft' and 8— S'; hence the last formula becomes 

r r/_ /tan /__tan 8 

Vsin A tan " 

or if 8— 5' be seconds of arc, 



i> (•-n 



A— A' ,. , /... v /tan Z tan 8\ 
(in seconds of time) = ( ~ — -— -J . 



8-2 



and subtracting this quantity from the middle time between 
the instants shown by a chronometer, at which, on a given 
day, the sun has equal altitudes, gives the time by the chro- 
nometer when the sun is on the meridian.* 

PROPOSITION XIII. 

(635) The error in taking the altitude of a star being given, to 
find the corresponding error in the hour angle. 

As in the preceding proposition, let b represent the pole of 
the equinoctial, a the zenith, and c the observed place of the 
star. Then c will be the co-latitude, a the star's co-declin- 
ation, and b its co-altitude ; the sides c and a will be constant 



quantities. It is shown (626) that ds : db : 

sin Cj hence 

, rad 2 ,, 
dB=—. ~-^ — db. 



rad 3 



sin a 



sm a . sin c 



* Riddle's Navigation, page 252. 
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Now when the errors are very small, a*B and db are the 

corresponding errors of the hour angle and zenith distance ; 

therefore, radius being unity, 

* ... error in altitude 

the error in time—— : : 

15 sin c . sin a 

A being the star's azimuth. 

Cor. Hence, the error in time, from a given error in alti- 
tude, is less the greater sin a is, or the nearer the body is to 
the prime vertical, at the time of observation. 

PROPOSITION xiv. 

(636) The error in the altitude of any tower, or other object, 
is to the error committed in taking the angle of elevation, as 
double the height of the observed object is to the sine of double 
the angle of elevation. 

This proposition is designed to illustrate 
the scholium (629). From the first set of 

equations (616) we have iA=~ — - . da, 

sm b 

that is, da : dA : : sin b : sin c, and con- 
sidering the triangle as plane (629), 

da : dA: lb: sin c=cos a, .'. _^=Jx . 

dA cos a 

But, sin 2a =2 sin a « cos a, rad = l (228), hence 

1 2 sin a .da 2 b sin a 

= " — ?r and-=-= — : — — *-. 

cos a sm 2a dA sm 2a 

Again, sin a : a : : rad=l : b (110), consequently 

b sin a=o, and by substitution — = . a , that is da : dA : : 

dA sin 2a 
2a : sin 2a which was to be shown. 

Cor. Because da-=.— . — - — it is obvious that da the error 
sin 2a 

in altitude will be a minimum, when sin 2a is a maximum, 

that is sine of 90°. Hence if dA the error in the observed 

angle be 1', the sine or arc of which is '0002909, and the 

observed angle be 45°, we have 

da = ' 2a f - = 2a x -0002909 = -0005818 a = ,„* . See 
sin 2a 1718-8 

the note page 77. 
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CHAP. XIV. 

MISCELLANEOUS PROPOSITIONS, ETC. 

Of the French Division of the Circle. 

(637) The modern French writers on Trigonometry divide 
the circumference of the circle into 400 * equal parts or degrees, 
each degree into 100 equal parts or minutes, each minute into 
100 equal parts or seconds, &c. which degrees, minutes, &c 
they write m the usual manner, thus 126° 80' 64", &c. 

A French degree is therefore less than an English degree, in 
the ratio of 90 to 100, or of 9 to 10 ; a French minute is less 
than an English minute in the ratio of 90 x 60 to 100 x 100, 
or erf 27 to 50 ; and a French second is less than an English 
second in the ratio of 90 x 60 x 60 to 100 x 100 x 100 or of 
81 to 250. 

Hence, if »=any number of degrees, to turn English de- 
grees into French, we have 9 : 10::n: — =w + — , and to turn 

y y 

French degrees into English, 10 : 9 : : n : — =» — — . 
8 8 10 10 

PROPOSITION I. 

(638) To turn French degrees, minutes^ 8fc. into English. 

Rule. Consider the degrees as a whole number, after which 
place the minutes and seconds f as decimals; fa of this mixed 
decimal deducted from itself will give the English degrees cor- 
responding to the French. 

Example I. The latitude of Paris is 54° 26' 36" in the 



* Elements de Geometric par A. M. Legendre, 6th ed. page 328. Preface 
to Borda's Trigonometrical Tables (Paris, An. IX. ), page 18, et seq. 

f The minutes and seconds, if under 10, must have a cipher prefixed ; thus 
27° V 35" must be written 27° 07' 35" or 27°-0735 ; 45° 18' 4"= 45° 18' 04" 
or 45°*1804, &c. 
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French division of the circle, what is the corresponding lati- 
tude in the English division ? 

54° 26' 36"=54°-2636 French degrees. 
f V = 5 -42636 

48 -83724 English degrees. 
60 



50 -23440 
60 

14 -06400 



Answer. 48° 50' 14" English. 

2. What number of degrees, &c. in the English division of 
the circle will correspond to 74° 4' 8" in the French division ? 
74° 4' 8" =74° 04' 08"=74°-0408 
T ^ = 7 -40408 

66 -63672 
60 

38 -20320 
60 

12 -19200 

Answer. 66° 38' 12" English. 

PROPOSITION II. 

(639) To turn English degrees, minutes, 8fc. into French. 

Rule. Reduce the minutes and seconds, &c. to the decimal 
of a degree, and annex it to the given number of degrees ; this 
mixed decimal increased by £ of itself will give the French 
degrees corresponding to the English. 

Example. The latitude of Greenwich Observatory i$ 
51° 28' 39" N., according to the English division of the circle, 
what is the corresponding latitude by the French division ? 
51° 28' 39"= 51°-4775 



i = 5 -7197 



7 



57 -1972=57° 19' 72". 



Answer. 57° 19' 72" North, by the French division of the 
circle. 
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On the 12th March, 1840, the moon's distance from the 
sun, at midnight, was 116° 20 7 38" by the Nautical Almanac, 
what was the distance according to the French division of the 
circle ? 

116° 20' 38" = 1 16°-343889 
h = 12 -927099 



129 -270988=129° 27' 10". 



Answer. 129° 27' 10". 

(640) A table of arcs differing by 10 degrees according 
to the French division of the circle, or by 9 degrees by the 
English division, with the corresponding natural and loga- 
rithmic sines. 



French Division. 


English Division. 


Nat. sines. 


Log. sines. 


sin 


10°= cos 90° 


- sin 9°=cos81° - 


•1564345 - 


9-1943324 


sin 


20 =cos 80 


- sin 18 =cos 72 


•3090170 - 


9*4899824 


sin 


SO = cos 70 


- sin 27 =cos 63 


•4539905 - 


9*6570468 


sin 


40 = cos 60 


- sin 36 =cos 54 


•5877853 - 


9*7692187 


sin 


50 = cos 50 


- sin 45 =cos 45 


•7071068 - 


9-8494850 


sin 


60 =cos 40 


- sin 54 =cos 36 


•8090170 - 


9-9079576 


sin 


70 = cos 30 


- sin 63 «=cos 27 


•8910065 - 


9 9498809 


sin 


80 =cos 20 


- sin 72 —cos 18 


•9510565 - 


9*9782063 


sin 


90 =cos 10 


- sin 81 =cos 9 


•9876883 - 


99946199 


sin 


100 =cos 


- sin 90 =cos 

EXAMPLE. 


1-0000000 - 


10-0000000 



The latitude of the Observatories of Paris and Pekin are 
54° 26' 36'' N., and 44° 33' 73" N., and their difference of 
longitude 126° 80' 56", according to the French division of 
the circle, what is their distance ? * 



SOLUTION BY THE FRENCH DIVISION OF THE CIRCLE, f 

Here we have two sides a and b of a spherical triangle given, 
and the included angle c, to find the third side c. 

By the formulae (434) tan <p = — -, , and cos c = 



cos b 

cos <p 



rad 
. cos (a-<p), where a = 100°— 54° 26' 36" =45° 73' 64", 



J =100° -44° 33' 73"= 55° 66' 27% and c = 126° 80' 56 A 



Legendre's Geometry, page 403. f By Borda's Tables, Paris, An. I X. 
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log cos c=log cos 126° &V 56" = 9-6114358 
log tan£=log tan 55 66 27 =10-0776713 

log tan <p - - - = 9-6891071 

the arc corresponding in the tables is 28° 94' 23"-7. But 
because the cosine of c is negative (200), it is plain, by the 
formula above, that tan <p is also negative ; hence <p = 
—28° 94' 23"-7, and a - <p = 45° 73' 64" +28° 94' 23"'7 = 
74° 67' 87"-7. 

log cos (a-<p)=log cos 74° 67' 87""7 = 9-5880927 
log cos b =log cos 55 66 27 = 9-8071949 

19-3952876 
logcos<p=logcos28 94 23-7 = 9-9534821 



log cose - =9-4418055 

the corresponding arc is 82° 16' 04" the distance between 
Paris and Pekin =821604 seconds, or 821*604 myriametres; 
a my riametre* being an arc of 10 minutes, and a metre an arc 
of T \j of a second.* 

SOLUTION BY THE ENGLISH DIVISION OF THE CIRCLE.f 

Lat. of Paris =54° 26' 36" French =48° 50' 1 4"-06 English. 

(638). 

Lat of Pekin =44° 33' 73" French=39° 54' 12"-85 English. 

DifF. Long. = 126° 80' 56" French = 1 14° 7' 30"-14 English. 

Hence a = (90° -48° 50' 14"-06 =) 41° 9' 45"-94; £ = 

(90°-39° 54' 12"-85=) 50°5'47"-15, andc=114°7'30"-14. 

log cos c=log cos 114° 7' 30"-14= 9-6114359 

log tan J=log tan 50 5 47 -15 = 10-0776713 

log tan <p=log tan-26° 2' 53"-3 = 9-6891072 

Because <p is negative, a— <p=41°9'45"-9 + 26°2 / 53 // -3= 
67° 12' 39"-2. 



* According to the French mathematicians \ of the whole terrestrial meridian 
(viz. 100°) = 5130740 toises in length, the ten millionth part of which is the 
metre; therefore the metre— -fa of a seconds '5130740 toises = 3 '078444 French 
feet; and because 107 French feet are equal to 114 English feet nearly, the 
French metre = 3 '28 English feet. If a French toise = 6'3945 English feet, a 
metre will be =3-280852 English feet. 

| Tables Portative*, par Callet, Edition Stereotype, An. 3. 
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log cos (a— f ) =log cos 67° 12" SO"-** = 9*5880928 
log cos b =log cos 50 5 47 '15= 9*8071949 

19-3952877 
log cos f =log cos 26° 2' 53"-3= 9-9534821 



log cos c=log oos 73° 56' 39"-6= 9*4418066 

The length of a degree by the Trigonometrical Survey of 
England and Wales, is 364950 feet*; hence, the distance 
between Paris and Pekin is 26985984 English feet. 

73° 56' 39"-6 English=82° 16' 4" French, as above (639). 



proposition in. (Plate IV. Fig. 7.) 

(641) If from the sum of the three angles of any spherical 
triangle two right angles be deducted, the remainder will be to 
two right angles, as the area of the triangle is to one fourth of 
the surface of the sphere. 

Let abc be the triangle ; complete the circle abed, and 
produce ac, bc to meet in the point f, cutting the circle abed 
in the points e and d. 

Then because bd and cf are each semicircles (285), bc= 
df, and for the same reason ac=ef. 

The angle acb= (295) L dce'= (298) L dfe, therefore the 
triangle abc is equal to the triangle def (310) ; let the sur- 
face of each of these triangles be represented by m, and let 
w, x, and y represent the surfaces of the triangles in which 
they are situated. Now it is plain, that if any great circle of 
the sphere (as 1, 2, 3.) be divided into any number of equal 
parts, and through the points of division (1, 2, 3.) great circles 
be drawn, so as to pass through the poles (b and d) of the 
divided great circle, the surface of the sphere will be divided 
into as many equal parts, or lunula, as there are parts in the 
divided great circle f ; therefore the whole circumference of 
the sphere will be to any arc of this great circle, as the whole 
surface of the sphere is to the surface of the lune compre- 
hended between two great circles, whose greatest distance is 
measured by the aforesaid arc. 

* VoL II. part ii. page 113. 

| This may be farther illustrated by considering the manner in which the 
several meridians, on a terrestrial globe, divide the equator and the surfaccP of 
the globe. 
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Hence 180° : L a : : \ surface of the sphere : m+y 
180° : Lb: : \ surface of the sphere : ra+t* 
180° : Z-C : : $ surface of the sphere : m+x 
By composition, 
180° : Z.A+ Z.B+Z.C:: Jsurf. of the sphere : 3m+y+w + x 
and, by division, 
180° : L a+ Z.B+ Z.C— 180° :': & surface of the sphere :2m 
or, 180°: Z-A+ Z.B+ Z.C- 180°:: \ surface of the sphere : m 
.'. ZA+Z.B+/LC— 180° : 180 p ::ro: ± surf, of the sphere. 

(642) Corollary. The measure of the surface of a spherical 
triangle is the difference between the sum of its three angles and two 
right angles. 

For if s=i of the surface of the sphere, 

180°xwi=sx(a + b + c— 180°) 

•'• wl= i^ (A+? " fc " 180 ° ) 

But the whole surface of the sphere is equal to four times 
the area of one of its great circles *, and the area of a great 
circle =i circumference x radius =180° x radius ; if therefore 
radius = 1, the surface of one fourth of the sphere may be ex- 
pressed by 180°; therefore m =a+b+c— 180°. 

PROPOSITION IV. 

(643) The sum of the three angles of every spherical tri- 
angle being greater than 180° (303), the sum of the three 
observed angles of a triangle, on the surface of the earth f , 
ought to exceed 180°; which excess may be found by the 
following rule. From the logarithm of the area of the triangle 
taken as a plane one 9 in feet 9 subtract the constant logarithm 
9-3267737, and the remainder is the logarithm of the excess 
above 180° in seconds nearly.% 

Put £ of the surface of the sphere =s, then 

Z.A+ Z.B+ Z.c-180°=— ^-^-(642).But,bymensuration, 

8 

i of the surfece of the sphere =rad a X 3*14159265, therefore 

• Simpson's Fluxions, page 189. 

f The sides of the triangles which connect the successive stations of a trigo- 
nometrical survey, may be considered as formed by arcs of great circles, whose 
radii are equal to the radius of the sphere ; and each observed angle, being formed 
by the tangents of two of these arcs, will be the measure of the spherical angle 
contained between them, at each successive station (299). 

| Trigonometrical Survey of England and Wales, vol. L page 138. 



Digitized by 



Google 



368 



MISCELLANEOUS PROPOSITIONS. BOOK III. 



Now the length of a degree, supposing the earth to be 
a sphere, is 60859*1x6* feet, hence the earth's radius is 

V®. x 60859-1 x 6 feet. 

314159265 

..2LA+z.Bi-^ lov (365154-6) 2 xl80 

three angles above two right angles ; and if a, b, and c be 

expressed in seconds, the excess in seconds will be 

my 3-14159265 xW'.. x .62*31853 } rf ^ ^^ 

(365154-6) 2 X 180 (3651546)*' * 

in seconds = log m + log 62-831853- 2 log 365154-6 = 
log m+ 1-7981799 - 11-1249536 = log m-9-3267737. 

example to the foregoing proposition. (Trigonome- 
trical Survey.) 

Names of the Stations. Observed angles. 

fButser-hill - 76° 1* 22" 
Dean-hill - 48 4 32-25 
Dunnose - 55 43 7 



Distance of Dunnose from 

Butser-hill 140580-4 feet 
Dean-hill 183496-2 feet 



180 1-25 

Here we have two sides of a plane triangle, and the angle con- 
tained between them, given, to find the area, viz. 
a =140580-4 feet, 6 = 183496-2 feet, and the contained Z.c= 
55° 43' 7". By mensuration the area of the triangle= 

iabx nat. sin L c. 

----- . . l og= 4-8468947 

- - log= 5-2636271 

- logsin= 9-9171279 



£a= 70290-2 - 
6 = 183496-2 - 

£c=55°43'7" 



log m- 10-0276497 
Deduct the constant log= 9-3267737 

Log of the spherical excess =0-7008760 
the number corresponding to which is 5"-022 or 5". Hence 
the error in the three observed angles above, is 5"— 1"*25 = 
3"-75. 



♦ Trigonometrical Survey, vol. i. page 138. Faden's edition. 

f Philosophical Transactions, 180S, page 428. Dr. Rees's New Cyclopaedia, 
second series of triangles, word Degree. A variety of examples will be met with 
in the works here referred to, and in the Trigonometrical Survey, published by 
Mr. Faden. 
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By the assistance of this spherical excess the observer will 
be enabled to examine the accuracy of his observations ; and, 
having corrected the angles, the sides of the triangle, being 
arcs of great circles (supposing the earth to be a sphere) may 
be calculated by the rules of spherical trigonometry. 

Legendre, in his Geometry, page 416, has given the rule 
demonstrated in the following proposition for correcting the 
observed angles, and though the method is only an approxi- 
mation, it is sufficiently accurate and commodious for practice. 

proposition v. 

(644) A spherical triangle, whose sides are very small when 
compared with the radius of the sphere, being proposed ; if from 
each of its angles you subtract one third of the excess of the sum 
of its three angles above two right angles, the angles thus dimin- 
ished may be taken for the angles of a rectilineal triangle, whose 
sides are equal in length to those of the proposed spherical tri- 
angle. 

Let a, b, and c represent the three angles of a plane tri- 
angle, of which the opposite sides a, b, and c are small rela- 
tively to the radius of the sphere, which we shall suppose 
unity. 

Since a : 4:: sin a : sin b (144), there must exist some 

minute arc z, such that, considering the triangle to be 

spherical, sin a : sin b : : sin (a+z) : sin (b+z). But 

sin (a +z) zrsin a . cos ?+ cos a . sin z (244) ; now z being very 

small, its sine is equal to the arc, and its cosine equal to the 

radius, therefore sin (a+z) =sin a + * cos a, and for the same 

reason sin (B+z)=sin b+z cos b. 

a 3 b 3 

Also, by art. (270), sin a=a — , and sin bzzb — ■■ - ; 

6 6 

a 3 * b* 

.«. a : 0— : : sin a+z cos a : sin b+z cos b; 

6 6 

but b : a : : sin b : sin a ; hence, compounding these propor- 
tions, we get 

1 — iL- : 1 : : sin a . sin b + z cos a . sin ^ : sin a . sin b 

6 6 

+ z sin a . cos b. But the first and second terms being 
very nearly equal, and likewise the third and fourth, it is 
obvious that the analogy will not be disturbed by adding 

a 

— to the first and second terms, and deducting z cos a .sin b 
6 

from the third and fourth. Hence 

b b 
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. . j a*-ft* . • . . 

1 : 1 + — - — : : sin a . sin b : sin a . sin b + z sin a . cos b 
o 

— z cos a . sin b. 

But by (244) z (sin a . cos b— cos a . sin b) -=z sin (a— b) y 

•\ 1 : l-\ ~ — ::sinA . sinB : sin a . sin b +z sin (a— b), 

a 2 — b* 
and (17 Euc. V.) 1 : — - — : : sin a . sin b : sin z (a— b); 

, . , v . . a 2 — b* 

hence z sm (a— b) = sin a., sin b . — - — . 

Now, since a : b : : sin a : sin b, 

by composition a + b : b : : sin a + sin b : sin b, 

and by division a— b : b : : sin a— sin b : sin b. 

By multiplying the corresponding terms, we obtain 

a *_ J* : ft 2 : : sin 2 A— sin 2 B : sin 2 B, 

and because — = sm A , if the two consequents be multiplied 

b sin b 
by these quantities, we get 

a 2 — ft 2 : ab : : sin 2 A— sin 2 B : sin a . sin b ; 
.\ sin a . sin b . (a 2 — b 2 )-=ab , (sin 2 A— sin 2 B) ; 
hence, by substitution, 

z sin (a— b) = — . (sin 2 A— sin 2 B). 
6 

But sin (a + b) . sin (a— b) = sui 2 a— sin 2 B (244) ; 

.'. z sin (a— b) = — . sin (a + b) . sin (a— b), 
6 

and z= — :. sin (a + b). 
6 

Now, because the sum of two of the angles, a and b, of a recti- 
lineal triangle is equal to the supplement of the third angle c, 
and any arc and its supplement have the same sine, hence 
z—^ab . sin c, or 3z= \ab . sin c. But the three angles of 
the spherical triangle are a + *, b + z, c+z, and the three 
angles of the plane triangle are a, b, c ; hence 

(a + z) + (b + z) + (c + z) =a + b f c + 3z : 

or, ( A + r) + (B + *) + (c + *) — 180° = 3zzz±ab . sin c, 
the area of a plane triangle whereof the two sides are a and b 9 
and the contained angle c, or the three sides a, ft, and c, and 
the three angles a, b, and c ; and since the three sides a, b, c 
of the plane triangle differ insensibly from the three sides of 
the spherical triangle, the surface of the one may be taken 
from the surface of the other without material error : but the 
surface of the spherical triangle is the difference between the 
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sum of its three angles and two right angles (642), therefore 
the truth of the proposition is evident.* 

example to the preceding proposition. (Trigono- 
metrical Survey.) 



Nonet of Station*, Observed angles. 

Hundred Acres - 53° 58' 35"-75 
Hanger-hill tower 68 24 44 
St. Ann's hill - - 57 36 39 -5 



179 59 59 -25 



Distance of Hundred Acres from 

Hanger-hill 7 1 932-8 feet 
St Ann's hill 79209-7 feet. 



Here a=71932'8, b =79209-7, and c=53° 58' 35"-75. 
£a=35966'4 - - log =4-5558969 
6=79209-7 - - log =4-8987783 
53° 58' 35 ,/ -75 - log sin =9-9078287 

log of the area of the triangle =9-3625039 
deduct the constant log - =9*3267737 

log of the spherical excess = -0357302, the 

number corresponding to which is 1-0858 seconds = 3d, hence 

d=0"-36 nearly. But -the observed angles are spherical 

angles, hence c corrected becomes (53° 58' 35"-75^0"-36=) 

53° 58" 35"-39 ; with this as an included angle, and the two 

sides given above, find the angles and the third side of a 

plane triangle. By the formulae, Case III., page 43, 

* a ° a j* i/ \ cot ±c . tan (0—45°) 

tan =— . rad, and tan £ (b— a) = " ^ '-. 

a rad 



log b 

log a 



log rad 
tana - 



- 4-8987783 

- 4-8569270 

0-0418513 

- 10- 

- 10O41851S 



0-45°. 



> 2°45'23"-l tan 8 -6825575 
26 59 17 -695 cot 10-2930544 



sum (rejecting rad =10) - 8 97561 19 
Hence ft (b - a ) = 5° 24' 2" -327 
and ICB + AJ^eS 42-305 



Therefore b = 68 24 44 -632 
and a = 57 36 39 -978 



Hence $ - 47°45'2S"-1 
6- 45° - 2 45 23 -1 

The third side c may be found by the formula page 42, viz. 
- ; hence by logarithms, 4-8569270 + 9-9078281 — 



sin a 



9-9265643=4-8381908 log of c, and c=68895-49. 

* This demonstration, which is more simple than Legendre's, is grounded on 
the same principles as that given in page 418 of Leslie's Elements of Geometry, 
fourth edition, 1820. 

B B 2 
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This example is solved exactly fay the same rules as the 
example on page 417 of Legendre's Geometry, and by adding 
to each of the angles one third of the spherical excess 
plete solution will be given to the spherical triangle. 

Angles of the spherical triangle. Sides of the spherical 1 ' 

c+d=53° 58* 35"-75 £=6889549 

B+d=68 24 44 -99 ft=79209-7 

a+<*=57 36 40 -34 a zz 7 1982*8 



180 1 -08 



The arcs and angles which occur in a trigonometrical sur- 
vey may be calculated by the exact rules of spherical trigono- 
metry in the manner of Boscovich, by the approximating 
rules of Legendre, or the observed angles may be reduced to 
the angles formed by the chords of arcs, and an arc of die 
meridian may be considered as formed by the chords of curves. 
This last method has' been successfully practised by Delambre 
in France, and by the late General Mudge, in die trigono- 
metrical survey of England and Wales. 



(645) Given two sides of a spherical triangle, and the angle 
comprehended between them, to find the angle contained between 
the chords of these sides, supposing the chords not to differ mar 
terialfy from the arcs which they subtend. 

Let the three angles of the spheri- ^ 

cal triangle be represented by a, b, r ^~- 

c, and their opposite sides by a, ft, c; s^^c' 

and let of, ft', c* represent the chords /O-'' 
of these sides, which chords are sup- A &..^ — -^ 
posed not to differ essentially from ~"-v^ 

the arcs* & ' 

Taking the radius unity, we have, 
by art (420), 

cos a=cos a . sin ft . sin c+cos ft . cos c; 
but, by art. (249), cos a = 1 —2 sin a io, cos ft = 1 — 2 sin 2 Jft, 
and cos c=l— 2 sin a ^c, the radius being 1; therefore by 
substitution 

1 — 2 sin*£a = cos a . sin ft . sin c— 

(l-2sin*ift) . (l-2sin 2 Jc). 
By transposition, &c. we obtain 
2sin Q ift-h2sin 9 £c— 2 sin^Jazrcos a . sin ft • sin e+ 

4sin 2 £ft . sin 2 ^c 
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But by art (119) a' a =6' a +<!' 9 — 2fiV . cos^a', and be- 
cause a', l/ 9 d do not differ essentially from a, b, c (by hypo- 
thesis), and that small arcs are nearly equal to their sines, 
a'=2 sin Jo, y=2sin £&, and </=2 sin Jc; therefore by sub- 
stitution 

4sin 2 £a=4sip?£&+4sin a ic— 4sin Jft . 2sin 2 Jc . cosZ_a', 
or 2 sin 3 £a=2sin 3 i6 + 2sin a £c— 2 sin£& . 2 sin Jc . cosZa; 
by substituting this value of 2 sin*£a in the spherical equation 
above, we get 
2sin£&.2sin£c.cosA / = cosA . sin b . sin c+4sin 2 ^ft . sin 9 £c. 

U, _ cos a . sin ft . sin c+4sin 2 fe . sin 2 |ft 
2 sin £i . 2 sin ±b 

A sin 6 sin c , . , , . , 

=cos a. ■ ; ,, . •— ^ — - — +sm£& • sm kc. 
2sm^ 2sin£c * B 

But sin b—2 cos ^ . sin $b 9 and sin c= 2 cos £c . sin£c (229), 

therefore by substitution, 

cosZ. a'=cos a . cos %b . cos ^c+sin Ji . sin Jc. 

Scholium. In the investigation of the preceding formula, 
the radius 1 has been used in order to lessen the number of 
symbols, but formulae constructed for the radius 1 are 
easily converted into formulae which involve a radius =r, 

by substituting for sin a, cos a, &c, , > &c. Hence 

r t 

the foregoing formula by the introduction of r becomes 
cog a^-^Ccos a . cos|& . cos $c+r . sin $b . sin Jc]. 



EXAMPLE. 

At Calais, the correct angle between Watten and Fiennes, 
was 66° 30' 36"-875, the distance from Calais to Watten 
15' 59" of the earth's meridian, and from Calais to Fiennes 
T 26" ; required the angle formed by the chords of these arcs. 



log cos A=log cos 66° 30' S6"*875 = 9-6005211 
log cos #>= log cos 7 59 *5 -99999988 

log cos ic« log cos 3 43-0 « 9 9999998 

9-6005197 



Reject the tens in the index, 
and subtract the resulting 
index from 10, prefixing the 
sign minus to the remain- 
der. 



The natural number answering to the common log— 1-6005197 
is -3985839. 

bb 3 
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log sin l*«=log sin 7' 59"-5 -=7*36636 11 Nat num. answering to— 6 40024 b 
log sin ^c«log sin 3 43 O- 7 -03388 -0000025. 



4*40024 



Hence -3985839 +-0000025= -3985864 the natural cosine of 
the rectilinear L a', answering to 66° 30 7 36"-59. 

The remainder of the calculation is performed by the rules 
of Plane Trigonometry, and the criterion of the accuracy of 
the observations is at once determined ; for the sum of the 
three angles formed by the chords, and deduced from the 
spherical angles, will always be equal to two right angles, if 
the spherical angles have been correctly observed. 

In all cases the rectilinear angle a' differs but little from 
the spherical angle a, and to enable the calculator to obtain 
the necessary correction with as little trouble as possible, M. 
Delambre has investigated a formula, from which he has con- 
structed a set of tables for determining, in an easy manner, 
the angles formed by the chords from the spherical angles. 

PROPOSITION VII. 

(646) The angles of elevation of two distant objects on the 
surface of the earth being given, together with the oblique angle 
contained between the objects, to find the horizontal angle. 

I et sp and ob be two objects ele- 
vated above the surface of the earth, 
d the place of the observer, z his ze- 
nith, and s and o two points on the 
surface of the earth. 

The observed L will be pdb, and 
the horizontal or required L will be 
sdo, measured by the arc so. 

In the spherical triangle pzb, pz, 



bz, and pb are 
pzb, the measure 



given to find theZ. 
of which is the arc 



so = L soo. By art (422) 

Vsin J(pb+pz— bz) 
— - 




sin^(PB+BZ— pz) 



sin iZ-PZB: 

v sin pz . sin bz 

the radius being 1 ; but pb is the measure of the observed 
L pdb, pz is the complement of the arc sp which is the mea- 
sure of the L pds, bz is the complement of the arc ob which 
is the measure of the^BDO, and the difference between any 
two arcs pz and bz is equal to the difference between their 
complements sp and ob. Therefore 

. , , /sini(PDB + PDS — BDO).sini(PDB + BDO— PDS) 

sinlZ-SDO=A/ — ^ — 

V COS PDS . COS PDO 
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the same as M. Delambre's formula already given at page 94, 
which formula is there illustrated by an example. 

(647) In a trigonometrical survey, where a formula of the 
same nature as that given above is usually applied, zp and zb 
do not materially diner from 90°, or the altitudes or depres- 
sions ps and bo do not exceed 2° or 3° ; in such cases, the 
problem will admit of a convenient and useful approximation, 
such as that given by Legendre at page 413, of his Elements 
de Gdometrie, sixilme edition, and also by other authors. 

Let ps and bo be represented by h and A, and let d be the 
observed angle bdp and x the correction, viz. let D+# be the 
required angle =ods, for the£ ods will always be greater than 

A i , / rti\ xt COS PB — COS PZ . COS BZ 

the L bdp (pace 91). Now cos z = ; ; 

sin pz . sin bz 

(420) the radius being 1, or cos (d + #) = 

cos d— sin h . sin A v . .._, H a _ h 4 « 

— =- ; butcosH = l— _ + _- - — &c. 

cos h . cos A 2 2.3.4 

A 9 A 4 
and cos A = l — — + — &c. (271), and in very small arcs, 

the sines do not differ essentially from the arcs; hence 

. , x cos d— hA cos d— hA 

COS (d+*) = -—^ {l _ m = 1 _ iH ,_^, » 

rejecting all the powers of h and A above the second, as being 
small. But cos (v+x) =cos d . cos ar— sin d . sin x 9 the ra- 
dius being 1 (237), and as x is very small, by supposition, 
cos *=rad=l, and sin x= x 9 

V.COSD-*sinD = • 1 ^ I P f 1 f | , {| ==(C0iD-lrt),(l+iH i + ^) 

nearly, or 

cos d— x sin D=COS d+£cos d . (h 9 +A 2 ) — hA, 
by rejecting the smaller terms after multiplication ; 

hence *= hA "~* ** D - (**+ h *\ the correction of the ob- 

sin d 
served angle d, the same as Legendre's formula. 

(648) The preceding formula may be simplified, by fol- 
lowing the method of Legendre; thus, let $(ii+h)=p 9 and 
i(H-A)= 3 ; then /> 9 -^ 2 = hA, /> 9 +? 9 =i( H '+^ 2 )> and 
therefore x= 

(j>a — g 9 ) — (j^-fg 9 ) . cos d /? 9 — jP.cob P — q*-q } .cos P __ 
sin d "" sin d ~" 

. / l-COSD \ _ 2 / l+COSP\ b reduction . Again> 

* V sin D / M bdd / ; 

B B 4 



Digitized by 



Google 



376 MISCELLANEOUS PROPOSITIONS. BOOK III. 

tan £d = — —. the radius being 1 (2 , and cot£D=: 

sin d 

; therefore x=p* . tan £d — q* . cot £d. In apply- 



sm d 

ing this formula to practice, p and q are generally given in 
seconds, x should therefore be expressed in seconds ; hence if r 
be the number of seconds contained in the radius, the number 

of seconds contained in x=*_ . tan £d — — . cot ^d. 

r r 

SCHOLIUM. 

The five preceding propositions, viz. from the 3d to the 
7th inclusive, comprehend the principal rules and formulae 
used in the calculation of a trigonometrical survey, consider- 
ing the earth as a sphere. The spheroidal form of the earth 
will occasion a small correction, and require formulae some- 
what different, though of no great difficulty, but they are 
here omitted because they do not properly belong to spherical 
trigonometry. 



THE END OF SPHERICAL TRIGONOMETRY. 
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BOOK IV. 
THE THEORY OF NAVIGATION. 

CHAPTER I.; 

DEFINITIONS AND PLANE SAILING. 

(649) NAVIGATION is the art of finding the latitude 
and longitude of a ship at sea, and her course and distance 
from that place to any other given place. 

(650) The Earth is considered as a perfect sphere or globe, 
revolving on an imaginary line called its axis, from west to 
east, in twenty-four hours. This rotation towards the east 
causes all the heavenly bodies to have an apparent motion 
from east to west. 

(651) The equator •, generally called the line by seamen, 
divides the globe into two equal parts, called the northern and 
southern hemispheres. 

(652) Meridians are great circles cutting the equator at 
right angles, and passing through its poles. Every point upon 
the surface of the earth is supposed to liave a meridian passing 
through it That meridian passing through Greenwich is 
called the first * meridian. 

(653) Longitude of places on the earth is reckoned on the 
equator from theirs* meridian. If they be situated eastward 
of the first meridian, they are said to be in east longitude ; if 
westward, they are in west longitude. The greatest longitude 
on the earth is 180 degrees. 

(654) The difference of longitude between two places is an 
arc of the equator, contained between the two meridians 
passing through these places. 

(655) The latitude of a place on the earth is reckoned from 
the equator, upon a meridian passing through the place. The 
greatest latitude a place can have is 90 degrees. 

(656) Parallels of latitude are small circles parallel to the 

* It is necessary for the purposes of Geography and Navigation, to call the 
meridian of some remarkable place the first meridian, and to estimate the lon- 
gitudes of all other places from that meridian. And, as all the tables in the 
Nautical Almanac, and other English astronomical tables, are adapted to tne 
meridian passing over the Royal Observatory at Greenwich, our seamen always 
reckon their longitude from that meridian. 
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equator. Every place upon the surface of the earth is sup- 
posed to have a parallel of latitude passing through it. 

(657) The different of latitude between two places, is an arc 
of a meridian contained between the parallels of latitude which 
pass through these places. 

(658) Meridional distance is the distance between the meri- 
dian sailed from and that arrived at, and is reckoned on that 
parallel of latitude which the ship is in. 

(659) The Mariner's compass is a representation of the 
horizon ; and is divided into 32 points, each point 11° 15'. 

(660) The variation of the compass is the deviation of its 
points from the corresponding points of the horizon. When 
the north point of the compass is to the east of the true north 
point of the horizon, the variation is east ; if it be to the west, 
the variation is west 

(661) If a ship be steered due north or due south, her dis- 
tance sailed is equal to her difference of latitude ; and her track 
will be on some meridian. 

(662) If a ship be steered due east or west, her track will 
be either on the equator or some parallel of latitude ; and the 
distance sailed will be equal to her departure, or meridional 
distance. 

(663) If a ship be steered towards any point of the horizon 
between the north and east, north and west, south and east, or 
south and west, the track she describes will be a Rhumb line. 

(664) A rhumb line is a curve upon the surface of the 
sphere, cutting all the meridians in equal angles. 

(665) Tlie course of a ship is the angle in which the track she 
describes cuts the meridians. 

(666) The bearing between two places on the same parallel of 
latitude is east and west, on the same meridian north and 
south ; in all other situations it is a rhumb line, continually 
approaching the pole. 

(667) The departure is the whole easting, or westing, the 
ship makes in any single course. 

proposition i. (Plate III. Fig.2.) 

(668) In sailing upon a rhumb line the differences of latitudes 
are proportional to the distances sailed* 

Let p represent the pole, woqe a portion of the equator, 
Abczeuh a rhumb line, or the track described by a ship sailing 
from a to l ; ap, <Jp,/p, ^p, qv, &c meridians; #, he, Az, &c 
parallels of latitude ; and let the elementary triangles a#, bhc, 
cAz, zte> &e. be conceived so indefinitely small as to differ 
insensibly from plane triangles. 



Digitized by 



Google 



Chap. I. plane sailing. 379 

Then, die angles iAb, hbc, kez, &c. are equal (664) ; and 
the angles Aib, bhc, ckz, &c. are right angles, for the parallels 
of latitude cut the meridians at right angles. Therefore all 
the elementary triangles Aid, bhc, ckz, zte, &c. are equiangular 
and similar. 

Hence, Kb : At : : be : bh : : cz : ck : : ze : zt, &c. (4 Euclid VI). 
Therefore Ab: At:: Kb f be + cz + ze, &c : Ai + M + cA + zf,&c. 
< 12 Euclid V). That is, 

Kb : At : : al : aI, where a& and al are distances, and At and 
kI corresponding differences of latitude. 

proposition ii. {Plate III. Fig. 2.) 

(669) In sailing upon a rhumb line, the departure corres- 
ponding to any course and distance is equal to the sum of all the 
intermediate departures. 

For, as in the preceding proposition, 

Ab : ib : : be : he : : cz : kz : : ze : te, &c. (4 Euclid VI) ; there- 
fore Ab :ib : : Ab + bc + cz + ze, &c. : ib + he + kz + te, &c. 
(12 Euclid V). But the whole distance al is equal to the 
sum of all the intermediate distances oi + ic + cz, &c. ; hence 
Ab : ib : : al : ib + hc + kz + te, &c. 

(670) Scholium. Hence it appears that the meridional 
distance, departure, and difference of longitude, are essentially 
different Let a ship sail from a to l, when she arrives at l her 
meridional distance will be U, her departure tf + Ac+Az + fe, 
&c. and her difference of longitude we. But the meridional 
distance is evidently less than the departure (which is equal to 
the sum of all the arcs ib + hc+kz, &c) ; because the several 
meridians converge towards the pole ; and for the same reason 
the difference of longitude we is greater than the departure. 
Again, let the ship return from l to a along the rhumb line la, 
her meridional distance will then be ao, and her departure 
xu + we+qz+gc, &c the same as before; for the elementary 
triangles are equal, an equal portion of the ship's track being 
the hypothenuse of each. Here the meridional distance Aa 
is greater than the departure ; hence in the same course, or 
track, backward and forward, the departure and difference 
of longitude remain the same, but the meridional distance is 
variable. 

(671) While the course remains the same, it has been shown 
that the departure is greater than the meridional distance U, 
and less than the meridional distance Aa ; yet it is very nearly 
equal to the meridional distance mn, in the middle latitude, be- 
tween the latitude sailed from, and the latitude arrived at. 
This was probably a casual discovery ; and when the places 
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are near the equator, or when their parallels of latitude are 
not very far distant from each other, the nautical conclusions, 
drawn from a supposition that the departure is equal to the 
meridional distance in the middle latitude, between the lati- 
tude sailed from and the latitude arrived at, are very nearly 
the same as the conclusions derived from Mercator 9 s sailing. 
But in high latitudes, or in a long run, when the course is not 
near some of the four cardinal points, this method is not suffi- 
ciently accurate. And, if a ship sail upon several courses, she 
makes a less departure near the pole, and a greater departure 
near the equator, from one place to another, than if she were 
to sail in a direct course ; yet in such small distances, as a 
day's run, the difference is almost insensible. 

proposition in. (Plate III. Fig. 2.) 

(672) Straight lines equal in length to the distance run, dif- 
ference of latitude, and departure, from a right-angled plane 

triangle, having the angle opposite to the departure equal to the 
ship f s course. 

For it is shown in art (668) that 

Ab : At : : al : a/; or xh : al : : az' : a7; and by art (669) we 
have Ab : al : : ib : ib+hc+kz + te, &c. therefore At : Alwib : 
ib+hc+kz + te, &c. But the small elementary triangle is 
considered as plane, and is right-angled at t; therefore the 
triangle to which it is similar, may be considered as plane; 
al will be the hypothenuse, a/ the difference of latitude, and 
the departure ib+ Ac+Az + fe+yw+50 l. 

(673) All problems solved by the preceding propositions 
are said to be in plane sailing ; because the very same con- 
clusions would be drawn if the earth were a plane, and all the 
meridians parallel to each other. Hence it appears that plane 
sailing is true, so far as course, distance, difference of latitude, 
and departure, are concerned. 

(674) Scholium. Since by this pro- 
position, the distance run, difference of 
latitude, and departure from a plane tri- 
angle, let ca in the annexed figure re- 
present the distance, cb the difference of } 
latitude, ab the departure, and the angle 
acb the course (129), then will cab be 
the complement of the course. Hence 
are deduced the following proportions 
for solving aU the cases that can occur in 
the practice of plane sailing. 
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Radius 




2. Radius 


: distance 




: distance 


: : sine of the course 




: : cosine of the course 


: departure. 




: difference of latitude. 


Cosine of course 




4. Cosine of course 


: diff. of latitude 




: diff. of latitude 


: : radius 




::sine of course 


: distance. 




: departure. 


Distance 




6. Distance 


: radius 




: radius 


: : difference of latitude 




: : departure 


: cosine of course. 




: sine of course. 


Sine of course 




8. Sine of course 


: departure 




• departure 


: : radius 




: : cosine of course 


: distance. 




: difference of latitude. 


9. Difference of latitude 


: radius 


: : *fo 


departure 


: tangent of the course. 




For, 


1. rad : ac: :sin c : 


** j (109) 
.cos c : bc J v ' 


2. rad : ac:: sin a= 


3. cos c : bc : : rad : 


ac (From the 2d.) 


4. cos c : bc : : sin c 


: ab (1st and 2d.) 


5. ac : rad: : bc : cos c (2d inverted.) 


6. ac : rad : : ab : sin c (1st inverted.) 


7. sin c : ab : : rad : 


ac ( From the first. ) 


8. sin c : ab : : cos c 


: bc (ls£ and 2d.) 


9. bc : rad : : ab : tan c 


(109). 



CHAP. II. 

PARALLEL AND MIDDLE LATITUDE SAILING. 

(675) When a ship sails directly east or west, upon any 
parallel of latitude,~the method of finding her difference of 
longitude, distance, &c. is called parallel sailing. 

(676) Middle latitude sailing is founded on a supposition, 
that the meridional distance, half way between the latitude 
sailed from, and that bound to, is equal to the departure 
which the ship makes in sailing from one latitude to the other. 
It is a compound of plane and parallel sailing. 
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proposition i. (Plate III. Fig. 2.) 

(677) In sailing upon any parallel of latitude, or directly 
east, or west, the cosine of the latitude is to radius, as the dis- 
tance run is to the difference of longitude. 

Let c be the centre of the sphere, p the north pole, woqe 
an arc of the equator, ptww and pno meridians, mn die dis- 
tance run on the parallel mns, and wo the difference of 
longitude. 

In the plane of the parallel mns, draw mr 9 nr, meeting pc 
the axis of the sphere in r ; and in the plane of the equator 
woqe, draw wc, oc, meeting the axis of the sphere in c ; then 
the angle mrn is equal to the angle wco (299) ; therefore the 
arcs mn and wo are similar. Hence 

mn : parallel of lat. : : wo : equator. 
Or mn : wo : : parallel of lat : equator. 
But the circumferences of circles are as their radii (Keith's 
Geom. Prop. 196, Book VII.); therefore 

mr : wc : : parallel of lat : equator. 
Consequently mr : wc : : mn : wo. 
But mr is die sine of * the arc vm, or the cosine of the lati- 
tude wm, and wc is the radius of the sphere. 

Therefore cos lat. : rad : : dist. : diff. long. 

(678) Corollary I. Radius is to the cosine of the latitude, 
as the difference of longitude is to the distance run. 

(679) Corollary II. The distance between any two meri- 
dians on one parallel of latitude, is to the distance between the 
same two meridians on any other parallel, as the cosine of the 
latitude of the first parallel, is to the cosine of the latitude of the 
second. 

(Schol.) This proposition and Corollary I. will solve all the 
cases that can occur in parallel sailing. Examples exercising 
these cases have been given already at page 297. 

proposition ii. (Plate III. Fig. 2.) 

(680) Cosine of the middle latitude (viz. the latitude half way 
between the latitude sailed from and that bound to is to radius, 
as the departure is to the difference of longitude (nearly). 

Let Ada represent the parallel of latitude sailed from, II 
that bound to, MAzgw the parallel of the middle latitude be- 
tween these parallels, and Ibczeuh the rhumb line, or track of 
the ship, in sailing from a to l. 

Now whether the ship sail from a to l, or from l to a, it 
has been shown in art. (670) that the departure will be 
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ib+hc+kz+te 9 &c, and (671) this departure is nearly equal 
to the meridional distance mAz^n. But 
cos wm : rad : : Mkzqx : woqe (677), 
or cos mid. lat. : rad. : : departure : diff. long, (nearly). 

proposition in. (Plate III. Fig. 2.) 

(681) Difference of latitude is to the difference of longitude > 
as the cosine of middle latitude is to the tangent of the course 
(nearly). 

For diff. lat. : rad : : dep. : tan course (674), 

And cos mid. lat : rad : : dep. : diff. long. (680). 

Hence diff*. lat. x tan course = rad x dep., 

And cos mid. lat. X diff. long, nrad x dep. 

.*. diff. lat. X tan course = cos mid. lat. X diff. long. ; 

or diff. lat. : diff. long. : : cos mid. lat. : tan course. 

(682) Cor. Cos mid. lat. : tan course : : diff. lot. : diff. long 
(nearly). 

proposition iv. (Plate III. Fig. 2.) 

(683) Distance sailed is to the difference of longitude, as co- 
sine of the middle latitude is to sine of the course (nearly). 

For rad : disk : : sin course : dep. (674), 

And cos mid. lat. : rad : : dep. : diff. long. (680). 

Hence rad x dep. =disk x sin course, 

And rad x dep. =cos mid. lat, x diff. long. 

Consequently disk X sin course = cos mid. lak X diff. long. 

.*. Disk : diff. long. : : cos mid* lak : sin course. 

(684) Scholium. The second, third, and fourth proposi- 
tions include all the cases that can occur in the practice of 
middle latitude sailing ; the several proportions for the sake of 
uniformity, are here collected. 



1. Radius 

: difference of longitude 
: : cosine of middle latitude 
: departure. 

3. Difference of latitude 
: difference of longitude 
i : cosine of middle latitude 
: tangent of the course. 

5. Cosine of middle latitude 
: sine of the course 
: : distance 

: difference of longitude. 
See pages 297 and 298. 



2. Cosine of middle latitude 
: departure 
: : radius 
: difference of longitude. 

4. Cosine of middle latitude 
: tangent of the course 
: difference of latitude 
difference of longitude. 
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CHAP. III. 

mercator's sailing. * 

(685) Mercator's sailing is the art of finding on a plane 
surface the motion of a ship upon any assigned course by the 
compass, which shall be true in latitude, longitude, and dis- 
tance sailed.* 

(686) In a Mercator's chart, from which this method of 
sailing is derived, the degrees of longitude are every where 
equal, the degrees of latitude increase as you approach the 
poles, and the rhumb line, or track the ship describes, is repre-k 
sented by a straight line. 

(687) On the globe the degrees of latitude are every where 
equal, and the degrees of longitude decrease as you approach 
the poles : sthat is, the distance between any two meridians in 
any latitude, is to the difference of longitude between these 
meridians, as the cosine of that latitude is to the radius (677). 
But on a Mercator's chart, the distance between any two 
meridians is made equal to their difference of longitude, and 
consequently the parallels of latitude are enlarged, in the 
ratio of the cosine of the latitude to the radius : now, in order 
that the angle which the rhumb line makes with the several 
meridians on the chart may correspond with the same angle 
on the globe, it will be necessary to increase the meridians in 1 
the same ratio, by which the parallels of latitude are in- 
creased, viz. as the cosine of the latitude is to the radius, or, 
which is the same thing, as the radius is to the secant of the 
latitude. Hence the degrees of the meridians on a Merca- 
tor's chart increase towards the poles, as the secant of the . 
latitude increases ; likewise all the parallels of latitude, and 
every part of them, are larger than they are on the globe, 
in the ratio of the radius to the secant of the latitude. Hence, 
though the latitudes, longitudes, and bearings of places are ' 
truly represented on a Mercator's chart, the distances are dis- 
torted in various proportions. To render these observations 
more clear, let us suppose welZ (Plate V. Fig. 24.) a Mer- 
cator's chart, constructed to represent* the spherical surface 
welZ (Plate III. Fig. 2.). Then wZ, 10-10, 20-20, &c. are 
meridians ; abcziul a rhumb line ; ib, hc, kz, Te 9 yu, &c. 



* This includes the whole theory and practice of navigation ; and if any method 
could be devised for measuring a ship's course and distance truly, nothing more 
would be wanted to complete the art. 
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parallels of latitude, each straight line on the chart represent- 
ing its corresponding arc on the spherical surface. 

The meridians in this projection being parallel to each other, 
ib is equal to w-10; hence ib is the difference of longitude 
on the chart, corresponding with ib on the sphere. Therefore 
cos wt : radius : : ib : ib (677). 

Now to make the elementary triangle aib on the chart equi- 
angular with Aib on the sphere, the difference of latitude At 
must be increased in the same ratio with the departure ib ; l 
hence cos wi : rad : : At : ai. But the cosine of any arc 
is to the radius, as the radius is to the secant; therefore 
rad : sec wt : : At : ai. 

But At is an indefinitely small portion of the sphere which 
is increased to ai on the chart. Let us suppose the radius of 
the sphere unity, and the difference of latitude At 1 minute * ; 
then the last proportion will be 1 : sec wt : : 1' : ai ; conse- 
quently in this case, the increased minute will be equal to the 
secant of the latitude. 

Hence it follows that the natural secant of any latitude, 
will be equal to the increase of the next minute on the chart, 
nearly. 

(688) The meridional line on a Mercator^s chart (constructed 
on the above principles) is equal in length to the sum of all the 
natural secants of every minute of latitude contained in it 

Thus suppose the difference of latitude id on the sphere to 
be 6 minutes, then the enlarged meridian aZ on the chart is 
equal to ai+bh4-ck+zt + £Y+u-50, and these are the se- 
cants of wa, 10-b, 20-c, 30-z, &c. 

Hence is derived Mr. Wright's method of constructing a 
table of meridional parts. 

(689) The difference of latitude (in geographical miles) 
between two places on the globe, is generally called the 
proper difference of latitude, to distinguish it from the dif- 
ference of latitude (in geographical miles) on the chart, which 
is called the meridional difference of latitude. 

(690) A plane right-angled triangle formed by the ship's 
course, distance, difference of latitude, and departure (672), will 
be similar to a plane triangle formed upon a Mercator's chart, 
by the enlarged distance, meridional difference of latitude and 
difference of longitude. 

For all the elementary right-angled triangles on the sphere, 
(Plate IIL Fig, 2.) viz. At J, bhc, ckz, zte, &c. are equiangular 

* It is evident that if At were to represent a smaller portion of the meridian 
than one minute, the conclusions derived from such a supposition would be more 
accurate. - 

C C 
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and similar (668); and from the v$ry nature of the chart, rthe 
elementary triangles (Plate V. Fig. 24.), aib, bhc, ckz, zie % 
$c are likewise equiangular and similar, net only to e#ch 
other, but to the elementary triangles a£&, A&c, &c on the 
sphere. ' j 

Now the elementary triangles on the sphere may he {fuly 
represented by a plane triangle (672) ; therefore the element- 
ary triangles on the chart may likewise be truly represented 
by a plane triangle, equiangular* and similar. J " 

(691) I. Mr. Wright's method of constructing^ a tabfe of 
meridional parts. 
Merid. Parts of l'=nat sec 1' 

MP. of 2'= seel / +sec2' 
M.P. of 3'= secl / + 8 ec2'+sec3' 
M.P. of 4'= sec l'+sec 2' +sec3'+sec4' ,, » . 
M.P. of 5'= sec I'+sec2'+sec3' + aec4'+sec5' 
Hence by a table of natural secants, as Sherwin's or Dr. 
Hutton's Tables. 

Nat sec I'= 1-0000000 M. P. of l'x=l-0000000 
Nat sec 2>= 1-0000002 M. P. of # =2-0000002 
Nat sec 3' = 1-0000004 M. P. of 3' =3-0000006 
Nat sec 4'=l-0000007 M. F. of 4'=40000013 
Nat sec 5' = 1-000001 1 M. P. of 5'=5-0000024 
And by adding together the natural secants of a lew pages, 
in either of the above-mentioned books, you will find. 
The meridional parts of 1 degree = 60-0031231 
M. P, of 2 degrees =120-0246423 
M. P. of 3 degrees =180-0829505 
M. P. of 4 degrees =240-1963752 
M. P. of 5 degrees=3Q0-3833699 
In this rqanner (by a continual addition of the secants) 
Mr. Edward Wright formed the fiest table of meridional 
parts, which is contained in his celebrated work entitled, 
*' Certain Errors in Navigation Detected and Corrected** This 
book was first published in 1599. Mr. William Oughtred was 
the next who constructed a table of meridional parts, by the 
continual addition of the intermediate secants of 4, l£, 2£, &c 
rtiinutee; and these tables were again corrected and extended 
by Sir Jonas Moor. 

It must be admitted that JVrigJifs method of constructing a 
table of meridional parts is not strictly geometrical ; for the 
cosines of any two parallels of latitude are not precisely the 
same, even if you suppose the common difference between these 
parallels to be less than one minute of a degree, and the secants 
of such parallels do not increase in any regular ratio. A table 
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constructed on Wright* principles, in high latitudes, wil 
exceed the truth a small matter. This, the learned author 
*ras sufficiently aware of; for he says he rejected some of the 
decimal parts of the secanta in making his (Able. '< Because 
« that indeed, at every point of latitude, a minute of the me«* 
* ridian in this nautical planispbaere [Msrcator'si Chart] hath 
"somewhat lesse proportion to a minute of the parallel *d- 
" joyning towards the jEquinoctial> than the secans of that 
" parallels latitude hath to the whole sine. But in this table 
" it was thought sufficient to use such exactness as that there- 
" by (in drawing the lineaments of die nautical planisphaere) 
« sensible error might be avoided. He that liateth, to be 
w more precise may make the like tables to decades or tennes 
" of seconds, out of Ioachimus Rhatticus his Canon magnus 
" triangrdorunu Notwithstanding the Geometrician that de* 
«'• sfreth exact truth, cannot be so satisfied neither." 

(692) II. Another Method of constructing a table ofmerid* 
tonal parts from the secant of an arc 

It is shown in art. (273) that if z=tbe .length, of any ^rc, 
(he radius being 1, the secant will be 
1 4. *_+ 5* . gl* 6 . 277a 8 50521* 10 540553*'* & 

3 24 720 8064 "*" 3628800 95800320 
This multiplied by dz 9 the differential of the arc, give? 

T 2 T 24 720 T 8064 362880 ' ' 

ferentlal of the sum of the secants in the arc *, the integral of 

k- i. • 1 j- «" J. ** -l 61*' -l 277 * 9 .50821*". a .. 

which is *+ — + — -4 + + h, &c,4,the 

624 5040 72576 T 8991680 • * 

sum of all the secants contained in *. 

' ' ' EXAMPLE. 

.,.', t«t it be required to find the meridional parts corres- 

: ponding to 5 degrees. The length of the arc of one minute 

being -0002908882086657, &c*, supposing the radius unity. 

' n , Ilrst 5 x 60 X -000290888208666 =-087266462600, &c,= 

*, the length of an arc of 5 degrees. 

*= + -087266462600 

i* 3 = +- 110762019 

A*»= + 210875 

,, . *oV= + 466 

Hence^ * + £*' + &* + j$fo?i &c -= -087377435960 

-•m.* Gardiner*! edition of Sherwin'g logarithms, page 44. (edition 1742). Traite* 
•de Trigonometric, par Cagnoli (Table A A), page 474. 

cc 2 
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This result divided by -000290888208666, the length of 
the arc of 1', will rive the meridional parte of 5°=300-381498> 
true to the last place of decimals. 

By a similar process you will find the meridional parts 
of 10° to be 603-0695795. Proceed in the same manner to 
find the meridional parts of any other degree of latitude. 

(693) III. The method of constructing a table of meridional 
parts, by a table of logarithmic tangents. 

proposition i. (Plate V. Fig. 25.) 

If the logarithmic tangent of half the complement of any degree 
of latitude be subtracted from 10, and the remainder be multiplied, 
by 7915*7044679 &o, the product will give the meridional 
parts (in minutes) corresponding to that latitude. 

Demonstration. Let p be the pole, and eq a portion of 
the equator; qp the latitude, or its sine and oe zzzvw its cosine ; 
and Et> the radius of the sphere. 

Put zzzqv the latitude, Jit=the length of qv, on a Mer- 
calor's chart, called the meridional parts ; y = ov = bw the 
sine of the latitude, an d r = e o the radius of the sphere. 
Then will eo=mw=: \/r*— y*; and because the degrees of 
latitude on a Mercator*s chart increase as the cosine of lati- 
tude is to radius, we have 

rdz 



Sr*—y* :r::dz: dm, hence dm = - jr- - ; 

ray 



But %/r 9 — y* :r::dyidz, conseq. dz = , a m . 



Hence we have dm = — r-^— , and integrating 
m = r X 2*30258509299405 x 1 x log^±^ + correction 

r -y 

=rx 2-302585 &c X log a/— ^> the correction being 

nothing, because when y=o, m=:o, as is obviously the case. 
But by Plane Trigonometry, in the triangle vws, 
vw : rad : : ws : tan uws or cot irso, 

= r a f — 9 = cot wsv measured bv half the arc Pv 
V r—y 
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the complement of the latitude. Hence we have m = 
r x 2-302585 &c. X log «>t i comp. lat. = r x g.^ &c x 

V ; = — ; for the cotangent of an arc divided by 

tan \ comp. lat. ^ 

the radius, is equal to the radius divided by the tangent. 

But the tables of meridional parts are generally expressed 

in geographical miles, therefore we must express the radius 

of the sphere in geographical miles. If the diameter of the 

earth be 1, the circumference will be 3-141592653589 &c; 

hence 3-141592653589 : £ : : 360° X 60 : 343774677 &c. 

•\ m =r 2-3025 &c X 3437-74677 &c. x log y— , - 

° tan $ comp. lat, 

=7915-7044679 x log - 

tan i comp. lat. 

Note. It would be improper to make the value of r in the 

latter part of the expression =3437-7467, &c. unless the table 

of logarithmic tangents was calculated to the same radius. 

example. 

Let it be required to find the meridional parts corresponding 
to 5 degrees. 

90° 
5 

2 | 85 
■ Log radius = 10- 

Half comp. lat. 42°30 / , tan by Ulacq's tables =9-96205246 17 

0-0379475383 



this multiplied by 7915-7044679 produces 300-38149846 &c, 
exactly agreeing with the answer before found by the secants. 

In die same manner you will find the meridional parts of 1 0° 
to be 603-069579 &c, the logarithmic tangent of 40° being 
9-9238135302. 

(694) The following table comprehends the meridional parts 
answering to every five degrees of latitude. The first column 
contains the degrees, the second the meridional parts copied 
from Wrights original treatise, and the third the meridional 
parts truly calculated by this problem. As our tables of meri- 
dional parts are seldom carried to decimals, the reader will 

c c 3 
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readily perceive that Wrights tables may be used without 
sensible error. 



& 



Mr. 

Wright's 
Merid. Pts 



300-S694 
603-0475 
910-4325 



True 
Merid. 
Parts. 



300-3815 
603-0696 
9104606 



1225-12921225-1390 
1 549 -98781 549 -9952 
1888-3768 1888*3754 



Mr. 

Wright's 

Merid. Pts 



True t 
Merid. 
Parts. 



35 2244-3047 2244-2868 
,40 2622-7559 2623-6902 
4S,3030-1271|3029-9S92 
50 3474 -6045;3474 -4720 
55 3968-1879 3967-9661 
60 4527*7 106 4527 '3677 



I 



Mr. 

Wrights 

Merid. Pts. 



51793079 
5966-6811 

75] 6971-54$^ 

80 8377-3416 

85 

8916317-5324 



True 
Merid. 
Parts. 



5178-808^! 
5963m-7$ 
69703fg<> 
8375-1976 
10769 -6200J ^0764 -6210 
1 6299-4563 



(695) A table of meridional parts being formed, by any 
of the preceding methods, to every degree and minute of 
the quadrant, a Mercator's chart may be readily constructed 
therefrom. 

Example. Let it be required to construct a Mereator's chart 
containing 60 degrees of east longitude, and extending from 
the equator to 40 degrees of north latitude. 

I. Draw we to represent the equator (Plate V. Fig. 24.) 
on which set off we =3600 miles (the number of miles con- 
tained in 60 degrees, the extent of the chart)> from any-scjde 
of equal parts. 

II. Divide the line we into six equal parts intlie points 10, 
20, 30, 40, &c, each part containing 10 degrees; and each of 
these parts may be subdivided into single degrees, half degrees, 
&c. if necessary. Then straight lines drawn through the 
points w, 10, 20, 30, &c perpendicular to we, will represent 
the meridians passing through every 10 degrees. 

IIL From the same scale of equal parts take 2622*7 (the 
meridional parts answering to 40 degrees) and set them oh 
from w to I and from e to l, and join l/, which will reprpseait 
the parallel of 40 degrees of latitude, and determine the extent 
of the chart northward. 

IV. From the scale of equal parts take 603 (the meridional 
parts answering to 10 degrees) and set them off from w to a, 
and from e to 10, and join a-10, this will represent die 
parallel of 10 degrees. In the same manner Wr-2Q:=: 12*25; 
and w-30 = 1888; and draw the parallels of latitude; or 
make a-20 = 1225 -603, 20-30 =1 888-1225, &c. 

If the chart does not begin at the equator, it is evident that 
the meridional parts corresponding to the least latitude con- 
tained in it, must be subtracted from the meridional parts ot 
each point of greater latitude. 
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."' PROPOSITION II. 

(696) Radius is to the tangent of the course^ as the meridional 
difference of latitude is to the difference of longitude. 

In the annexed figure bc is the proper dif- 
ference of latitude, dc the meridional difference 
QJTJatitude, the angle acb the course, ac the 
distance sailed, ab the departure, and ed the 
difference of longitude. Then edc is a right- 
^gjed triangle, and similar to abc (690). 

Now dc : rad : : ed : tan acb ; therefore 
rad : tan acb : : dc : ed. 

' PROPOSITION III. 

I? (697) The number -00012633114 &c. 
' ts to the natural tangent of the course^ 

As the difference between the logarithmic tangents of half the 
complements of the latitudes sailed from and bound to 

Is to the differences of longitudes between these places^ in geo- 
graphical miles. 

; Let the less latitude be represented by Z, and the greater 
by l; then by art. (693) the meridional parts corresponding 




ra " : tan course : : log tan i comp. 7~log tan £ comp. l 

7915-7044 &c. 

: diff. longitude; ^915-7044 Sc. -7915.7044 &c~.- 

c c 4 
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•000126331143874 &c, hence It follows that 

•000126331 143874 &c. : tan course : : log tan £ comp. Z~ 

log tan I comp. l : diff. longitude. 

(698) Corollary. Find the logarithmic tangent of half the 
complement of the latitude sailed from, the logarithmic tangent 
of half the complement of the latitude bound to, multiply their 
difference by 10000, and find the common logarithm of the 
product 

Then, 

The logarithmic tangent of the angle 51° 38' 9" 14'"= 
10-1015103 

Is to the logarithm found above. 

As the logarithmic tangent of the course 

Is to Hie logarithm of the difference of longitude in miles. 

For, -000126331 14 &c. : the nat tan course : : 
log tan £ comp. Z^log tan £ comp. l : diff. longitude in miles. 

Multiply the antecedents by 10000, then 
1*2633114 &c : the nat tan course : : 

log tan $ comp. l~\og tan £ comp. l x 10000 : diff. longitude; 
but 1-2633114, &c. is the natural tangent of 51° 38' 9" 14'", 
the logarithmic tangent of which is 10*1015103; hence by 
taking the logarithms of all the terms in the last proportion, 
we deduce the above rule. 

scholium. 

The second proposition (696) and the following, which is 
immediately deduced therefrom (viz. Meridional difference 
of latitude is to difference of longitude, as radius is to the 
tangent of the course), will solve all the cases that can occur 
in Mercator*s sailing by the help of a table of meridional 
parts. And the corollary (698) will solve the whole with the 
assistance of a table of logarithmic tangents (independent of 
a table of meridional parts) by varying the proportion. 



the end of navigation. 
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TABLES. 



I. A table of the Logarithms of Numbers, from a unit to 
ten thousand. 

II. A table of natural sines to every degree and minute of 
the quadrant. 

III. A table of Logarithmic sines and tangents to every 
degree and minute of the quadrant. 

IV. A table of the Refraction in altitude, of the heavenly 
bodies. 

V. A table of the depression, or dip, of the horizon of the 



VI. A table of the sun's parallax in altitude. 

VII. A table of the augmentation of the moon's semi- 
diameter. 

VIII. A table of the right ascensions and declinations of 
forty principal fixed stars, corrected to the beginning of the 
year 1840. 



TABLE I. LOGARITHMS OF NUMBERS FROM 1 TO 10,000. 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


1 


00000 


21 


32222 


41 


61278 


61 


78533 


81 


90849 


2 


S010S 


22 


34242 


42 


62325 


62 


792S9 


82 


91381 


S 


47712 


23 


36173 


43 


63347 


63 


79934 


83 


91908 


4 


60206 


24 


38021 


44 


64S45 


64 


80618 


84 


92428 


5 


69897 


25 


S9794 


45 


65321 


65 


81291 


85 


92942 


6 


77815 


26 


41497 


46 


66276 


66 


81954 


86 


93450 


7 


84510 


27 


43136 


47 


67210 


67 


82607 


87 


93952 


8 


90S09 


28 


44716 


48 


68124 


68 


83251 


88 


94448 


9 


95424 


29 


46240 


49 


69020 


69 


83885 


89 


94939 


10 


00000 


30 


47712 


50 


69897 


70 


84510 


90 


95424 


11 


04139 


31 


49136 


51 


70757 


71 


85126 


91 


95904 


12 


07918 


32 


50515 


52 


7160Q 


72 


85733 


92 


96379 


IS 


11 394 


33 


51851 


53 


72428 


73 


86S32 


93 


96848 


14 


14613 


34 


53148 


54 


73239 


74 


86923 


94 


97313 


15 


17609 


35 


54407 


55 


74036 


75 


87506 


95 


97772 


16 


20412 


36 


55630 


56 


74819 


76 


88081 


96 


98227 


17 


23045 


37 


56820 


57 


75587 


77 


88649 


97 


98677 


18 


25527 


38 


57978 


58 


76343 


78 


89209 


98 


99123 


19 


27875 


39 


59106 


59 


77085 


79 


89763 


99 


99564 


20 


30103 


40 


60206 


60 


77815 


80 


90309 


100 


00000 
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TABLE I. LOGARITHMS OF NUMBERS. 



iNo. 





I 


2 * 


3 


4 


5 ' 


6 


7 * 


8 


*9 


. 220 
. 221 
222 
22S 
224 
225 
226 
227 
228 
229 


34242 
34439 
34635 
S48SO 
35025 
35218 
35411 
35603 
35793 
35984 


34262 
34459 
34655 
34850 
35044 
35238 
35430 
35622 
35813 
36003 


342S2 
34479 
34674 
34869 
35064 
35257 
35449 
35641 
35832 
36021 


34301 
34498 
34694 
34889 
35063 
35276 
35468 
35660 
35851 
36040 


34321 
34518 
34713 
34908 
35102 
35295 
35488 
35679 
35870 
36059 


34341 
34537 
34733 
34928 
35122 
35315 
35507 
35698 
35889 
36078 


34361 
34557 
34753 
34947 
35141 
35334 
35526 
35717 
35908 
36097 


34380 
34577 
34772 
34967 
35160 
35353 
35545 
35736 
35927 
36116 


34400 
34596 
34792 
34986 
351 80 
35372 
35564 
35755 
35946 
36135 


34420 
34616 
34811 
35005 
35199 
35392 
35583 
35774 
35965 
36154 i 


2S0 
2S1 
232 
233 
234 
235 
236 
237 
238 
239 


36173 
36361 
36549 
36736 
36922 
37107 
37291 
37475 
37658 
37840 


36192 
36380 
36568 
36754 
36940 
37125 
37310 
37493 
37676 
37858 


36211 
36399 
36586 
36773 
36959 
37144 
37328 
37511 
37694 
37876 


36229 
36418 
36605 
36791 
36977 
37162 
87346 
37580 
37712 
37894 


36248 
36436 
36624 
36810 
36996 
37181 
37365 
37548 
37731 
37912 


36267 
36455 
36642 
36829 
37014 
37199 
37383 
37566 
37749 
37931 


36286 
36474 
36661 
36847 
37033 
37218 
37401 
37585 
37767 
37949 


36305 
36493 
36680 
36866 
37051 
37236 
37420 
37603 
37785 
37967 


3G324 
36511 
36698 
36884 
37070 
37254 
37438 
37621 
37803 
37985 


36342 

36530 

36717 

36903 

37088 

37273 

37457 

37639 ! 

37822 

38003 


240 
241 
242 
243 
244 
245 
246 
247 
248 
249 


38021 
38202 
38382 
38561 
38739 
38917 
39094 
39270 
39445 
39620 


38039 
38220 
38399 
38578 
38757 
38934 
39111 
39287 
39463 
39637 


38057 
38238 
38417 
38596 
38775 
38952 
39129 
39305 
39480 
39655 


38075 
38256 
38435 
38614 
38792 
38970 
39146 
39322 
39498 
39672 


38093 
38274 
38453 
38632 
38810 
38987 
39164 
39340 
39515 
39690 


38112 
38292 
38471 
38650 
38828 
39005 
39182 
39358 
39533 
39707 


38130 
38310 
38489 
38668 
38846 
39023 
39199 
39375 
39550 
39724 


38148 
38328 
38507 
38686 
38863 
39041 
39217 
39393 
39568 
39742 


38166 
38346 
38525 
38703 
38881 
39058 
39235 
39410 
39585 
39759 


38184 

38364 

38543 

38721 : 

38899 i 

39076 

39252 

39428 

39602 

39777 


250 
251 
252 
253 
254 
255 
256 
257 
258 
259 


39794 
39967 
40140 
40312 
40483 
40654 
40824 
40993 
41162 
41330 


39811 
39985 
40157 
40329 
40500 
40671 
40841 
41010 
41179 
41347 


39829 
40002 
40175 
40346 
40518 
40688 
40858 
41027 
41196 
41363 


39846 
40019 
40192 
40364 
40535 
40705 
40875 
41044 
41212 
41380 


39863 
40037 
40209 
40381 
40552 
40722 
40892 
41061 
41229 
41397 


39881 
40054 
40226 
40398 
40569 
40739 
40909 
41078 
41246 
41414 


39898 
40071 
40243 
40415 
40586 
40756 
40926 
41095 
41263 
41430 


39915 
40088 
40261 
40432 
40603 
40773 
40943 
41111 
41280 
41447 


39933 
40106 
40278 
40449 
40620 
40790 
40960 
4y28 
41296 
41464 


39950 
40123 
40295 
40466 
40637 
40807 
40976 
41145 
41313 
41481 


260 
261 
262 
263 
264 
265 
266 
267 
268 
269 


41497 
41664 
41830 
41996 
42160 
42325 
42488 
42651 
42813 
42975 


41514 
41681 
41847 
42012 
42177 
42341 
42504 
42667 
42830 
42991 


41531 
41697 
41863 
42029 
42193 
42357 
42521 
42684 
42846 
43008 


41547 
41714 
41880 
42045 
42210 
42374 
42537 
42700 
42862 
43024 


41564 
41731 
41896 
42062 
42226 
42390 
425 "ft 
4271 * 
42878 
43040 


41581 
41747 
41913 
42078 
42243 
42406 
42570 
42732 
42894 
43056 


41597 
41764 
41929 
42095 
42259 
42423 
42586 
42749 
42911 
43072 


41614 
41780 
41946 
42111 
42275 
42439 
42602 
42765 
42927 
43088 


41631 
41797 
41963 
42127 
42292 
42455 
42619 
42781 
42943 
43104 


41647 
41814 
41979 
42144 
42308 
42472 
42635 
42797 
42959 
43120 


270 
271 
272 
278 
274 
275 
276 
277 
278 
279 


43136 
43297 
43457 
43616 
43775 
43933 
44091 
44248 
44404 
44560 


43152 
43313 
43473 
43632 
43791 
43949 
44107 
44264 
44420 
44576 


43169 
43329 
43489 
43648 
43807 
43965 
44122 
44279 
44436 
44592 


43185 
43345 
43505 
43664 
43823 
43981 
44138 
44295 
44451 
44607 


43201 
43361 
43521 
43680 
43838 
43996 
44154 
44311 
44467 
44623 


43217 
43377 
43537 
43696 
43854 
44012 
44170 
44326 
44483 
44638 


43233 
43398 
43553 
43712 
43870 
44028 
44185 
44342 
44498 
44654 


43249 
43409 
43569 
43727 
43886 
44044 
44201 
44358 
44514 
44669 


43265 
43425 
43584 
43743 
43902 
44059 
44217 
44873 
44529 
44685 


43281 
43441 
43600 
43759 
43917 
44075 
44232 
44389 
44545 
44700 1 
1 
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N<K 





1 


2 


3 


4 


5 


6 


7 


8 


9 


280 
281 
282 
283 
284 
285 
286 
287 
288 
289 


44716 
44871 
45025 
45179 
45332 
45484 
45637 
45788 
45939 
46090 


44731 
44886 
45040 
45194 
45347 
45500 
45652 
45803 
45954 
46105 


44747 
44902 
45056 
45209 
45362 
45515 
45667 
45818 
45969 
46120 


44762 
44917 
45071 
45225 
45378 
45530 
45682 
45834 
45984 
46135 


44778 
44932 
45086 
45240 
45393 
45545 
45697 
45849 
46000 
46150 


44793 
44948 
45102 
45255 
45408 
45561 
45712 
45864 
46015 
46165 


44809 
44963 
45117 
45271 
45423 
45576 
45728 
45879 
46030 
46180 


44824 
44979 
45133 
46286 
45439 
45591 
45743 
45894 
46045 
46195 


44840 
44994 
45148 
45301 
45454 
45606 
45758 
45909 
46060 
46210 


44855 
45010 
45163 
45317 
45469 
45621 
45773 
45924 
46075 
46225 


290 
291 
292 
293 
294 
295 
296 
297 
298 
299 


46240 
46389 
46538 
46687 
46835 
46982 
47129 
47276 
47422 
47567 


46255 
46404 
46553 
46702 
46850 
46997 
47144 
47290 
47436 
47582 


46270 
46419 
46568 
46716 
46864 
47012 
47159 
47305 
47451 
47596 


46285 
46434 
46583 
46731 
46879 
47026 
47173 
47319 
47465 
47611 


46300 
46449 
46598 
46746 
46894 
47041 
47188 
47334 
47480 
47625 


46315 
46464 
46613 
46761 
46909 
47056 
47202 
47349 
47494 
47640 


46330 
46479 
46627 
46776 
46923 
47070 
47217 
47363 
47509 
47654 


46345 
46494 
46642 
46790 
46938 
47085 
47232 
47378 
47524 
47669 


46359 
46509 
46657 
46805 
46953 
47100 
47246 
47392 
47538 
47683 


46374 
46523 
46672 
46820 
46967 
47114 
47261 
47407 
47553 
47698 


300 
301 
302 
303 
304 
305 
306 
307 
308 
309 


47712 
47857 
48001 
48144 
48287 
48430 
48572 
48714 
48855 
48996 


47727 
47871 
48015 
48159 
48302 
48444 
48586 
48728 
48869 
49010 


47741 
47885 
48029 
48173 
48316 
48458 
48601 
48742 
48883 
49024 


47756 
47900 
48044 
48187 
48330 
48473 
48615 
48756 
48897 
49038 


47770 
47914 
48058 
48202 
48344 
48487 
48629 
48770 
48911 
49052 


47784 
47929 
48073 
48216 
48359 
48501 
48643 
48785 
48926 
49066 


47799 
47943 
48087 
48230 
48373 
48515 
48657 
48799 
48940 
49080 


47813 
47958 
48101 
48244 
48387 
48530 
48671 
48813 
48954 
49094 


47828 
47972 
48116 
48259 
48401 
48544 
48686 
48827 
48968 
49108 


47842 
47986 
48130 
48273 
48416 
48558 
48700 
48841 
48982 
49122 


310 
311 
312 
313 
314 
315 
316 
317 
318 
319 


49136 
49276 
49415 
49554 
49693 
49831 
49969 
50106 
50243 
50379 


49150 
49290 
49429 
49568 
49707 
49845 
49982 
50120 
50256 
50393 


49164 
49304 
49443 
49582 
49721 
49859 
49996 
50133 
50270 
50406 


49178 
49318 
49457 
49596 
49734 
49872 
50010 
50147 
50284 
50420 


49192 
49332 
49471 
49610 
49748 
49886 
50024 
50161 
50297 
50433 


49206 
49346 
49485 
49624 
49762 
49900 
50037 
50174 
50311 
50447 


49220 
49360 
49499 
49638 
49776 
49914 
50051 
50188 
50325 
50461 


49284 
49374 
49513 
49651 
49790 
49927 
50065 
50202 
50338 
50474 


49248 
49388 
49527 
49665 
49803 
49941 
50079 
50215 
50352 
50488 


49262 
49402 
49541 
49679 
49817 
49955 
50092 
50229 
50365 
50501 


320 
321 
322 
323 
324 
325 
326 
327 
328 
329 


50515 
50651 
50786 
50920 
51055 
51188 
51322 
51455 
51587 
51720 


50529 
50664 
50799 
50934 
51068 
51202 
51335 
51468 
51601 
51733 


50542 
50678 
50813 
50947 
51081 
51215 
51348 
51481 
51614 
51746 


50556 
50691 
50826 
50961 
51095 
51228 
51362 
51495 
51627 
51759 


50569 
50705 
50840 
50974 
51108 
51242 
51375 
51508 
51640 
51772 


50583 
50718 
50853 
50987 
51121 
51255 
51388 
51521 
51654 
51786 


50596 
50732 
50866 
51001 
51135 
51268 
51402 
51534 
51667 
51799 


50610 
50745 
50880 
51014 
51148 
51282 
51415 
51548 
51680 
51812 


50623 
50759 
50893 
51028 
51162 
51295 
51428 
51561 
51693 
51825 


50637 
50772 
50907 
51041 
51175 
51308 
51441 
51574 
51706 
51838 


330 
331 
332 
333 
334 
335 
336 
1 337 
338 
339 


51851 
51983 
52114 
52244 
52375 
52504 
52634 
52763 
52892 
53020 


51865 
51996 
52127 
52257 
52388 
52517 
52647 
52776 
52905 
53033 


51878 
52009 
52140 
52&70 
52401 
52530 
52660 
52789 
52917 
53046 


51891 
52022 
52153 
52284 
52414 
52543 
52673 
52802 
52930 
53058 


51904 
52035 
52166 
52297 
52427 
52556 
52686 
52815 
52943 
53071 


51917 
52048 
52179 
52310 
52440 
52569 
52699 
52827 
52956 
53084 


51930 
52061 
52192 
52823 
52453 
52582 
52711 
52840 
52969 
53097 


51943 
52075 
52205 
52336 
52466 
52595 
52724 
52853 
52982 
53110 


51957 
52088 
52218 
52349 
52479 
52608 
52737 
52866 
52994 
53122 


51970 
52101 
52231 
52362 
52492 
52621 
52750 
52879 
53007 
53135 
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!No. 



s 



t: 



$ 



400 
401 
402 
403 
404 
405 
40* 
407 
408 
409 



60206 
60314 
60423 
60531 
60638 
60746 
60853 
60959 
61066 
61172 



60217 
60325 
60433 
60541 
60649 
60756 
60863 
60970 
61077 
61183 



60228 
60336 



60239 '60349 



60347 



60444160455 
60552 60563 
6066060670 
60767160778 
60874)60885 



60981 
61087 
61194 



60991 
61098 
61204 



60358 
60466 
60574 
60681! 
60788 1 
60895 
61002 
61109 
61215 



60260 
J6Q369 
60477 
160584 
60692 
60799 
60906 
61013 
61119 
61225 



60271 
60379 
60487 
60595 
60703 
60810 
60917 
61023 
61130 
61236 



60282 
60390 
60498 
160606 
60713 
60821 
60927 
61034 
61140 
61247 



6Q293 
60401 
60509 
60617 
60724 
60831 
60938 
61045 
61151 
61257 



60304 
60412 
60520 
60627 
60735 
60842 
60949 
61055 
61162 
61268 



410 
411 
412 
413 
414 
415 
416 
417 
418 
419 



61278 
61384 
61490 
61595 
61700 
61805 
61909 
62014 
62118 
62221 



61289 
61395 
61500 
61606 
61711 
61815 
61920 
62024 
62128 
62232 



420 
421 
422 



62325 
62428 
62531 



423 62634 



424 
425 
426 
427 
428 
429 



430 
431 
432 
433 
434 
435 
436 
437 
438 



62737 
62839 
62941 
63043 
63144 
63246 



63347 
63448 
63548 
63649 
63749 
'63849 
63949 
64048 
64147 



439)64246 



440 
441 
442 
443 
444 
445 
446 
447 
448 
449 



450 
451 
452 
453 
454 
455 
456 
457 
458 
459 



64345 
64444 
64542 
64640 
64738 
64836 
64933 
65031 
65128 
65225 



62335 
62439 
62542 
62644 
62747 
62849 
62951 
63053 
63155 
63256 



63357 
63458 
63558 
63659 
63759 
63859 
63959 
64058 
64157 
64256 



64355 
64454 
64552 
64650 
64748 
64846 
64943 
65040 
65137 
65234 

65321 65331 
65418 65427 
65514 65523 
65610,65619 



61300 
61405 
61511 
61616 
61721 
61826 
61930 
62034 
62138 
62242 



61310 
61416 
61521 
61627 
61731 
61836 
61941 
62045 
62149 
62252 



61321 
61426 
61532 
61637 
61742 
61847 
61951 
62055 



61331 
61437 
61542 
61648 
61752 
61857 
61962 
62066 



6215962170 
6226S 162273 



61342 
61448 
61553 
61658 
61763 
61868 
61972 
62076 
62180 
62284 



62346 
62449 
62552 
62655 
62757 
62859 
62961 
63063 
63165 
63266 



63367 
63468 
63568 
63669 
63769 
63869 
63969 
64068 
64167 
64266 



63377 
63478 
63579 
63679 
63779 
63879 
63979 
64078 
64177 
64276 



65706 
65801 
65896 
65992 
66087 
66181 



65715 
65811 
65906 
66001 
66096 
66191 



64365 
64464 
64562 
64660 
64758 
64856 
64953 
65050 
65147 
65244 



65341 
65437 
65533 
65629 
65725 
65820 
65916 
66011 
66106 
66200 



62356 
62459 
62562 
62665 
62767 
62870 
62972 
63073 
63175 
63276 



63387 
63488 
63589 
63689 
63789 
63889 
63988 
64088 
64187 
64286 



64375 
64473 
64572 
64670 
64768 
64865 
64963 
65060 
65157 
65254 



65350 
65447 
65543 
65639 
65734 
65830 
65925 
66020 
66115 
66210 



62366 
62469 
62572 
62675 
62778 
62880 
62982 
63083 
63185 
63286 



63397 
63498 
63599 
63699 
63799 
63899 
'63998 
64098 
64197 
64296 



64385 
64483 
64582 
64680 
64777 
64875 
64972 
65070 
65167 
65263 



65360 
65456 
65552 
65648 
65744 
65839 
65935 
66030 
66124 
66219 



62377 
62480 
62583 
62685 
62788 
62890 
62992 
63094 
63195 
63296 



63407 
63508 
63609 
63709 
63809 
63909 
64008 
64108 
64207 
64306 



64395 
64493 
64591 
64689 
64787 
64885 
64982 
65079 
65176 
65273 



65369 
65466 
65562 
65658 
65753 
65849 
65944 
66039 
66134 
66229 



62387 
62490 
62593 
62696 
62798 
62900 
63002 
63104 
63205 
63306 



64404 
64503 
64601 
64699 
64797 
64895 
64992 
65089 
65186 
65283 



65379 
65475 
65571 
65661 
65763 
65858 
65954 
66049 
66143 
66238 



61352 
61458 
61563 
61669 
61773 
61818 
61982 
62086 
62190 
62294 



61363 
61469 
61574 
61679 
61784 
61888 
61993 
62097 
62201 
62304 



62397 
62500 
62603 
62706 
62808 
62910 
63012 
63114 
63215 
63317 



63417 
63518 
63619 
63719 
63819 
63919 
64018 
64118 
64217 
64316 



64414 
64513 
64611 
64709 
64807 
64904 
65002 
65099 
65196 
65292 



65389 
65485 
65581 
65677 
65772 
65868 
65963 
66058 
66153 
66247 



62408 
62511 
62613 
62716 
62818 
62921 
63022 
63124 
63225 
63327 



63428 
63528 
63629 
63729 
63829 
63929 
64028 
64128 
64227 
64326 



64424 
64523 
64621 
64719 
64816 
64914 
65011 
65108 
65205 
65302 



65398 
65495 
65591 
65686 
65782 
65877 
65973 
66068 
66162 
66257 



61374 
61479 
CI 584 
61690 
61794 
G1899 
62003 
62107 
62211 
623 15 



624 18 
62521 
62624 
62726 
62829 
62931 
63033 
63134 
63236 
63337 



63438 
63538 
63639 
63739 
63839 
63939 
64038 
64137 
64237 
64335 



64434 
64532 
64631 
64729 
64826 
64924 
65021 
65118 
65215 
65312 



65408 
65504 
65600 
65696 
65792 
65887 
65982 
66077 
66172 
66266 
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N&l 



6 



9 



460 66276 

461 '66370 



462 
463 
464 
465 



66464 
66558 
66652 
66745 



466 66839 



467 
468 
469 



470 
471 
472 

473 
474 
475 
476 
477 
478 
479 



480 
481 
482 
483 
484 
485 
486 
487 
488 
489 



66932 
67025 
67117 



66285 
66380 
66474 
66567 
66661 
66755 
66848 
66941 
67034 
67127 



66295 

66389 

66483 

66577 

66671 

66764 

6685' 

66950 

67043 

67136 



66304 
66398 
66492 
665S6 
66680 
66773 
66867 
66960 
67052 
67145 



66314 
66408 
66502 
66596 
66689 
66783 
66876 
66969 
67062 
67154 



66323 
66417 
66511 
66605 
66699 
66792 
66885 
66978 
67071 
67164 



67210 
67302 
67394 
67486 
67578 
67669 
67761 
67852 
67943 
68034 



67219 
67311 
67403 
67495 
67587 
67679 
67770 
67861 
67952 
68043 



67228 
67321 
67413 
67504 
67596 
67688 
67779 
67870 
67961 
68052 



67237 
67330 
67422 
67514 
67605 
67697 
67788 
67879 
67970 
68061 



67247 
67339 
674S'l 
67523 
67614 
67706 
67797 
67888 
67979 
68070 



67256 
67348 
67440 
67532 
67624 
67715 
67806 
67897 
67988 
68079 



67265 
67357 
67449 
67541 
67633 
67724 
67815 
67906 
67997 
68088 



68124 
68215 
68305 
68395 
68485 
68574 
68664 
68753 
68842 
68931 



68133 
68224 
68314 
68404 
68494 
68583 
68673 
68762 
68851 
68940 



68142 
68233 
68323 
68413 
68502 
68592 
68681 
68771 
68860 
68949 



68151 
68242 
68332 
68422 
68511 
68601 
68690 
68780 
68869 
68958 



68160 
68251 
68341 
68431 
68520 
68610 
68699 
68789 
68878 
68966 



68169 
68260 
68350 
68440 
68529 
68619 
68708 
68797 
68886 
68975 



68178 
68269 
68359 
68449 
68538 
68628 
68717 
68806 
68895 
68984 



66332 66342 
66427(66436 
66521! 66530 
6661 4 J 66624 
66708 66717 
66801 66811 
66894 1 66904 
66987 66997 
67089 



67080 
67173 



67274 
67367 
67459 
67550 
67642 
677S3 
67825 
67916 
68006 
68097 



67182 



66351 
66445 
66539 
66633 
66727 
66820 
66913 
67006 
67099 
67191 



68187 
68278 
68368 
68458 
68547 
68637 
68726 
68815 
68904 
68993 



67284 
67376 
67468 
67560 
67651 
67742 
678S4 
67925 
68015 
68106 



68196 
68287 
68377 
68467 
6S556 
68646 
68735 
68824 
68913 
69002 



68205 
68296 
68386 
68476 
68565 
6865* 
68744 
68833 
68922 
69011 



66361 
66455 
66549 
66642 
66736 
66829 
66922 
67015 
67108 
67201 



67293 
67385 
67477 
67569 
67660 
67752 
6784S 
67934 
68024 
68115 



490 
491 
492 
493 
494 
495 
496 
497 
498 
499 



69020 
69108 
69197 
69285 
69373 
69461 
69548 
69636 
69723 
69810 



69028 
69117 
69205 
69294 
69381 
69469 
69557 
69644 
69732 
69819 



69037 
69126 
69214 
69302 
69390 
69478 
69566 
69653 
69740 
69827 



69046 
69185 
69223 
69311 
69399 
69487 
69574 
69662 
69749 
69836 



69055 
69144 
69232 
69320 
69408 
69496 
69583 
69671 
69758 
69845 



69064 
69152 
69241 
69329 
69417 
69504 
69592 
69679 
69767 
69854 



69073 
69161 
69249 
69338 
69425 
69513 
69601 
69688 
69775 
69862 



69082 
69170 
69258 
69346 
69434 
69522 
69609 
69697 
69784 
69871 



69090 
69179 
69267 
69355 
69443 
69531 
69618 
69705 
69793 
69880 



69099 
69188 
69276 
69364 
69452 
69539 
69627 
69714 
69801 
69888 



500 
501 
502 
503 
504 
505 
506 
507 
508 
509 



69897 
69984 
70070 
70157 
70243 
70329 
70415 
70501 
70586 
70672 



69906 
69992 
70079 
70165 
70252 
70338 
70424 
70509 
70595 
70680 



69914 
70001 
70088 
70174 
70260 
70346 
70432 
70518 
70603 
70689 



69923 
70010 
70096 
70183 
70269 
70355 
70441 
70526 
70612 
70697 



69932 
70018 
70105 
70191 
70278 
70364 
70449 
70535 
70621 
70706 



510 
511 
512 
513 
514 
515 
516 
517 
518 
519 



70757 
70842 
70927 
71012 
71096 
71181 
71265 
71349 
71433 
71517 



70766 
70851 
70935 
71020 
71105 
71189 
71273 
71357 
71441 
71525 



70774 
70859 
70944 
71029 
71113 
71198 
71282 
71366 
71450 
71533 



70783 
70868 
70952 
71037 
71122 
71206 
71290 
71374 
71458 
71542 



70791 
70876 
70961 
71046 
71130 
71214 
71299 
71383 
71466 
71550 



69940 
70027 
70114 
70200 
70286 
70372 
70458 
70544 
70629 
70714 



69949 
70036 
70122 
70209 
70295 
70381 
70467 
70552 
70638 
70723 



69958 
70044 
70131 
70217 
70303 
70389 
70475 
70561 
70646 
70731 



69966 
70053 
70140 
70226 
70312 
70398 
70484 
70569 
70655 
70740 



69975 
70062 

70148 
70234 
70321 
70406 
70492 
70578 
70663 
70749 



70800 
70885 
70969 
71054 
71139 
71223 
71307 
71391 
71475 
71559 



70808 
70893 
70978 ' 
71063 
71147 
71231 
71315 
71899 
71483 
71567 



70817 
70902 
70986 
71071 
71155 
71240 
71324 
71408 
71492 
71575 



70825 
70910 
70995 
71079 
71164 
71248 
71332 
71416 
71500 
71584 



70834 
70919 
71003 
71088 
71172 
71257 
71341 
71425 
71508 
71592 



Digitized by 



Google 



TABLE I. 



LOGARITHMS OF NUMBERS, 



401 



» 





r 


2 


3 


4 ' 


I 
5 


6 


7 


8 


9 


* 520 
521 
522 
523 
524 

J 525 
526 
527 
528 
529 


71600 
71684 
71767 
71850 
71933 
72016 
72099 
72181 
72263 
72346 


71609 
71692 
71775 
71858 
71941 
72024 
72107 
72189 
72272 
72354 


71617 
7170O 
71784 
71867 
71950 
72032 
72115 
72198 
72280 
72362 


71625 
71709 
71792 
71875 
71958 
72041 
72123 
72206 
72288 
72370 


71634 
71717 
71800 
71883 
71966 
72049 
72132 
72214 
72296 
72378 


71642 
71725 
71809 
71892 
71975 
72057 
72140 
72222 
72304 
72387 


fa 650 
71734 
71817 
71900 
71983 
72066 
72148 
72230 
72313 
72395 


71659 
71742 
71825 
71908 
71991 
72074 
72156 
72239 
72321 
72403 


71667 
71750 
71834 
71917 
71999 
72082 
72165 
72247 
72329 
72411 


71675 
71759 
71842 
71925 
72008 
72090 
72173 
72255 
72337 
72419 


530 
531 
1 532 
533 
534 
535 
536 
537 
538 
539 


72428 
72509 
72591 
72673 
72754 
72835 
72916 
72997 
73078 
73159 


72436 
72518 
72599 
72681 
72762 
72843 
72925 
73006 
73086 
73167 


72444 
72526 
72607 
72689 
72770 
72852 
72933 
73014 
73094 
73175 


72452 
72534 
72616 
62697 
72779 
72860 
72941 
73022 
73102 
73183 


72460 
72542 
72624 
72705 
72787 
72868 
72949 
73030 
73111 
73191 


72469 
72550 
72632 
72713 
72795 
72876 
72957 
73038 
73119 
73199 


72477 
72558 
72640 
72722 
72803 
72884 
72965 
73046 
73127 
73207 


72485 
72567 
72648 
72730 
72811 
72892 
72973 
73054 
73135 
73215 


72493 
72575 
72656 
72738 
72819 
72900 
72981 
73062 
73143 
73223 


72501 
72583 
72665 
72746 
72827 
72908 
72989 
73070 
73151 
73231 


540 
541 
542 
543 
544 
545 
546 
547 
548 
549 


73239 
73320 
73400 
73480 
73560 
73640 
73719 
73799 
73878 
73957 


73247 
73328 
73408 
73488 
73568 
73648 
73727 
73807 
73886 
73965 


73255 
73336 
73416 
73496 
73576 
73656 
73735 
738i5 
73894 
73973 


73263 
73344 
73424 
73504 
73584 
73664 
73743 
73823 
73902 
73981 


73272 
73352 
73433 
73512 
73592 
73672 
73751 
73830 
73910 
73989 


73280 
73360 
73440 
73520 
73600 
73679 
73759 
73838 
73918 
73997 


73288 
73368 
73448 
73528 
73608 
73687 
73767 
73846 
73926 
74005 


73296 
73376 
73456 
73536 
73616 
73695 
73775 
73854 
73933 
7401S 


73304 
73384 
73464 
73544 
73624 
73703 
73783 
73862 
73941 
74020 


73312 
73392 
73472 
73552 
73632 
73711 
73791 
73870 
73949 
74028 


550 
551 
552 
553 
554 
555 
556 
557 
558 
559 


74036 
74115 
74194 
74273 
74351 
74429 
74507 
74586 
74663 
74741 


74044 
74123 
74202 
74280 
74359 
74437 
74515 
74593 
74671 
74749 


74052 
74131 
74210 
74288 
74367 
74445 
7452S 
74601 
74679 
74757 


74060 
74139 
74218 
74296 
74374 
74458 
74531 
74609 
74687 
74764 


74068 
74147 
74225 
74304 
74382 
74461 
74539 
74617 
74695 
74772 


74076 
74155 
74233 
74312 
74390 
74468 
74547 
74624 
74702 
74780 


74084 
74162 
74241 
74320 
74398 
74476 
74554 
74632 
74710 
74788 


74092 
741 70 
74249 
74327 
74406 
74484 
74562 
74640 
74718 
74796 


74099 
74178 
74257 
74335 
74414 
74492 
74570 
74648 
74726 
74803 


74107 ' 

74186 

74265 

74343 

74421 

74500 

74578 

74656 

74733 

74811 


560 
561 
562 
563 
564 
565 
566 
567 
568 
569 
570 
571 
572 
573 
574 
.575 
576 
577 
578 
579 


74819 
74896 
74974 
75051 
75128 
75205 
75282 
75358 
75435 
75511 


74827 
74904 
74981 
75059 
75136 
75213 
75289 
75366 
75442 
75519 


74834 
74912 
74989 
75066 
75143 
75220 
75297 
75374 
75450 
75526 


74842 
74920 
74997 
75074 
75151 
75228 
75305 
75381 
75458 
75534 


74850 
74927 
75005 
75082 
75159 
75236 
75312 
75389 
75465 
75542 


74858 
74935 
75012 
75089 
75166 
75243 
75320 
75397 
75473 
75549 


74865 
74943 
75020 
75097 
75174 
75251 
75328 
75404 
75481 
75557 


74873 
74950 
75028 
75105 
75182 
75259 
75335 
75412 
75488 
75565 


74881 
74958 
75035 
75113 
75189 
75266 
75343 
75420 
75496 
75572 


74889 
74966 
75043 
75120 
75197 
75274 
75351 
75427 
75504 
75580 


75587 
75664 
75740 
75815 
75891 
75967 
76042 
76118 
76193 
76268 


75595 
75671 
75747 
75823 
75899 
75974 
76050 
76125 
76200 
76275 


75603 
75679 
75755 
75831 
75906 
75982 
76057 
76133 
76208 
76283 


75610 
75686 
75762 
75838 
75914 
75989 
76065 
76140 
76215 
76290 


75618 
75694 
75770 
75846 
75921 
75997 
76072 
76148 
76223 
76298 


75626 
75702 
75778 
75853 
75929 
76005 
76080 
76155 
76230 
76305 


75633 
75709 
75785 
75861 
75937 
76012 
76087 
76163 
76238 
76313 


75641 
75717 
75793 
75868 
75944 
76020 
76095 
76170 
76245 
76320 


75648 
75724 
75800 
75876 
75952 
76027 
76103 
76178 
76253 
76328 


75656 j 
75732 J 
75808 
75884 
75959 • 
76035 1 
76110 ; 
76185 
76260 
76335 
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No. 



1 



S 



6 



8 



9 



700 
701 



84510 84516 
84572 | 84578 
702 f84634 84640 
84696*84702 
84757 J84763 
8481^84825 



703 
704 
705 
706 
707 
708 
709 



8488o! 84887 
84942 I 84948 
85003 85009 
85065 85071 



84522 
84584 
84646 
84708 
8477Q 
84881 
8489ft 
84954 
85016 
85077 



84528 
8459a 
84652 
84714 
84776 
84837 
84899 
84960 
85022 
85083 



84535 
84597 



84541 
84603 



84658 84665 



84720 
84782 

ftjfM-j 



84726 
84788 
84850 



84782 84788 



84905 84911 



84967 
85028 
85089 



84973 
85084 
85095 



84547 
84609 
84671 
84733 
84794 
84856 
84917 
84*979 
85040 
85101 



84553 
84615 
84677 
84739 
84800 
84862 
84924 
84985 
85046 
85107 



84559 
84621 
84683 
84745 
84807 
84868 
84930 
84991 
85052 
£51 14 



84566 
84628 
84689 
84751 
84813 
84874 
84936 
84997 
85058 
85120 



710 
711 
712 
713 
714 
715 
716 
717 
718 
719 



85126 
85187 
85248 
85309 
85370 
85431 
85491 
85552 
85612 
85673 



85132 
85193 
85254 
85315 
85376 
85437 
85497 
85558 
85618 
85679 



85138 
85199 
85260 
85321 
85382 
85443 
85503 
85564 
85625 
85685 



85144 
85205 
85266 
85327 
85388 
85449 
85509 
85570 
85631 
85691 



85150 
85211 
85272 
85333 
85394 
85455 
85516 
85576 
85637 
85697 



85156 
85217 
85278 
85339 
85400 
85461 
85522 
85582 
85643 
85703 



85163 
85224 
85285 
85345 
85406 
85467 
85528 
85588 
85649 
85709 



85169 
85230 
85291 
85352 
85412 
85473 
85534 
85594 
85655 
85715 



85175 



85181 



85236 85242 



85297 
85358 
85418 
85479 
85540 
85600 
85661 
85721 



85303- 
853154 
85425 
85485 
85546 
85606 
85667 
85727 



720 
721 
722 
723 
724 
725 
726 
727 
728 
729 



85733 
85794 
85854 
85914 
85974 
86034 
86094 
86153 
86213 
86273 



85739 
85800 
85860 
85920 
85980 
86040 
86100 
86159 
86219 
86279 



85745 
85806 
85866 
85926 
85986 
86046 
86106 
86165 
86225 
86285 



85751 
85812 
85872 
85932 
85992 
86052 
86112 
86171 
86231 
86291 



85757 

85818 

85878 

85938 

85998 

86058 

8611 

86177 

86237 

86297 



85763 
85824 
85884 
85944 
86004 
86064 
8 [861 24 
86183 
86243 
86303 



85769 
85830 
85890 
85950 
86010 
86070 
86130 
86189 
86249 
86808 



85775 «5781 

85836(85842 

85896 

85956 

86016 

86076 

86136 

86195 

86255 

86314 



85902 

85962 
86022 
86082 
86141 
86201 
86261 
86320 



85788 
85848 
85908 
85968 
86028 
86088 
86147 
86207 
86267 
86326 



730 
731 
732 
733 
734 
735 
736 
737 
738 
739 



86332 
86392 
86451 
86510 
86570 
86629 
86688 
86747 
86806 
86864 



86338 
86398 
86457 
86516 
86576 
86635 
86694 
86753 
86812 
86870 



86344 
86404 
86463 
86522 
86581 
86641 
86700 
86759 
86817 
86876 



86350 
86410 
86469 
86528 
86587 
86646 
86705 
86764 
86823 
86882 



86356 
86415 
86475 
86534 
86593 
86652 
86711 
86770 
86829 
86888 



86362 
86421 
86481 
86540 
86599 
86658 
86717 
86776 
86835 
86894 



86368 
86427 
86487 
86546 
86605 
86664 
86723 
86782 
86841 
86900 



86374 
86433 
86493 
86552 
86611 
86670 
86729 
86788 
86847 
86906 



86380 
86439 
86499 



86386 
86445 
86504 



8655**6564 



86617 
86676 
86735 
86794 
86853 
86911 



86623 
86682 
86741 
86800 
86859 
86917 



740 
741 
742 
743 
744 
745 
746 
747 
748 
749 



86923 
86982 
8704O 
87099 
87157 
87216 
87274 
87332 
87390 
87448 



86929 
86988 
87046 
87105 
87163 
87221 
87280 
87338 
87396 
87454 



86935 
86994 
87052 
87111 
87169 
87227 
87286 
87344 
87402 
87460 



86941 
86999 
87058 
87116 
87175 
87233 
87291 
87349 
87408 
87466 



86947 
87005 
87064 
87122 
87181 
87239 
87297 
87355 
87413 
87471 



86953 
87011 
87070 
87128 
87186 
87245 
87303 
87361 
87419 
87477 



86958 
87017 
87075 
87134 
87192 
87251 
87309 
87367 
87425 
87483 



86964 
87023 
87081 
87140 
87198 
87256 
87315 
8737a 
87431 
87489 



86970 
87029 
87087 



86976 
87035 
87093 



87146 87151 



87204 
87262 
87320 
87379 
87437 
87495 



87210 
87268 

87326 
87384 
87442 
87500 



750 
751 
752 
753 
754 
755 
756 
757 
758 
759 



87506 
87564 
87622 
87679 
87737 
87795 
87852 
87910 
87967 
88024 



87512 
87570 
87628 
87685 
87743 
87800 
87858 
87915 
87973 
88030 



87518 
87576 
87633 
87691 
87749 
87806 
87864 
87921 
87978 
88036 



87523 
87581 
87639 
87697 
87754 
87812 
87869 
87927 
87984 
88041 



87529 
87587 
87645 
87703 
87760 
87818 
87875 
87933 
87990 
88047 



87535 
87593 
87651 
87708 
87766 
87823 
87881 
87938 
87996 
88053 



87541 
87599 
87656 
87714 
87772 
87829 
87887 
87944 
88001 
88058 



87547 
87604 
87662 
8772Q 
87777 
87835 
87892 
87950 
88007 
88064 



87552 
87610 
87668 



87558 
87616 
87674 



87726 B773I 



87783 
87841 
87898 
87955 
88013 
88070 



87789 
87846 
87904 
87961 
88018 
88076 
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No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 




760 
761 
762 
763 
764 
765 
766 
767 
768 
769 


88081 
88138 
88195 
88252 
88309 
88366 
88423 
88480 
88536 
88593 


88087" 
88144 
88201 
88258 
88315 
88372 
88429 
88485 
88542 
88598 


88093' 
88150 
88207 
88264 
88321 
88377 
88434 
88491 
88547 
88604 


88098^ 
881 56 
88218 
88270 
88326 
88383 
88440 
88497 
88553 
88610 


88104 
88161 
88218 
88275 
88332 
88389 
88446 
88502 
88559 
88615 


88110 
88167 
88224 
88281 
88338 
88395 
88451 
88508 
88564 
88621 


88H6 
88173 
88230 
88287 
88343 
88400 
88457 
88513 
88570 
88627 


88121 
88178 
88235 
88292 
88349 
88406 
88463 
88519 
88576 
88632 


88127 
88184 
88241 
88298 
88355 
88412 
88468 
88525 
88581 
88638 


88133 
88190 
88247 
88304 
88360 
88417 
88474 
88530 
88587 
88643 




770 
771 
772 
773 
774 
775 
776 
777 
778 
779 


88649 
88705 
88762 
88818 
88874 
88930 
88986 
89042 
89098 
89154 


88655 
88711 
88767 
88824 
88880 
88936 
88992 
89048 
89104 
89159 


88660 
88717 
88773 
88829 
88885 
88941 
88997 
89053 
89109 
89165 


88666 
88722 
88779 
88835 
88891 
88947 
89003 
89059 
89115 
89170 


88672 
88728 
88784 
88840 
88897 
88953 
89009 
89064 
89120 
89176 


88677 
88734 
88790 
88846 
88909 
88958 
89014 
89070 
89126 
89182 


88683 
88739 
88795 
88852 
88908 
88964 
89020 
89076 
89131 
89187 


88689 
88745 
88801 
88857 
88913 
88969 
89025 
89081 
89137 
89193 


88694 
SS750 
88807 
88863 
88919 
88975 
89031 
89087 
89143 
89198 


88700 
88756 
88812 
88868 
88925 
88981 
89037 
89092 
89148 
89204 




780 
781 
782 
783 

784; 

785 
786 
787 
788 
789 


89209 
89265 
89321 
89376 
89432 
89487 
89542 
89597 
89653 
89708 


89215 
89271 
89326 
89382 
89437 
89492 
89548 
89603 
89658 
89713 


89221 
89276 
89332 
89387 
89443 
89498 
89553 
89609 
89664 
89719 


89226 
89282 
89337 
89393 
89448 
89504 
89559 
89614 
89669 
89724 


89232 
89287 
89343 
89398 
89454 
89509 
89564 
89620 
89675 
89730 


89237 
89293 
89348 
89404 
89459 
89515 
89570 
89625 
89680 
89735 


89243 
89298 
89354 
89409 
89465 
89520 
89575 
89631 
89686 
89741 


89248 
89304 
89360 
89415 
89470 
89526 
89581 
89636 
89691 
89746 


89254 
89310 
89365 
89421 
89476 
89531 
89586 
89642 
89697 
89752 


89260 
89315 
89371 
89426 
89481 
89537 
89592 
89647 
89702 
89757 




790 
791 
792 
793 
794 
795 
796 
797 
798 
799 


89763 
89818 
89873 
89927 
89982 
90037 
90091 
90146 
90200 
90255 


89768 
89823 
89878 
89933 
89988 
90042 
90097 
90151 
90206 
90260 


89774 
89829 
89883 
89938 
89993 
90048 
90102 
90157 
90211 
90266 


89779 
89834 
89889 
89944 
89998 
90053 
90108 
90162 
90217 
90271 


89785 
89840 
89894 
89949 
90004 
90059 
90113 
90168 
90222 
90276 


89790 
89845 
89900 
89955 
90009 
90064 
90119 
90173 
90227 
90282 


89796 
89851 
89905 
89960 
90015 
90069 
90124 
90179 
90233 
90287 


89801 
89856 
89911 
89966 
90020 
90075 
90129 
90184 
90238 
90293 


89807 
89862 
89916 
89971 
90026 
90080 
90135 
90189 
90244 
90298 


89812 
89867 
89922 
89977 
90031 
90086 
90140 
90195 
90249 
903O4 




800 
801 
802 
803 
804 
805 
806 
807 
808 
809 


90309 
90363 
90417 
90472 
90526 
90580 
90634 
90687 
90741 
90795 


90314 
90369 
90423 
90477 
90531 
90585 
90639 
90693 
90747 
90800 


90320 
90374 
90428 
90482 
90536 
90590 
90644 
90698 
90752 
90806 


90325 
90380 
90434 
90488 
90542 
90596 
90650 
90703 
90757 
90811 


90331 
90385 
90439 
90493 
90547 
90601 
90655 
90709 
90763 
90816 


90336 
90390 
90445 
90499 
90553 
90607 
90660 
90714 
90768 
90822 


90342 
90396 
90450 
90504 
90558 
90612 
90666 
90720 
90773 
90827 


90347 
90401 
90455 
90509 
90563 
90617 
90671 
90725 
90779 
90832 


90352 
90407 
90461 
90515 
90569 
90623 
90677 
90730 
90784 
90838 


90358 
90412 
90466 
90520 
90574 
90628 
90682 
90736 
90789 
90843 




810 
811 
812 
813 
814 
815 
816 
817 
818 
819 


90849 
90902 
90956 
91009 
91062 
91116 
91169 
91222 
91275 
91328 


90854 
90907 
90961 
91014' 
91068 
91121 
91174 
91228 
91281 
91334 


90859 
90913 
90966 
91020 
91073 
91126 
91180 
91233 
91286 
91 339 


90865 
90918 
90972 
91025 
91078 
91132 
91185 
91238 
91291 
91344 


90870 
90924 
90977 
91030 
91084 
91137 
91190 
91243 
91297 
91350 


90875 
90929 
90982 
91036 
91089 
91142 
91196 
91249 
91302 
91355 


90881 
90934 
90986 
91041 
91094 
91148 
91201 
91254 
91307 
91360 


90886 
90940 
90993 
91046 
91100 
91153 
91206 
91259 
91312 
91365 


90891 
90945 
90998 
91052 
91105 
91158 
91212 
91265 
91318 
91371 


90897 
90950 
91004 
91057 
91110 
91164 
91217 
91270 
91323 
91376 
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TAHLE I. LOGARITHMS OF NUMBERS. 



No. 





, 


2 


3 


4 


5 


6 


7 


8 


9 


940 
941 
942 
943 
944 
945 
946 
947 
948 
949 


97313 
97359 
97405 
97451 
97497 
97543 
97589 
97635 
97681 
97727 


97317 
97364 
97410 
97456 
97502 
97548 
97594 
97640 
97685 
97731 


97322 
97368 
97414 
97460 
97506 
97552 
97598 
97644 
97690 
97736 


97327 
97373 
97419 
97465 
97511 
97557 
97603 
97649 
97695 
97740 


97331 
97377 
97424 
97470 
97516 
97562 
97607 
97653 
97699 
97745 


97336 
97382 
97428 
97474 
97520 
97566 
97612 
97658 
97704 
97749 


97340 
97387 
97433 
97479 
97525 
97571 
97617 
97663 
97708 
97754 


97345 
97391 
97437 
97483 
97529 
97575 
97621 
97667 
97713 
97759 


97350 
97396 
97442 
97488 
97534 
97580 
97626 
97672 
97717 
97763 


97354 
97400 
97447 
97493 
97539 
97585 
97630 
97676 
97722 
97768 


950 
951 
952 
953 
954 
955 
956 
957 
958 
959 


97772 
97818 
97864 
97909 
97955 
98000 
98046 
98091 
98137 
98182 


97777 
97823 
97868 
97914 
97959 
98005 
98050 
98096 
98141 
98186 


97782 
97827 
97873 
97918 
97964 
98009 
98055 
98100 
98146 
98191 


97786 
97832 
97877 
97923 
97968 
98014 
98059 
98105 
98150 
98195 


97791 
97836 
97882 
97928 
97973 
98019 
98064 
98109 
98155 
98200 


97795 
97841 
97886 
97932 
97978 
98023 
98068 
98114 
98159 
98204 


97800 
97845 
97891 
97937 
97982 
98028 
98073 
98118 
98164 
98209 


97S04 
97850 
97896 
97941 
97987 
98032 
98078 
98123 
98168 
98214 


97809 
97855 
97900 
97946 
97991 
98037 
98082 
98127 
98173 
98218 


97813 
97859 
97905 
97950 
97996 
98041 
98087 
98132 
98177 
98223 


960 
961 
962 
963 
964 
965 
966 
967 
968 
969 


98227 
98272 
98318 
98363 
98408 
98453 
98498 
98543 
98588 
98632 


98232 
98277 
98322 
98367 
98412 
98457 
98502 
98547 
98592 
98637 


98236 
98281 
98327 
98372 
98417 
98462 
98507 
98552 
98597 
98641 


98241 
98286 
98331 
98376 
98421 
98466 
98511 
98556 
98601 
98646 


98245 
98290 
98336 
98381 
98426 
98471 
98516 
98561 
98605 
98650 


98250 
98295 
98340 
98385 
98430 
98475 
98520 
98565 
98610 
98655 


98254 
98299 
98345 
98390 
98435 
98480 
98525 
98570 
98614 
98659 


98259 
98304 
28349 
98394 
98439 
98484 
98529 
98574 
98619 
98664 


98263 
98308 
98354 
98399 
98444 
98489 
98534 
98579 
98623 
98668 


98268 
98313 
98358 
98403 
98448 
98493 
98538 
98583 
98628 
98673 


970 
971 
972 
973 
974 
975 
976 
977 
978 
979 


98677 
98722 
98767 
98811 
98856 
98900 
98945 
98989 
99034 
99078 


98682 
98726 
98771 
98816 
98860 
98905 
98949 
98994 
99038 
99083 


98686 
98731 
98776 
98820 
98865 
98909 
98954 
98998 
99043 
99087 


98691 
98735 
98780 
98825 
98869 
98914 
98958 
99003 
99047 
99092 


98695 
98740 
98784 
98829 
98874 
98918 
98963 
99007 
99052 
99096 


98700 
98744 
98789 
98834 
98878 
98923 
98967 
99012 
99056 
99100 


98704 
98749 
98793 
98838 
98883 
98927 
98972 
99016 
99061 
99105 


98709 
98753 
98798 
98843 
98887 
98932 
98976 
99021 
99065 
99109 


98713 
98758 
98802 
98847 
98892 
98936 
98981 
99025 
99069 
99114 


98717 
98762 
98807 
98851 
98896 
98941 
98985 
99029 
99074 
99118 


980 
981 
982 
983 
984 
985 
986 
987 
988 
989 


99123 
99167 
99211 
99255 
99300 
99344 
99388 
99432 
99476 
99520 


99127 
99171 
99216 
99260 
99304 
99348 
99392 
99436 
99480 
99524 


99131 
99176 
99220 
99264 
99308 
99352 
99396 
99441 
99484 
99528 


99136 
99180 
99224 
99269 
99313 
99357 
99401 
99445 
99489 
99533 


99140 
99185 
99229 
99273 
99317 
99361 
99405 
99449 
99493 
99537 


99145 
99189 
99233 
99277 
99322 
99366 
99410 
99454 
99498 
99542 


99149 
99193 
99238 
99282 
99326 
99370 
99414 
99458 
99502 
99546 


99154 
99198 
99242 
99286 
99330 
99374 
99419 
99463 
99506 
99550 


99158 
99202 
99247 
99291 
99335 
99379 
99423 
99467 
99511 
99555 


99162 
99207 
99251 
99295 
99339 
99383 
99427 
99471 
99515 
99559 


990 
991 
992 
993 
994 
995 
996 
997 
998 
999 


99564 
99607 
99651 
99695 
99739 
99782 
99826 
99870 
99913 
99957 


99568 
99612 
99656 
99699 
99743 
99787 
99830 
99874 
99917 
99961 


99572 
99616 
99660 
99704 
99747 
99791 
99835 
99878 
99922 
99965 


99577 
99621 
99664 
99708 
99752 
99795 
99839 
99883 
99926 
99970 


99581 
99625 
99669 
99712 
99756 
99800 
99843 
99887 
99930 
99974 


99585 
99629 
99673 
99717 
99760 
99804 
99848 
99891 
99935 
99978 


99590 
99634 
99677 
99791 
99765 
99808 
99852 
99896 
99939 
99983 


99594 
99638 
99682 
99726 
99769 
99813 
99856 
99900 
99944 
99987 


99599 
99642 
99686 
99730 
99774 
99817 
99861 
99904 
99948 
99991 


99603 
99647 
99691 
99734 
99778 
99822 
99865 
99909 
99952 
99996 
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' N. sin I N. cos iN. sin N. cos 



0° 



1° 



3° 



N. sin N. cos N. sin' N. cos N. sin N. cos 



00000 
00029 
00058 
00087 
00116 
00145 
00175 
00204 
00233 
00262 



00291 
00320 
00349 
00378 
00407 
00436 
16:00465 
17 00495 
1800524 
19 00553 



1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 



01745 
01774 
01803 
01832 
01862 
01891 
01920 
01949 
01978 
02007 



99985 03490 
99984 03519 
99984 ,03548 
99983 ' 03577 
99983 j 03606 
99982 03635 
99982 (03664 
99981 103693 
99980 j 03723 
99980 03752 



1-00000 
•99999 
•99999 
•99999 
•99999 
•99999 
•99999 
•99999 
•99999 
•99998 



02036 
02065 
02094 
02123 
02152 
|02181 
02211 
02240 
02269 
02298 



99979 
99979 
99978 
99977 
99977 
'99976 
,99976 
99975 
99974 
99974 



03781 
03810 
03839 
03868 
03897 
03926 
03955 
03984 
04013 
04042 



99939 
99938 
99937 
99936 
99935 
99934 
99933 
99932 
99931 
99930 



05234 
05263 
05292 
05321 
05350 
05379 
05408 
05437 
05466 
05495 



99929 05524 
99927 ! 05553 
99926 05582 
99925 ! 05611 
99924 05640 
99923,05669 
99922.05698 
99921 05727 
99919 05756 
99918 05785 



99863 
99861 
99860 
99858 
99857 | 
99855 
99854 
99852 
99851 
99849 ! 



06976 
07005 
07034 
07063 
07092 
07121 
07150 
07179 
07208 
07237 



99847,07266 
99846 07295 
99844 07324 
99842,07353 
99841 07382 
99839 07411 
99838 07440 
99836,07469 



99756 
99754 
99752 
99750 
99748 
99746 
99744 
99742 
99740 
99738 



99834 
99833 



07498 
07527 



99736 
1 99734 
99731 
99729 
99727 
99725 
,99723 
'99721 
99719 
99716 



20 00582 
2l|00611 
22:00640 
23!00669 
24 ! 00698 
125 00727 
26J00756 

27 00785 

28 00814 
29100844 



•99998 
•99998 
•99998 
•99998 
•99998 
•99997 
•99997 
•99997 
•99997 
•99996 



02327 

02356 

02385 

0241 4 j 99971 

02443J 99970 

02472 



99973 
99972 
99972 



SO 1 00873 
31 '00902 

32 00931 

33 00960 

34 00989 
3501018 
36 '01047 

37 01076 

38 01105 
3901134 



•99996 
•99996 
•99996 
•99995 
•99995 
•99995 
•99995 
•99994 
•99994 
•99994 



99969 
02501199969 
02530 j 99968 
99967 
99966 



02560 
02589 



04071 99917 
04100 99916 
04129 99915 
04159 99913 
04188 99912 
04217 99911 
04246 99910 
04275 99909 
04304 99907 
04333 99906 



02618 
02647 
02676 
02705 
02734 
02763 
02792 
02821 
02850 
02879 



99966 
99965 
99964 
99963 
99963 
99962 
99961 
99960 
99959 
99959 



40 



! 41 

42 

43 



01164 



01193 

01222 

01251 

44J01280 

45 01309 



IT,.U 



01338 
01367 
01396 
01425 



<46 
;47 

48 

49 

50 01454 

51 01483 

52 01513| 

53 015421 

54 01571| 

55 01600 
36 01629 
57J01658 

'58 01687 
5901716 
60'01745 



•99993 
•99993 
•99993 
•99992 
•99992 
•99991 
•99991 
•99991 
•99990 
•99990 



02908 
02938 
02967 
02996 
03025 
03054 
03083 
03112 

03141 ; 

03170 



99958 
99957 
99956 
99955 
99954 
99953 
99952 
99952 
99951 
99950 



04362 
04391 
04420 
04449 
04478 
04507 
04536 
04565 
04594 
04623 



99905 
99904 
99902 

'99901 
99900 
99898 
99897 

,99896 
99894 
99893 



99892 06395 
99890 06424' 



05814 
05844 
05873 
05902 
05931 
05960 
05989 
06018 
06047 
06076 



99831 
99829 
99827 



99824 
99822 
99821 
99819 
99817 
99815 



07556 
07585 
07614 
07643 
07672 
07701 
07730 
07759 
07788 
07817 



06105 
06134 
06J63 
06192 
06221 
06250 
06279 
06308 
06337 
06366 



99813 
99812 
99810 
99808 
99806 
99804 
99803 
99801 
99799 
99797 



07846 
07875 
07904 
07933 
07962 
07991 
08020 
08049 
08078 
08107 



99714 
99712 
99710 
99708 
99705 
99703 
99701 
99699 
99696 
99694 



99692 
99689 
99687 
99685 



99683 26 



99680 
99678 
99676 
99673 
99671 



04653 
04682 
04711 99889106453 



99795 
99793 



99792 
04740 99888 1 06482 , 997 90 



04769 99886 06511 ! 
04798 99885 06540 ! 
r 99883 06569,! 
04856 99882 06598 ! 
04885 99881 06627 1 ! 
04914 99879 06656,! 



08136 
08165 
08194 
08223 
08252 
08281 
08310 
08339 
08368 
08397 



N.cos 



•99989 
•99989 
•99989 
•99988 
•99988 
•99987 
•99987 
•99986 
•99986 
•99985 
•99985 



03199 
03228 
03257 
03286 
03316 
03345 
03374 
03403 
03432 
03461 
03490 



99949 04943 
99948 04972 
99947 05001 
99946 05030 
99945 05059 
99944 05088 
99943 05117 
99942 05146 
99941 05175 
99940 05205 
99939 '05234 



99878 06685 
99876 -06714 
99875 '06743 
99873 06773 
99872 06802 
99870 06831 
99869 06860 
99867 1 06889 
99866106918 
99864 06947 
99863(06976 



99776 
99774 
99772 
99770 
99768 
99766 
99764 
99762 
99760 
1 99758 
99756 



08426 
08455 
08484 
08513 
08542 
08571 
08600 
08629 
08658 
08687 
08716 



N. sin »N. cos N. sin N. cos N. sin! N. cos N. sin 



89° 



88° 



N.cos 



99668 
99666 
99664 
99661 
99659 
99657 
99654 
99652 
99649 
99647 



99644 
99642 
99639 
99637 
99635 
99632 
99630 
99627 
99625 
99622 
99619 



N. sin 



87° 



86° 



85° 



' ■ 



410 



TABLE II. NATURAL SINES. 



W 



1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 



N. sin N.cos 
99619 
99617 
99614 
99612 
99609 
99607 
99604 
99602 
99599 
99596 



6° 



08716 
08745 
08774 
08803 
08831 
08860 
08889 
08918 
08947 
08976 



09005 
09034 
09063 
09092 
09121 
09150 
09179 
09208 
09237 
09266 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



30 

31 
32 

S3 

'34 

35 

36 

37 

38 

39 



40 

is 

43 

I 44 

45 
46 

47 
48 

49 



|50 
51 
52 
(53 
54 
J55 
156 
|57 
'58 
|59 
60 



09295 
09324 
09353 
09382 
09411 
09440 
09469 
09498 
09527 
09556 



N. sin N. cos 



10453 
10482 
10511 
10540 
10569 
10597 
10626 
10655 
10684 
10713 



N. sin' N.cos 



99452 
99449 
99446 
99443 
99440 
99437 
99434 
99431 
99428 
99424 



12187)99255 
12216199251 
12245 99248 
1 2274 ! 99244 
12302,99240 
12331(99237 
12360 99233 
12389 99230 
12418,99226 
1 2447 1 99222 



99594 
99591 
99588 
99586 
99583 
99580 
99578 
99575 
99572 
99570 



10742 
10771 
10800 
10829 
10858 
10887 
10916 
10945 
10973 
11002 



99567 
99564 
99562 
99559 
99556 
99553 
99551 
99548 
99545 
99542 



09585 
09614 
09642 
09671 
09700 
09729 
09758 
09787 
09816 
09845 



09874 
09903 
09932 
09961 
09990 
10019 
10048 
10077 
10106 
10135 



10164 
10192 
10221 
10250 
10279 
10308 
10337 
10366 
10395 
10424 
1045S 



N. cos 



99540 
99537 
99534 
99531 
99528 
99526 
99523 
99520 
99517 
99514 



99511 
99508 
99506 
99503 
99500 
99497 
99494 
99491 
99488 
99485 



99482 
99479 
99476 
99473 
99470 
99467 
99464 
99461 
99458 
99455 
99452 



N. sin 



84°- 



11031 
11060 
11089 
11118 
11147 
11176 
11205 
11234 
11263 
11291 



99421 
99418 
99415 
99412 
99409 
99406 
99402 
99399 
99396 
99393 



99390 
99386 
99383 
99380 
99377 
99374 
99370 
99367 
99364 
99360 



11 320 199357 
11349)99354 
11378 99351 
11407 1 9934 
11436 99344 
11 465 99341 
11494 99337 
11523 99334 
11552199331 
11580 99327 



11609,99324 
1 1638*99320 
11667 1 99317 
11696 99314 
11725 99310 
11754 99307 
11783 99303 
11812,99300 
11840 99297 
11869I99293 



11898.99290 
11927,99286 
11956:99283 
11985 99279 
12014 \ 99276 
12043 99272 
12071 [99269 
12100; 99265 
12129 99262 
12158 99258 
12187:99255 



N. cos IN. sin 

83™ 



8° 



N. sin N. cos 



9° 



N. sin N 



13917, 
13946, 
13975 
14004 
14033 
14061 
14090 
14119 
14148 
14177 



12476 
12504 
12533 
12562 
12591 
12620 
12649 
12678 
12706 
12735 



99219 
99215 
99211 
99208 
99204 
99200 
99197 
99193 
99189 
99186 



99027 
99023 
99019 
99015 
99011 
99006 
99002 
98998 
98994 
98990 



-1- 



14205 98986 
14234 98982 
14263 98978 
14292 98973 
14320 98969 
14349 98965 
14378 98961 



15643 
15672 
15701 
15730 
15758 
15787 
15816 
15845 
15873 
15902 



98769 60 



93764 
98760 
98755 
98751 
98746 
98741 
98737 
98732 
98728 



12764 
12793 
12822 
12851 
12880 
12908 
12937 
12966 
12995 
13024 



99182 
99178 
99175 
99171 
99167 
99163 
99160 
99156 
99152 
99148 



14407 
14436 
14464 



13053 
13081 
13110 
13139 
13168 
13197 
13226 
13254 
13283 
13312 



99144 
99141 
99137 
99133 
99129 
99125 
99122 
99118 
99114 
99110 



13341 99106 
13370 99102 
13399 99098 
13427 99094 
13456 99091 
13485 99087 
13514 99083 
13543 99079 
13572 99075 
13600 99071 



13629 99067 
13658 99063 
1 3687 j 99059 
13716J99055 
13744 99051 
13773 99047 
13802(99043 
13831 99039 
13860 99035 
13889 '99031 
13917 99027 



1449S 
14522 
14551 
14580 
14608 
14637 
14666 
14695 
14723 
14752 



14781 
14810 
14838 
14867 
14896 
14925 
14954 
14982 
15011 
15040 



15069 
15097 
15126 
15155 
15184 
15212 
15241 
15270 
15299 
15327 



N. cos I N. sin 
82 s 



15356 
15385 
15414 
15442 
15471 
15500 
15529 
15557 
15586 
15615 
1564S 



N.cos 



98957, 
98953 
98948 



15931 
15959 
15988 
16017 
16046 
16074J 
16103 
16132 
161601 
161891 



98723 
98718 
98714 
98709 
98704 
98700 
98695 
98690 
98686 
98681 



98944 
98940 
98936 
98931 
98927 
98923 
98919 
98914 
98910 
98906 



98902 
98897 
98893 
98889 
98884 
98880 
98876 
98871 
98867 
98863 



16218(96676 



16246 
16275 
16304 
16333 
16361 
16390 
16419 
16447 
16476 



98671 
98667 
98662 
98657 
98652 
98648 
98643 
98638 
98633 



40 



16505 
16533 
16562 
16591 
16620 
16648 
16677 
16706 
16734 
16763 



98629 
98624 
98619 
98614 
98609 
98604 
98600 
98595 
98590 
98585 



98858 
98854 
98849 
98845 
98841 
98836 
98832 
98827 
98823 
98818 



16792 98580 



98814 
98809 
98805 
98800 
9879ft 
98791 
98787 
98782 
98778 
9877S 
98769 



16820 
16849 
16878 
16906 
16935 
16964 
16992 
17021 
17050 



N. sin 



81° 



17078 

17107 

17136 

17164 

17193 

17222 

17250 

1727: 

17308 

17336 

17365 



N.co» 



98575 
98570 
98565 
98561 
98556 
98551 
58546 
98541 
98536 



98531 
98526 
98521 
98516 
98511 
98506 
98501 
9| 98496 
98491 
98486! 
9843* 



N*su 



80° 



20 

19 
18 
17 
16 
15 
14 
13 
12 
11 



10 
9 
8 

7 
6 
5 
4 
3 
2 
1 



Digitized oy ' 



J &> 



TABLE If. NATURAL SINES. 



411 



120 
121 

'22 

23 
24 
25 
26 
27 
28 
29 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



10° 



N. sin N. cos 



17365 
17393 
17422 
17451 
17479 
17508 
17537 
17565 
17594 
17623 



17651 
17680 
17708 
17737 
17766 
17794 
17823 
17852 
17880 
17909 



1793' 
17966 
17995 
18023 
18052 
18081 
18109 
18138 
18166 
18195 



18224 
18252 
18281 
18309 
18338 
18367 
18395 
18424 
18452 
18481 



18509 
18538 
18567 
18595 
18624 
18652 
18681 
18710 
18738 
18767 



98481 
98476 
98471 
98466 
98461 
98455 
98450 
98445 
98440 
98435 



98430 
98425 
98420 
98414 
98409 
98404 
98399 
98394 
98389 
98383 



98378 
98373 
98368 
98362 
98357 
98352 
98347 
98341 
98336 
98331 



98325 
98320 
98315 
98310 
98304 
98299 
98294 
98288 
98283 
98277 



98272 
98267 
98261 
98256 
98250 
98245 
98240 
98234 
98229 
98223 



11° 



N. sin N. cos 



19081 
19109 
19138 
19167 
19195 
19224 
19252 
19281 
19309 
19338 



19366 
19395 
19423 
19452 
19481 
19509 
19538 
19566 
19595 
19623 



19652 
19680 
19709 
19737 
19766 
19794 
19823 
19851 
19880 
19908 



19937 
19965 
19994 
20022 
20051 
20079 
20108 
20136 
20165 
20193 



20222 
20250 
20279 
20307 
20336 
20364 
20393 
20421 
20450 
20478 



20507 
20535 
20563 
20592 
20620 



18795 98218 
18824 98212 
18852 98207 
18881 98201 
18910 98196 
18938,98190 
18967 I 98185 |20677 
18995 98179 
19024 98174 
19052 98168 
19081 I 98163 



98163 
98157 
98152 
98146 
98140 
98135 
98129 
98124 
98118 
98112 



98107 
98101 
98096 
98090 
98084 
98079 
98073 
98067 
98061 
98056 



12° 



13° 



14° 



N. sin ; N. cos N. sin N. cos N. sin N. cos! 



I ' 



20791 
20820 
20848 
20877 
20905 
20933; 
20962 
20990 
21019 
21047 



97815 

97809 

978031 

97797 

97791 

97784 

97778 

97772 ' 

97766' 

97760 ' 



22495 
22523 
22552 
22580 
22608 
22637 1 
22665, 
22693 
22722 
22750 



97437 241 92 
97430 24220 
97424 '24249 
97417 24277 
97411 24305 
97404 24333 
97398 24362 
97391 24390 
97384 \ 244 18 
97378 24446 



97030 60 
97023 59 
97015J 58 
97008 57, 
97001 1 56 
96994 55 
96987 54 
96980 53 
96973 52 
96966 51 



98050 
98044 
98039 
98033 
98027 
98021 
98016 
98010 
98004 
97998 



97992 
97987 
97981 
97975 
97969 
97963 
97958 
97952 
97946 
97940 



97934 
97928 
97922 
97916 
97910 
97905 
97899 
97893 
97887 
97881 



21076 
21104 
21132 
21161 
21189 
21218 
21246 
21275 
21303 
21331 



97754 
97748 
97742 
97735 
97729 
97723 
97717 
97711 
97705 
97698 



22778 
22807J 
22835; 
22863 
22892 
22920| 
22948 
22977 
23005 
23033 



21360 
21388 
21417 
21445 
21474, 
21502 I 
21530 
21559 
21587 
21616 



97692 
97686 
97680 
97673 
97667 
97661 
97655 
97648 
97642 
97636 



21644 
21672 
21701 
21729 
21758 
21786 
21814 
21843 
21871 
21899 



97630 
97623 
97617 
97611 
97604 
97598 
97592 
97585 
97579 
97573 



23062 
23090 
23118 1 
23 146 
23175 
23203 
23231 ! 
23260 ! 
23288 
23316; 



97371 
97365 
97358 
97351 
97345 
97338 
97331 
97325 
97318 
97311 



24474 
24503 
24531 
24559 
24587 
24615 
24644 
24672 
24700 
24728 



96959(50 
96952 49 
96945 48 
96937 47 
96930 46 
96923 45 
96916 44; 
96909 43 
96902 42 
96894 41! 



97304; 
97298! 
97291 
97284 
97278 
97271 
97264 
97257 
97251 
97244 



24756 
24784 
24813 
24841 
24869 
24897 
24925 
24953 



96887 40 
96880 39' 
96873 38 ' 
96866 37 1 
96858 36 
96851 35, 
96844 34 
96837 S3 ! 
96829 32, 
25010! 96822 31 



24982 



20649 



20706 
20734 
20763 
20791 '97815 



97875 
97869 
97863 
97857 
97851 
97845 
97839 
97833 
97827 
97821 



21928 
21956 
21985 
22013 
22041 
22070 
22098 
22126 
22155 
22183 



97566 
97560 
97553 
97547 
1 97541 
97534 
97528 
97521 
97515 
97508 



23345 
23373 
2340l| 
23429 
23458 
23486 
23514 
23542 
23571 
23599 



97237 
97230 
97223 
97217 
97210 
97203 
97196 
97189 
97182 
97176 



22212 
22240 
22268 
22297 
22325 
22353 
22382 
22410 
22438 
22467 
22495 



23627 
23656 
23684 
23712 
23740 
23769 
23797 
23825 
23853 
23882 



97169 
97162 
97155 
97148 
97141 
97134 
97127 
97120 
97113 
97106 



25038 96815 
25066 96807 
25094 96800 
25122 96793 
25151 96786 
25179 96778 
25207 96771 
25235 96764 
25263 1 96756 
25291 96749 



25320 96742 



25348 
25376 
25404 



96734 
96727 
96719 



25432 96712 
25460 96705 
25488 96697 
25516 96690 
25545 1 96682 
25573 96675 



N. cos' N. sin 
~9° 



nTcos'N. sin 
~ 78° 



K 



-i- 



97502 
97496 
97489 
97483 
97476 
97470 
97463 
97457 
97450 
97444 
97437; 



23910 
23938' 
23966 
23995 
24023 ' 
24051 
24079 
24108 
24136 
24164 
24192 



97100 
97093 
97086 
97079 
97072 
97065 
97058 
97051 
97044 
97037, 
97030 



25601] 96667 
25629 96660 
25657 96653 
25685] 96645 
25713 96638 
25741 96630 
25769 96623 
25798 96615 
25826 96608 
25854 96600 
25882 96593 



cos| N. sin J N. cos N. sin N.cos N. sinl 



76° 



75°- 



41*2 



TABLE II. NATUHAL SINES. 



15° 



N. sin N. cos 



1G° 



17° 



N. sin N.cosjN. sin • N. cos N. sin N. cos, N. sin ; N. cos 



18° 



19° 



25882 96593 , 27564 96 126 29237 95630 

1 25910 96585 1 27592 961 18 29265 95622 

2 25938 96578 27620 96110 29293 95613 

3 25966 96570 27648 96102 29321 95605 

4 25994 96562 27676 96094 , 29348 95596 

5 26022 96555 27704 96086 29376,95588 

6 26050 96547 27731 96078,29404 95579 

7 26079 96540 27759 96070 29432 95571 

8 26107 96532 1 27787 1 96062 29460 95562 

9 26135 96524J27815 96054 29487 , 95554 



30902 
30929 
30957 
30985 | 
31012 
31040 
31068 
31095 
31123 
31151 



10 26163 96517127843 96046 29515 95545 

11 26191 96509 27871,96037 29543 95536 

12 26219 96502 27899 96029,29571 95528 

13 26247 96494 27927 96021 29599 95519 

14 26275^96486 27955 9601 3 29626! 955 11 

1 5 26303 9647 9 27983 96005 29654 , 95502 

16 2633 1 ' 96471 2801 1 95997 1 29682 { 95493 

17 26359 96463 28039 95989 2971095485 
18,26387 96456 28067,95981 297S7i95476 

19 26415 96448J28095 95972 ,29765 ,95467 

20 26443 

21 26471 

22 26500 

23 26528 



95106 
95097 j 
95088 
95079 ' 
95070 
95061; 
95052 
95043 
95033 
95024 



32557, 
32584 
32612 
32639 
32667 
32694 
32722, 
32749 
32777 
32804 



94552 60 
94542 59 
94533 58 
94523 57 j 
94514 56 
94504 55 
94495 54 
94485 53 
94476 52 
94466 51 



31178 
31206 
31233 
31261 
31289 
31316 
31344 
31372 
31399 
31427 



9501 5 32832. 
95006^32859 
94997 j 32887 
94988 32914 
94979^32942 
94970' 32969 
94961 32997 
94952 33024 
94943* 33051 
94933 33079 



94457 50 
94447 49 
94438*48 
94428 47 
94418 46 
94409 45 
94399 '44 
94390 43 
94380 j 42 
94370 41 



96433 
96425 
96417 



24 26556 

25 26584 

26 26612 

27 26640 

28 26668 



96440|28123 95964|29793 

28150 95956,29821 

28178 95948 29849 

28206 '95940 29876 

95931 29904 

95923 29932 



95915'29960 



96410 28234 
96402 28262 
96394 28290 
96386 28318 
96379 28346 
29|26696'96371 28374 ' 95890 ; 30043 



95907,29987 
95898 S0015 



95459 
95450 
95441 
95433 
95424 
95415 
95407 
95398 
95389 
95380 



31454 
31482 
31510 
31537 
31565 
31593 
31620 
31648 
31675 
31703 



94924 
94915 
94906 



33106 
33134 
33161 



94361:40 
94351 39 



94888 
94878 
94869 
94860 
94851 
94842 



94342:38 
94897 ! 33 189! 94332 37 
3321 6! 94322* 36 
33244 943 1 3* 35 
33271 94303 JS4 
33298 94293 S3 
33326 94284 32 
33353 94274 31 



30 26724 

31 26752 



96363 28402 95882 

96355 28429,95874 

32 ' 26780 ' 96347 28457 \ 95865 

33 , 26808 , 96340 28485 



£5857 
34'26836 96332!2851S!95849 30182195337 



J" 



30071 J95372 
30098 95363 
30126 95354 
30154195345 



l\* 



:^ 



35,26864 96324 j 28541 
36,26892 96316,28569 
37(26920 96308 28597 
38 ,26948! 96301 28625 



T 

95841 30209 95328 
30237 95319 



95832 

95824 30265,95310 

95816 30292 95301 

39 126976 96293 ,28652 95807 30320 95293 



X 



-I- 



31730 
31758 
31786 
31813 
31841 
31868 
31896 
31923 
31951 
31979 



94832 
94823 
94814J 
94805| 
94795 
94786 
94777: 
94768 
94758 
94749 



33381 
33408 
33436 
33463 
33490 
33518 
33545 
33573 
33600 
33627 



94264 
94254 
94245 
94235 
94225 
94216J25 
94206 24 
94196 23 



94186 
94176 



40 27004 

41 27032 

42 27060 

43 27088 

44 27116 

45 27144 

46 27172 

47 27200 

48 27228 

49 27256 



96285 
96277 
96269 
96261 
96253 
96246 
96238; 
96230 
96222 
96214 



28680 95799 
28708 95791 
28736 95782 
28764 95774 
28792 95766 
28820 95757 
28847,95749 
28875,95740 
28903 95732 
28931 95724 



30348 95284 
30376! 95275 
30403 '95266 
30431 95257 
30459 95248 
30486 95240 
30514'95231 
30542 95222 
30570 95213 
30597 95204 



32006 94740 
32034 94730 
32061 '94721 
32089 94712 
32116,94702 
32144 94693 
32171 '94684 



32199 
32227 
32254 



32282 
32309 
32337 
32364 
32392 
32419 
32447 
32474 
32502 
32529 
32557 



94674 
94665 
94656 



33655; 
33682; 
33710 
33737 
33764 
33792 
1 3381 9 
33846 
33874 
33901 



50 27284 96206 ! 28959 , 957 15 30625 j 951 95 

5 1 273 1 2 96 1 98 j 28987 95707 30653 ' 95 1 86 

52 27340 96190,29015 95698 30680*95177 
53,27368 96182 29042 ( 95690 S0708J95168 
54 27396 96174^29070 95681 30736 95159 
55^27424 96166,29098 95673 30763 95150 
56 27452 96 158! 29 126 95664 30791 95142 
57,27480 96150 29154 95656 30819 95133 

58 27508 96142 29182 95647 30846 95124 

59 27^36^96134 29209 95639 3087495115 
60 1 27564 , 961 26 , 29237 ' 95630 30902 ' 951 06 
| ' | N. cos N. sin N. cos N. sin N. cos N. sin ^.cos N. sin N. cos N.sin 



94646 
94637 
94627 
94618 
94609 
94599 
94590 
94580 
94571 
94561 
94552 



33929 
J33956 

33983 

34011 
! 34038 
j 34065 

34093*1 

34120 
1 34147,. 

34175 ! 

34202 ' 



94167 
94157 
94147 
94137 
94127 
94118 
94108 
94098 
94088 
94078 



94068 
94058 
94049 
94039 
94029 
94019 
94009 
93999 
93989 
93979 
93969 



75° 



72 a 



71° 



70° 



69° 



Digitized oy vjv/V/ 
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20° 


21° | 22° 


23° 


24° 


J 

' 1 


f 

"o 

1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

|20 

21 
22 
;2S 
24 
25 
26 
! 27 
28 
29 


N. sin 


N. cos 


N. sin 


N. coajN. sin N.cos 


N. sin 


N.cos 


N. sin 


N.cos 


34202 
34229 
34257 
34284 
34311 
34339 
34366 
34393 
34421 
34448 


93969 
93959 
93949 
93939 
93929 
93919 
93909 
93899 
93889 
93879 


35837 
35864 
35891 
35918 
35945 
35973 
36000 
36027 
36054 
36081 


93358 
93348 
93337 
93327 
93316 
9330C 
93295 
93285 
93274 
93264 


37461 
37488 
37515 
37542 
37569 
37595 
37622 
37649 
37676 
37703 


92718 
92707 
92697 
92686 
92675 
92664 
92653 
92642 
92631 
92620 


39073 
39100 
39127 
S9153 
39180 
39207 
39234 
39260 
39287 
39314 


92050 
92039 
92028 
92016 
92005 
91994 
91982 
91971 
91959 
91948 


40674 
40700 
40727 
40753 
40780 
40806 
40833 
40860 
40886 
40913 


91355 
91343 
91331 
91319 
91307 
91295 
91283 
91272 
91260 
91248 


60 
59 
58 

57, 
56 , 

55 , 

54 

53 
52 
51 


34475 
34503 
34530 
34557 
34584 
34612 
34639 
34666 
34694 
34721 


93869 
93859 
93849 
93839 
93829 
93819 
93809 
93799 
93789 
93779 


36108 
36135 
36162 
36190 
36217 
36244 
36271 
36298 
36325 
36352 


93253 
93243 
93232 
93222 
93211 
93201 
93190 
93180 
93169 
93159 


37730 
37757 
187784 
87811 
37838 
37865 
37892 
37919 
37946 
37973 


92609 
92598 
92587 
92576 
92565 
92554 
92543 
92532 
92521 
92510 


39341 
39367 
39394 
39421 
39448 
39474 
39501 
39528 
39555 
39581 


91936 
91925 
91914 
91902 
91891 
91879 
91868 
91856 
91845 
91833 


40939 
40966 
40992 
41019 
41045 
41072 
41098 
41125 
41151 
4117S 


91236 
91224 
91212 
91200 
91188 
91176 
91164 
91152 
91140 
91128 


50 
49 
48 

47 l 
46 

45 

44 

43 

42 

41 


34748 
34775 
34803 
34830 
34857 
34884 
34912 
34939 
34966 
34993 


93769 
93759 
93748 
93738 
93728 
93718 
93708 
93698 
93688 
93677 


36379 
36406 
36434 
36461 
36488 
36515 
36542 
36569 
36596 
36623 


93148 
93137 
93127 
93116 
93106 
93095 
93084 
93074 
93063 
93052 


37999 
38026 
38053 
38080 
38107 
38134 
38161 
38188 
38215 
38241 


92499 
92488 
92477 
92466 
92455 
92444 
92432 
92421 
92410 
92399 


39608 
39635 
39661 
39688 
39715 
39741 
39768 
39795 
39822 
39848 


91822 
91810 
91799 
91787 
91775 
91764 
91752 
91741 
91729 
91718 


41204 
41231 
41257 
41284 
41310 
41337 
41363 
41390 
41416 
41443 


91116 
91104 
91092 
91080 
91068 
91056 
91044 
91032 
91020 
91008 


40 
39 
38, 

37 
36 
35 
34 
33 
32 
31 


30 

\s\ 

,32 
,SS 
34 

35 
,36 

; S7 
,38 
39 
40 

41 
42 
43 
44 
45 

! 4 ' 
48 

49 


35021 
35048 
35075 
35102 
35130 
35157 
35184 
35211 
35239 
35266 


93667 
93657 
93647 
93637 
93626 
93616 
93606 
93596 
93585 
93575 


36650 
36677 
36704 
36731 
36758 
36785 
36812 
36839 
36867 
36894 


93042 
93031 
93020 
93010 
92999 
92988 
92978 
92967 
92956 
92945 


38268 
38295 
38322 
38349 
38376 
38403 
38430 
38456 
38483 
38510 


92388 
92377 
92366 
92355 
92343 
92332 
92321 
92310 
92299 
92287 


39875 
39902 
39928 
39955 
39982 
40008 
40035 
40062 
40088 
40115 


91706 
91694 
91683 
91671 
91660 
91648 
91636 
91625 
91613 
91601 


41469 
41496 
41522 
41549 
41575 
41602 
41628 
41655 
41681 
41707 


90996 
90984 
90972 
90960 
90948 
90936 
90924 
90911 
90899 
90887 


30 
29 
28, 

27 
26 

25 ; 

24 

23! 
22 

21 


35293 
35320 
35347 
35375 
35402 
35429 
35456 
35484 
35511 
35538 


93565 
93555 
93544 
93534 
93524 
93514 
93503 
93493 
93483 
93472 


36921 
36948 
36975 
37002 
37029 
37056 
37083 
37110 
37137 
37164 


92935 
92924 
92913 
92902 
92892 
92881 
92870 
92859 
92849 
92838 


38537 
38564 
38591 
38617 
38644 
38671 
38698 
38725 
38752 
38778 


92276 
92265 
92254 
92243 
92231 
92220 
92209 
92198 
92186 
92175 


40141 
40168 
40195 
40221 
40248 
40275 
40301 
40328 
40355 
40381 


91590 
91578 
91566 
91555 
91543 
91531 
91519 
91508 
91496 
91484 


41734 
41760 
41787 
41813 
41840 
41866 
41892 
41919 
41945 
41972 


90875 
90863 
90851 
90839 
90826 
90814 
90802 
90790 
90778 
90766 


20 
19 

18! 

17 1 
16! 

15) 

14 
IS 1 

12 

11 


50 

51 
52 

53 

54 

\55 

56 

57 

58 
59 

60 


35565 
35592 
35619 
35647 
35674 
35701 
35728 
35755 
35782 
35810 
35837 


93462 
93452 
93441 
93431 
93420 
93410 
93400 
93389 
93379 
93368 
93358 


37191 
37218 
37245 
37272 
37299 
37326 
37353 
37380 
37407 
37434 
37461 


92827 
92816 
92805 
92794 
92784 
92773 
92762 
92751 
92740 
92729 
92718 


38805 
38832 
38859 
38886 
38912 
38939 
38966 
38993 
39020 
39046 
39073 


92164 
92152 
92141 
92130 
92119 
92107 
92096 
92085 
92073 
92062 
92050 


40408 
40434 
40461 
40488 
40514 
40541 
40567 
40594 
40621 
40647 
40674 


91472 
91461 
91449 
91437 
91425 
91414 
91402 
91390 
91378 
91366 
91355 


41998 
42024 
42051 
42077 
42104 
42130 
42156 
42183 
42209 
42235 
42262 


90753 
90741 
90729 
90717 
90704 
90692 
90680 
90668 
90655 
90643 
90631 


10 
9 
8 
7 
6 
5 
4 
3 
2 
1 



' N.cos|N. sin 


N.cos 

61 


N. sin 


N.cos 


N. sin 


N. cos'N. sin 


N.cos) N. sin| ' 


|l 1 •• 


J° 


67° 


66° 


65° 1 
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415 



50° 



31° 



|N»sinjN. cos N.sin N. cos 



O 50000 

1 1*0025 1 
2,50050 
3 50076j 
4|5010l! 
550126 
6 '50151 
7150176 
8 '50201 
9 50227 



86603 
86588 ' 
86573 
86559 
86544; 
86530 
86515 
86501 
86486 
86471 



10 
11 

12 
13 
•14 
15 

16 
17 

|18 

; i£ 

J20 
121 
122 
23 
24 
25 
26 
27 
28 
29 



50252 
50277 
50302 
50327 
50352 
50377 
50403 
50428 
50453 



51504 
51529 
51554 
51579 
51604 
51628 
51653 
51678 
517031 
51728 



85717 
85702 
85687 
85672 
85657 
85642 
85627 
85612 
85597 
85582 



32° 



33° 



N. shi N. cos| N. sin N. cos 



86457 
86442 
86427 
86413 
86398 
86384 
86369 
86354 
86340 



50478 86325 






51753 
51778 
[51803 
51828 
|51852 
51877 
51902 
51927 
51952 
51977 



52992 
53017 
53041 
53066 
53091 
53115 
53140 
53164 
53189 
53214 



84805 54464 
84789 54488 
84774 54513 
84759 54537 
84743 54561 
84728 54586 
8471254610 
84697 54635 
84681 54659 
84666 54683 



85567 

85551 

85536 

85521 153312 84604 

85506 



85491 
85476 
85461 
85446 
85431 



53238 84650 
53263 84635 
53288 84619 

2,8 
53337 84588 
53361.84573 
53386,84557 
53411 84542 
53435 84526 
53460, 84511 



54708 
54732 
54736 
54781 
54805 
54829 
54854 
54878 
54902 
54927 



83867 
83851 
83835 
83819 
83804 
83788 
83772 
83756 
83740 
83724 



83708 
83692 
83676 
83660 
83645 
83629 
83613 
83597 
83581 
83565 



34° 



N.sin N.cos 



55919 
55943 
55968 
55992 
56016 
56040 
56064 
56088 
56112 
56136 



56160 
56184 
56208 
56232 
56256 
56280 
56305 
56329 
56353 
56377 



82904 
82887 
82871 
82855 
82839 
82822 
82806 
82790 
82773 
82757 



82741 
82724 
82708 
82692 
82675 
82659 
82643 
82626 
82610 
82593 



60 
59 
58 
57 
56 
55 
54 
53 
52 
51 



50 
49 
48 
47 
46 
45 
44 
43 
42 
41 



50503 
50528 
50553 
50578 
50603 
50628 
50654 
50679 



50704 86192 
50729 86178 



30 
31 
32 
S3 
34 
35 
36 
37 
88 
39 



40 

43 

I 44 

45 
46 

47 

48 

49 



86310 
86295 
86281 
86266 
86251 
86237 
86222 
86207 



52002 
52026 
52051 
52076 
52101 
52126 
52151 
52175 
52200 
52225 



85416 
85401 



85385 
85370 
85355 
85340 
85325 
85310 
85294 
85279 



53484 
53509 
53534 
53558 
53583 
53607 
53632 
53656 
53681 
53705 



84495 
84480 
84464 
84448 
84433 
84417 
84402 
84386 
84370 
84355 



54951 
54975 
54999 
55024 
55048 
55072 
55097 
55121 
55145 
55169 



83549 
83533 
83517 
83501 
83485 
83469 
83453 
83437 
83421 
83405 



56401 
56425 
56449 
56473 
56497 
56521 
56545 
56569 
56593 
56617 



82577 
82561 
82544 
82528 
82511 
82495 
82478 
82462 
82446 
82429 



-l« 



50804 86133 , 

5082986119 

50854i86104 . 



50754 86163 52250:85264 
50779;86148|52275!85249 

52299 

52324 

52349 
50879 ! 86089 152374 



50904 86074 52399 



50929 86059 
50954 86045 
50979 86030 



52423 
52448 
52473 



85234 
85218 
85203 
; 851 88 
85173 
85157 
85142 
85127 



53730 84339 
53754 84324 
53779.84308 
53804 84292 
53828 84277 
53853 84261 
53877 84245 
53902:84230 
53926 84214 
53951 84198 



51004 
51029 
51054 
51079 
51104 
51129 
51154 
51179 
51204 
51229 



I 8601 5 
86000 



S5985 
85970 
85956 
85941 
85926 
85911 
85896 
85881 



52498 
52522 
52547 
52572 
52597 
52621 
52646 
52671 
52696 
} 52720 



J85112 
85096 
85081 
85066 
85051 
85035 
85020 
85005 
84989 
84974 



50 



51 
52 
53 
54 



51254 



51279 
51304 
51329 
51354 
55|51379 

56 51404 

57 51429 



58 
59 
60 



85866 
85851 
85836 
85821 
85806 
85792 
85777 
85762 



51454185747 

51479 

51504 



85732 
85717 



52745 
[52770 
52794 
'52819 
52844 
52869 
52893 
52918 
52943 
52967 
! 52992 



53975 
54000 
54024 
54049 
54073 
54097 
54122 



55194 
55218 
55242 
55266 
55291 
55315 
55339 
55363 
55388 
55412 



83389 
83373 
83356 
83340 
83324 
83308 
83292 
83276 
83260 
83244 



56641 
56665] 
56689 
56713 
56736 
56760 
56784 
56808 
56832 
56S56\ 



82413 
82396 
82380 
82363 
82347 
82330 
82314 
82297 
82281 
82264 



84182 
84167 
84151 
84135 
84120 
84104 
84088 



54146 84072 
54171 1 84057 
54195 84041 



55436 
55460 
55484 
55509 
55533 
55557 
55581 
55605 
55630 
55654 



83228 
83212 
83195 
83179 
83163 
83147 
83131 
83115 
83098 
83082 



56880 
56904 
56928 
56952 
56976 
57000 
57024 
57047 
57071 
57095 



82248 
82231 
82214 
82198 
82181 
82165 
82148 
82132 
82115 
82098 



84959 
84943 
84928 
84913 
84897 
84882 
] 84866 
'84851 
84836 
84820 
84805 



54220 84025 
54244 J 84009 
54269:83994 
54293 83978 
54317 83962 
54342 83946 
54366 83930 
54391] 83915 
54415J 83899 
54440 83883 
54464 83867 



55678 83066, 
55702 1 83050 
55726 83034 
55750! 8301 7 
55775:83001 
55799 I 82985 
55823:82969 
55847 82953 
55871 82936 
55895 '82920 
55919 82904 ' 



57119 
57143 
57167 
57191 
57215 
57238 
57262 
57286 
57310 
57334 
57358 



82082 
82065 
82048 
82032 
82015 
81999 
81982 
81965 
81949 
81932 
81915 



40 
39 
38 
37 
36 
35 
34 
33 
32| 
3l| 
30 
29, 
28 
27 ( 
26 
25 
24 
23 
22 
Slj 
20 

19 \ 

18 

"I 
IS 

,3 I 

14 
13' 

12 

11 

8 

i 

i 

3 
2 

i 



N. cos; N. sin* N.cos; N. sin 



N.cos! N.sin 



N. cos , N. sin I N. cos N. sin 



55° 



58° 



57° 



56° 



55° 



:ea Dy vjv/V/ 



S 



<416 



TABLE II. NATURAL BINES. 



\ *s° \ 



36° 



37° 



38° 



J 



39° 



' |N.«d N,w|N^n N.cosN.sin N.cos 



N.an'N.coslN.siniN.eM 



57358 
l'5738l 

2 574Q5 81882J58826j80867 60228 
357429 81865 58849 80850*60251 
4*57453 81848 58873 80833 60274 
5 57477 818S2J58896 80616,60298 
657501 ,81815'58920. 80799 60321 
7!57524 81798 58943 80782,60344 



81915 58779 80902 60182 
81899 58802.80885,60205 

9\K 



8'57548 81782158967,80765 60367 
957572 81765l58990'80748 60390 



10 57596 

11 57619 

12 57643 

13 57667 

14 57691 

15 57715 

16 57738 



rh 



79864 
79846 
79829 
79811 
79793 
79776 
79758 
79741 
79723 
79706 



61566,78801 62932,77715 
61589 78783 62955 77696 
61612 78765 62977 j 77678 



61635 78747 63000:77660 
6165878729 63022.77641 



61681 ,78711 63045 77623 
61704 78694 63068 77605 



61726 78676 63090 77586 



61749,78658 63113 
61772 78640 63135 



77568 
77550 



GO 
59 
58 
57 
56 
55 
54 
53 
52 
51 



81748.59014,80730 ( 

81731 ;59087 ( 8O71S( 

81714 59061 ;80696 I 

81698 59084 80679 1 

81681 159106 80662 l 

81664!591S1;80644 6O529J7960O 

81647,59154 80627 60553; 79583 



79688 
79671 
79653 
79635 
79618 



81631 [59178 J80610 60576 79565 
81614 592O1.80593.6O599I79547 



;l 7 57762 

.18 57786 w. v «~ r 

!l9 57810 81597 59225 ' 8Q576g622 | 79530 



l'« 



V„ 



61795, 78622 J63158 
61818 78604 63180 
61841 ] 78586 63203 
61864 78568 63225 
61 887 j 78550 63248 1 
61909 78532 63271 
61932 78514 63293 1 
61955 78496 63316 
61978 78478 63338 
62001 78460 63361 



77531 
77513 
77494 
77476 
77458 
77439 
77421 
77402 
77384 
77366 



.20 57833 
21 J57857 
'2257881 
,23 57904 

24 57928 

25 57952 



80558.60645 
80541 60668 






57976 
57999 
58023 
58047 



81580'59248 

81563.59272 

81546 59295|80524;60691 

81530 59318 



80507,60714 
8151 3 '59342 j 80489 , 60738 



'I 



"\. 



:i- 



81496 59365:80472 60761 
81479 59389 80455 60784 
81462 59412 80438 60807 



81445 
81428 



!•« 



59436.80420 60630 
59459 80403160853 



79512 
79494 
79477 
79459 
79441 
79424 
79406 
79388 
79371 
79353 



62024 
62046 
62069 
62092 
62115 



78442] 63383 
78424 63406 
78405 63428 
78387 63451 



78369 



62138 78351 



62160 
62183 
62206 
62229 



78333 
78315 
78297 
78279 



63473 
63496 
63518 
63540 
63563 
63585 



77347 
77329 
77310 
77292 
77273 
77255 
77236 
77218 
77199 
77181 



40 
39 

38] 
37 
36; 
35, 
34 
33 
32 
31 



5807081412 
58094 81395 



59482 80386 60876 79335 
59506,80368 60699,79318 



I* 



62251 
62274 



78261 
78243 



58118 81378 59529 80351 60922|79300 
58141 81361 59552,80334 60945 



-l- 



581 65 81 344 
58189]81327 



ZC 



59576,80316 60968 
59599,80299;60991 
5821218131059622 



»l* 



e j c 

58236 81293 
5826081276 
58283 81259 



.59646] 



80282 61015 
80264 61038 



,59669 80247 61061 
59693,80230 61084 



;b 



79282 
79264 
79247 
79229 
79211 
79193 
79176 



62297 78225 
62320.78206 
62342 78188 
62365 78170 
62388 78152 
62411 78134 
62433 78116 
62456,78098 



63608 
63630 
63653 
63675 
63698 
63720 
63742 
63765 
63787 
63810 



77162 
77144 
77125 
77107 
77068 
77070 
77Q51 
77033 
77014 
76996 



30, 

29; 

28 
27 
26 
25 
24 
23; 
22' 
21! 



58307; 

58330 ] 

58354 

58378 

58401 

58425, 

58449, 

58472, 

58496, 

58519 



81242 59716 80212 61107 
81225 59739]80195[61 130 
81208 59763 
81191 59786 



,80178 61153 
80160 61176 



81174!59809!80143'61199 



81157 59832 80125 61222 
81140 59856 80108'61 245 
81123 59879 80091 ]61268 
81106'59902 80073 61291 
8108959926 80056 61314 



-I- 



79158 
,79140 
79122 
79105 
79087 
79069 
79051 
79033 
79016 
78998 



62479.78079 
62502 78061 



62524 
62547 
62570 
62592 
62615 
62638 



78043 
78025 
78007 
77988 
77970 
77952 



62660 77934 
62683 77916 



58543,81072,59949,80038:61337 
58567,81055,59972,80021 



58590 81038 59995 
5861481021 ,60019 
58637] 8 1004 60042 
58661 80987 60065 
58684 8097060069 
58708 80953,60112 
58731,80936,60135 
58755] 8091 9 ,601 58 
58779,80902 60182 



80003 
79986 
79968 
79951 
79934 
79916 
79899 
79881 
79864 



61360 
61383 
61406 
61429 
61451 
,61474 
61497 
61520 
61543 
61566 



1 78980 
78962 
78944 
78926 
78908 
78891 
78873 
78855 
78837 
78819 
78801 



62706 
62728 
62751 
62774 
62796 
62819 
62842 
62864 
62887 
62909 



77897 
77879 
77861 
77843 
77824 
77806 
77788 
77769 
77751 
77733 



63832 
63854 
63877 
63899 
63922 
63944 
63966 
63989 
64011 
64033 



76977 
76959 
76940 
76921 
76903 
76884 
76866 
76847 
76828 
76810 



20 
19 
18, 
17 
16 
15 
14 

13 
12 

11 



64056 76791 
64078 76772 
64100 76754 
64123,76735 
64145,76717 
64167 j 76696 
6419076679 



64212; 76661 



62932 77715 



64234 
64256 
64279 



76642 
76623 
76604 



10 
9 

8 
7 
6 
5 
4 
3 
2 
1 




N. cos N. sin N. cos N. sin N. cos N. sin 



54° 



53° 



52° 



N. cos N, sin 
"51 s 



N.cos N. sin 
5<F~ 



Digitized oy ' 
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40° 



41° 



42° 



43° 



44° 



N.sin N.cos 



64279 
64301 
64323 
64346 
64368 
64390 
64412 
64435 
\64457 
64479 



N.sin N.cos 



76604 
76586 
76567 
76548 
76530 
76511 
76492 
76473 
76455 
76436 



65606 
65628 
65650 
65672 
65694 
65716 
65738 
65759 
65781 
65803 



N.sin N.cos 



75471 
75452 
75433 
75414 
75395 
75375 
75356 
75337 
75318 
75299 



66913 
66935 
66956 
66978 
66999 
67021 
67043 
67064 
67086 
67107 



N.sin N.cos 



74314 
74295 
74276 
74256 
74237 
74217 
74198 
74178 
74159 
74139 



68200 
68221 
68242 
68264 
68285 
68306 
68327 
68349 
68370 
68391 



N.sin N.cos j 



73135 
73116 
73096 
73076 
73056 
73036 
73016 
72996 
72976 
72957 



69466 71934 
69487 ,71914 
69506,71894 
69529 71873 



64549 
69570 
69591 
69612 
69633 
69654 



71853 
71833 
71813 
71792 
71772 
71752 



60 
59 
58, 
57 
56 
55 
54 
53 
52 
51 



64501 
64524 
64546 
64568 
64590 
64612 
64635 
64657 
64679 
64701 



76417 
76398 
76380 
76361 
76342 
76323 
76304 
76286 
76267 
76248 



65825 
65847 
65869 
65891 
65913 
65935 
65956 
65978 
66000 
66022 



75280 
75261 
75241 
75222 
75203 
75184 
75165 
75146 
75126 
75107 



67129 
67151 
67172 
67194 
67215 
67237 
67258 
67280 
67301 
67323 



74120 
74100 
74080 
7406J 
74041 
74022 
74002 
73983 
73963 
73944 



68412 
$8434 
68455 
68476 
68497 
68518 
68539 
68561 
68582 
68603 



72937 
72917 
72897 
72877 
72857 
72837 
72817 
72797 
72777 
72757 



69675 
69696 
69717 
69737 
69758 
69779 
69800 
69821 
69842 
69862 



71732 
71711 
71691 
71671 
71650 
71630 
71610 
71590 
71569 
71549 



50, 

49 l 

48 
47 
46 

45| 
44 
43 

42 

41 



64723 
64746 
64768 
64790 
64812 
64834 
64856 
64878 
64901 
64923 



76229 
76210 
76192 
76173 
76154 
76135 
76116 
76097 
76078 
76059 



66044 
66066 
66068 
66109 
66131 
66153 
66175 
66197 
66218 
66240 



75088 
75069 
75050 
75030 
75011 
74992 
74973 
74953 
74934 
74915 



67344 
67366 
67387 
67409 
67430 
67452 
67473 
67495 
67516 
67538 



73924 
73904 
73885 
73865 
73846 
73826 
73806 
73787 
73767 
73747 



68624 
68645 



72737 
72717 



68666 "72697 



68688 
68709 
68730 
68751 
68772 
68793 
68814 



69883(71529 
69904 71508 
69925 71488 
69946 71468 
69966 71447 
69987 71427 
70008,71407 



72677 

72657 

72637 

72617 

72597|70029;71386 

72577 

72557 , 



70049 1 7 1366 
70070 71345 



40 
39 
38 
37, 
36 
35, 
34 
33 
32 

si! 



64945 
64967 
64989 
65011 
65033 
65055 
65077 
65100 
65122 
65144 



76041 
76022 
76003 
75984 
75965 
75946 
75927 
75908 
75889 
75870 



66262 
66284 
66306 
66327 
66349 
66371 
66393 
66414 
66436 
66458 



74896 
74876 
74857 
74838 
74818 
74799 
74780 
74760 
74741 
74722 



67559 
67580 
67602 
67623 
67645 
67666 
67688 
67709 
67730 
67752 



73728 
73708 
73688 
73669 
73649 
73629 
73610 
73590 
73570 
73551 



68835 
68857 
68878 
68899 
68920 
68941 
68962 
68983 
69004 
69025 



72537 
72517 
72497 
72477 
72457 
72437 
72417 
7239? 
72377 
72357 



70091 
70112 
70132 
70153 
70174 
1 701 95 
70215 



70236 
70257 
70277 



71325 
71305 
71284 
71264 
71243 
71223 
71203 
71182 
71162 
71141 



30 
29* 
28 
27- 
26 
25 
24 
23 
22 

21 
— I 
20 
19| 
18 

17 i 
16 

15 l 
14' 

13 

12[ 

11 

10 
9 
8 
7 
6 
5 
4 
3 
2 
1 




65166 
65188 
65210 
65232 
65254 
65276 
65298 
65320 
65342 
65364 



75651 
75832 
75813 
75794 
75775 
75756 
75738 
75719 
75700 
75680 



66480 
66501 
66523 
66545 
66566 
66588 
66610 



74703 
74683 
74664 
74644 
74625 
74606 
74586 



66632 j 74567 
66653 74548 
66675 74528 



67773 
67795 
67816 
67837 
67859 
67880 
67901 
67923 
67944 
67965 



70298)71121 

70319 71100 

70339 71080 

73472'69109;72277|70360,71059 



73531 69046 
73511 69067 
73491 69088 



72337 
72317 
72297 



~'* 



ii; 



73452]69130j72257i70381 J71039 
73432 69151 |722S6, 70401, 71019 
73413 69172 72216 
73393 691 93 721 96 



70422 70998 
70443 70978 
70463 70957 



73373 69214 72176 

73353 HS9235 , 721 56 i 70484 ( 70937 



65386 
65406 
65430 
65452 
65474 
65496 
65518 
65540 
65562 
65584 
65606 



75661 
75642 
75623 
75604 
75585 
75566 
75547 
75528 
75509 
75490 
75471 



66697 
66718 
66740 
66762 



74509 
74489 
74470 
74451 



66783,74431 
66805 74412 
66827 74392 
66848 74373 
66870,74353 
66891 74334 
66913 74314 



67987 
68008 
68029 
68051 
68072 
68093 
68115 
68136 
68157 
68179 
68200 



73333 
73314 
73294 
73274 
73254 
73234 
73215; 
73195 
73175 
73155, 
73135 



69256 72136 
69277)72116 
69298,72095 
6931 9 72075 
69340 72055 
69^61)72035 
69382 72015 
69403 71995 
69424 71974 
69445 71954 
69466 71934 



70505,70916 
70525,70896 
70546,70875 
70567 70855 
70587 70834 
70608 70813 
70628 70793 
70649 70772 
70670 70752 
70690 70731 
70711 70711 



N.cos 



N.sin 



N.cos' N.sin N.cos N.sin N.cos N.sin N.cos N.sin 



49° 



48° 



47° 
E E 



46° 



45° 



a Dy vjVs/v/ 



a lv 
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III. A Table of Logarithmic Sines and Tangents, to every 
degree and minute of the Quadrant ; the natural radius being 
7cs thousand miUionsy and the logarithmic radius 10. 



Digitized by 
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TAHiiK III. LOG. SINES AND TANGENTS. 



"Si 



LIM 



£ 

Cosine 



Twig. 



Co tang. 



Sine 



Cosine 



Tang. 



Co tang. 



8-71880 
8-72120 
8*72359 
8-72597 
8-72834 
8-73069 
8-73303 
8-73535 
8-73767 
8-73997 



9-99940 
9-99940 
9-99939 
9*99938 
9-99938 
9-99937 
9-99936 
9-99936 
9*99935 
9-99934 



8-71940 
8-72181 
8-72490 
8*72659 
8-72896 
8-73132 
8*73366 
8-73600 
8-73832 
8*74063 



-28060 
•278191 
•27580 
•27341 1 
•27104| 
•26868 
•26634 
•26400 
•26168 
•25937 



8*84358 
8-84539 
8*84718 
8-84897 
8*85075 
8*85252 
8*85429 
8*85605 
8-85780 
8-85955 



9-99894 
9*99893 
9-99892 
9*99891 
9*99891 
9*99890 
9*99889 
9*99888 
9*99887 
9*99886 



8-84464 
8*84646 
8*8482* 
8*85006 
8-85185 
8-85363 
8-85540 
8-85717 
8*85893 
8*86069 



15536 
15354 
15174 
14994 
14815 
14637 
14460 
14283 
14107 
13931 



GO 
59 
58; 

57; 

56 
55, 
54 
53 
52, 
51| 



10 
11 
12 
13 
114 
115 
Il6 
17 
18 
19 



8-74226 
8-74454 
8*74680 
8-74906 
8-75130 
8-75353 
8-75575 
8*75795 
8-76015 
8-76234 



9*99934 
9*99933 
9*99932 
9*99932 
9*99931 
9*99930 
9*99929 
9-99929 
9*99928 
9-99927 



8*74292 
8-74521 
8-74748 
8-74974 
8*75199 
8*75423 
8*75645 
8*75867 
8*76087 
8-76306 



•25708; 
•25479' 
•25252, 
•25026 
•24801 ' 
•24577J 
•24355 
•24133 
•23913 
•23694! 



8*86128 
8-86301 
8-86474 
8-86645 
8-86816 
8*86987 
8*87156 
8-87325 
8-87494 
8-87661 



9-99885 

9 *99oo*r 

9*99883 
9*99882 
9*99881 
9*99880 
9-99879 
9-99879 
9-99878 
9-99877 



8-86243 
8*86417 
8-86591 
8-86763 
8-86935 
8-87106 
8-87277 
8-87447 
8-87616 
8*87785 



13757 
13583 
13409 
13237 
13065 
12894 
12723 
12553 
12384 
12215 



50i 
49 1 

48j 
47 j 
46 
45 
44' 
43 
42! 
41 ! 



,20 

21 
22 
23 
24 
25 
26 
27 
28 
29 



8-76451 
8-76667 
8-76883 
8-77097 
8-77310 
8-77522 
8-77733 
8-77943 
8*78152 
8*78360 



9*99926 
9*99926 
9*99925 
9*99924 
9*99923 
9*99923 
9-99922 
9*99921 
9*99920 
9*99920 



8*76525 
8*76742 
8*76958 
8*77173 
8*77387 
8*77600 
8*77811 
8*78022 
8*78232 
8*78441 



•23475, 
•23258' 
*23042 
*22827| 
•22613! 
•22400 
•22189 
•21978 
•21768 
•21559 



8*87829 
8*87995 
8*88161 
8*88326 
8*88490 
8-88654 
8-88817 
8-88980 
8-89142 
8*89304 



9*99876 
9*99875 
9*99874 
9*99873 
9*99872 
9-99871 
9*99870 
9*99869 
9*99668 
9*99867 



8*87953 
8-88120 
8-88287 
8-88453 
8-88618 
8*88783 
8*88948 
8*89111 
8*89274 
8*89437 



12047 
11880 
11713 
11547 
11382 
11217 
11052 
10889 
10726 
10563 



40 
39' 
38 ( 
37 
36 
35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 



30 
31 
32 
33 
!S4 
35 
!36 
>37 
38 
!39 



8*78568 
8-78774 
8-78979 
8-79183 
8*79386 
8-79588 
8-79789 
8-79990 
8-80189 
8*80388 



9*99919 
9*99918 



8*78649 
8*78855 



9*99917 8*79061 



9*99917 
9*99916 
9*99915 
9-99914 
9*99913 
9*99913 
9*99912 



8-79266 
8-79470 
8-79673 
8-79875 
8-80Q76 
8*80277 
8*80476 



•21351 
•21145 
•20939 
•20734 
•20530 
•20327 
•20125 
•19924 
•19723 
•19524 



8-89464 
8*89625 
8*89784 
8-89943 
8*90102 
8*90260 
8*90417 
8*90574 
8*90730 
8*90685 



9*99866 
9*99865 
9*99864 
9*99863 
9*99862 
9*99861 
9*99860 
9*99859 
9*99858 
9*99857 



8*89598 
8*89760 
8*89920 
8*90080 
8*90240 
8*90399 
8*90557 
8-90715 
8*90672 
8-91029 



10402 
10240 
10080 
1*09920 
1-09760 
1*09601 
1-09443 
1*09285 
1*09(28 
1-08971 



40 

!41 
42 
43 
44 
45 
46 
47 
.48 
49 



8-80585 
8-80782 
8-80978 
8*81173 
8-81867 
8'81560 
8^81 7,53 
8'8.13-H 
8-82194 
8-82324 



9*99911 
9*99910 
9-99909 
£•99909 
9*99908 
9*99907 

jf sFjQfUO 

0*99905 
0-99004 
9-99004 



8*80674 
8-80672 
8*81068 
8-81264 
8-81459 
8*81653 
8-81846 
8*62038 
8 '82230 
8*82420 



19326 

19128 

18932 

18734 8 

18541 

18347 

18154 

17962 

17770 

17580 



8*91040 
8-91195 
8-91349 
91502 
8*91655 
8-91807 
8*91959 
8*92110 
8*92261 
8-92411 



9*99856 
9*99855 
9*99854 
9*99853 
9*99852 
9*99851 
9*99850 
9*99848 
9*99847 
9*99846 



8*91185 
8*91340 
8*91495 
8*91650 
8*91803 
8*91957 
8*92110 
8*92262 
8*92414 
8*92565 



1*08815 
1*08660 
1*08505 
1-08350 
1*08197 
1-08043 
1-07890 
1*07738 
1-07586 
1*07435 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



50] 
51 

a 

54 
55 
36 
51 
\5$ 
59 
GO 



8*82513 
8*82791 
8'82868 
8*83075 
8*90*1 
8*83446 
8 '83630 
8-89813 
8-63996 
8'84177 
H -84858 



9*99903 
9*99902 
9 



8*82610 
8*852799 



17390 
17*>1 



8-92561 
8-92710 



99901-8*82987 
9*99900 S-SS175 



*7013 8*92859 



9*99699 
910098 
9-99898 
9*99897- 
9*9989$ 
9*99895 
9*99894 



8*83361 
8*83547 
8-8373!? 
8*8391*9 
6-84100 
8*8408* 
* -84464 



16825 
16639 
16453 
162*58 
16084 
•45900 
•15718 
15536 



818007 
8-93154 
8*93301 
8*98448 
8-93594 
8-93740 
8-93885 
8-94030 



Co sine Sine Co tang. 

- —- jo 



9*99845 
9-99844 
9*99843 
9*99842 
919841 
9*99840 
9*99839 
9198*36 
9*99887 
9*99836 
9-99834 



8-92716 
8*92866 
813016 
8*93165 
8-93313 
8-93469 
8-93609 
8-93756 
8-93903 
814049 
814195 



1 -07284 
1-07134 
1*06984 
1*06835 
1-06687 
1*06538 
1*06391 
1-06244 
1*06097 
1*05951 
1 -05805 



Tang. 



Co sin 



Sine 



Co tang. 



im 



86° 

mam 



Tapg. 



85° 



■ -" "■ ' ' 



TABLE III. LOG. SINES AND TANGENTS. 



421 



. Sine | Cosine | Tang. | Cotang. 



8-94030 
8-94174 
8-94317 
8-94461 
4 1 8-94603 
5 8-94746 



8-94887 
8-95029 
8-95170 



9'8-95310 



9-99834 
9-99833 
9-99832 
9-99831 
9-99830 
9-99829 
9*99828 
9-99827 
9-99825 
9-99824 



8-94195 
8-94340 
8-94485 
8-94630 
8-94773 
8-94917 
8-95060 
8-95202 
8-95344 
8-95486 



1 1 -05805 
11-05660 
11-05515 
1 1 O5370 
11-05227 
11-05083 
11*04940 
11-04798 
11-04656 
11-04514 



9-01923 
9-02043 
9*02163 
9-02283; 
9-02402 
9-02520 
9-02639 
9-02757 
9-02874 
9-02992 



6° 



Sine I Cosine 



9-99761 
9-99760 
9*99759 
9-99757 
9*99756 
9-99755 
9 99753 
9-99752 
9-99751 
9-99749 



Tang, t Cotang. 



9-02162 
9-02283 
9-02404 
9-02525 
9-02645 
9-02765 
9*02885 
9-03005 
9-03124 
9-03242 



10-97838 
10.97717 
10-97596 
10-97475 
10-97355 
10-97234 
10-97115 
10-96995 
10-96876 
10-96758 



60 
5& 

58 1 
57 
56 
55\ 
54 
53 ' 
52 
51 



108-95450 
1 11 "8-95589 
12' 8-95728 
138-95867 
il4 8-96005 



8-96143 
8-96280 
8-96417 
18 ! 8-96553 
191 8-96689 



9-99823 
999822 
9-99821 
9-99820 
9*99819 
9-99817 
9-99816 
9-99815 
9-99814 
9-99813 



8-95627 
8-95767 
8-95908 
8-96047 
8 -961 87 J 
8-96325 
8-96464 
8*96602 
8-96739 
8-96877 



11-04373 
11-04233 
11-04092 
11-03953 
11-03813 
11-03675 
11-03536 
11-03398 
11-03261 
11-03123 



9-03109 
9 -03226 
9-03342 
9-03458' 
9-03574 
9-03690' 
9-03805 
9-03920; 
9-04034 
9-04149! 



9*99748 
9-99747 
9-99745 
9-99744 
9-99742 
9-99741 
9-99740 
9-99738 
9*99737 
9-99736 



9-03361 
903479 
9-03597 
903714 
30S8S2 
9-03948 
9-04065 
904181 
9-04297 
9-04413 



10-96639 
10-96521 
10-96403 
10*96286 
10-96168 
10-96052 
10-95935 
10-95819 
10-95703 
10-95587 



50 
49 
48 
47 
46 
45 
44 
43 
42 
41 



8-96825 
8*96960 
8-97095 
8-97229 
8-97363 
8-97496 
8-97629 
8-97762 
8-97894 
8-98026 



9-99812 
9-99810 
9-99809 
9-99808 
9-99807 
9*99806 
9-99804 
9-99803 
9*99802 
9*99801 



8-97013 
8*97150 
8*97285 
8-97421 
8*97556 
8-97691 
8-97825 
8-97959 
8-98092 
8-98225 



11-02987 
11-02850 
11*02715 
11*02579 
11*02444 
11*02309 
11*02175 
11*02041 
11-01908 
11*01775 



9*04262 
9*04376 
9-04490 
9*04603 
9*04715 
9*04828; 
9 -04940 : 
9*05052 
9*05164 
9.05275 j 



9-99734 
9-99733 
9-99731 
9*99730 
9*99728 
9*99727 
9*99726 
9*99724 
9 99723 
9-99721 



9*04528 
9*04643 
9*04758 
9*04873 
9*04987 
9*05101 
9*05214 
9*05328 
9*05441 
9*05553 



10-95472 
10-95357 
10*95242 
10*95127 
10*95013 
10*94899 
10*94786 
10-94672 
10-94559 
10-94447 



40 
39 
38 
37 
36 
35 
34 
33 
32 
31 



308-98157 
31 1 8 -98288 
32 8-98419 



8-98549 
8-98679 
8*98808 
8-98937 
8-99066 



38J8-99194 
39 1 8 -99322 



9 99800 
9*99798 
9*99797 
9*99796 
9*99795 
9*99793 
9*99792 
9*99791 
9*99790 
9*99788 



8 -98358 i 
8 -98490 ' 
8 -98622 i 
8 -98753 ! 
8-98884! 
8 -9901 51 
8*99145 1 
8-99275 
8-99405 
8*99534 



11*01642' 
11*01510' 
11*01378; 
11*012471 
11*01116: 
11-00985! 
11*00855! 
11-007251 
11*00595! 
11-00466' 



9*05386 
9*05497 
9*05607 
9-05717 
9*05827 
9*05937 
9*06046 
9-06155 
9*06264 
9*06372 



9*99720 
9-99718 
9-99717 
9*99716 
9*99714 
9*99713 
9*99711 
9*99710 
9 99708 
9*99707 



9*05666 
9*05778 
9*05890 
9*06002 
9*06113 
9*06224 
9*06335 
9*06445 
9*06556 
9*06666 



10-94334 
10*94222 
10-94110 
10.93996 
10-93887 
10-93776 
10*93665 
10*93555 
10*93444 
10-93334 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 



40 8-99450 

41 8-99577 
42,8*99704 
43 ' 8 -99830 
44. 8-99956 
45 9-00082 



9*00207 
9*00332 
9*00456 
9-00581 



9-99787 
9-99786 
9*99785 
9*99783 
9-99782 
9-99781 
9-99780 
9-99778 
9-99777 
9-99776 



8-99662 
8-99791 
8-99919" 
900046 
9O0174 
9-00301 
9*00427 
9*00553 
9-00679 
9*00805 



11-00338! 
11-00209! 
11-00081| 
10-99954! 
10*99826J 
10-99699 
10-99573 
10-99447 
10-99321 
10-99195 



9-06481 
9-06589 
9-06696 
9-06804 
9-06911 
9*07018 
9*07124 
9*07231 
9*07337 
9*07442 



9-99705 
9*99704 
9*99702 
9-99701 
9-99599 
9-99698 
9*99696 
9-99695 
9*99693 
9*99692 



9*06775 
9*06885 
9-06994 
9*07103 
9*07211 
9*07320 
9-07428 
9-07586 
9*07643 
9*07751 



10-93225 
10-93115 
10*93006 
10-92897 
10-92789 
10*92680 
10*92572 
10*92464 
10*92357 
10*92249 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



9*00704 
9-00828 
9-00951 
9-01074 
9-01196 
9-01318 
901440 
9*01561 
9*01682 
9-0 J 803 
9*01923 



9-99775 
9*99773 
9-99772 
9-99771 
9-99769 
9-99768 
9-99767 
9*99765 
9*99764 
9-99763 
9*99761 



9*00930 
9*01055 
9*01179 
9O1303 
9.01427 
9-01550 
9-01673 
9-01796 
9-01918 
9*02040 
9*02162 



10-99070 
10-98945 
10-98821 
10*98697 
10*98573 
10-98450! 
10 -98327 1 
10-98204' 
10*98082: 
10*97960 
10*97838! 



9-07548 
9-07653 
9*07758 
9*07863 
9*07968 
9*08072 
9-08176 
9*08280 
9*08383 
9*08486 
9-08589 



9-99690 
V) -99689 
,9-99687 
9-99686 
9*99684 
9-99683 
9-99681 
9*99680 
9-99678 
9-99677 1 
9-99675, 



9*07858 
9 -07964 
9.08071 
9-08177 
9*08283 
9-08389 
9*08495 
9-08600 
9O8705 
9-08810 
9*08914 



10-92142 
10-92036 
10-91929 
10-91823 
10-91717 
10*91611 
10-91505 
10*91400 
10-91295 
10*91190 
10-91086 



Cosine Sine Cotang. Tang. 



84° 



Cosine 1 Sine ! Cotang. Tang. 



83° 



t e :\ 



Digitized oy vjw/^tiv. 
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TABLK III. LOO. SINES AND TANG EXT*. 



Sine 



7° 
Cosine; TangT 



Cotang. | Sine I Cosine 



8° 



Tang. • Cotang. | 



9-06589 
9*06692 
9-06795 
9*06897 
9-06999 
9O9101 
9-09902 
9-09S04 
6 9-09405 
9-09506 



9-99675 
9*99674 
9-99672 
9-99670 
9-99669 
9-99667 
9-99666 
9-99664 
9-99663 
9-99661 



19-06914 
9O9019 
9-09123 
9-09227 
9-09330 
909434 
9-09537 
9-09640 
9-09742 
9-09845 



10-91086 
10.90981 
10-90877 
10-90773 
10*90670 
10*90566 
10-90463 
10-90360 
10-90258 
10-90155 



14356 9-99575 
•14445:9-99574 
14535 '9-99572 
146249*99570 
147149*99568 
•14803 9-99566 
•14891 9*99565 
'14980 9*99563 
'15069 9*99561 
15157 9*99559 



9-14780 
9-14872 
9*14963 
9-15054 
9*15145 
91523* 
9*15327 
9 15417 
915508 
9*15598 



10-85220 60 
10-85128J59 
1O-85037 58 
10-84946 57 
10-84855J56 
10-84764; 55 
10*84673 54 
10*84583:53 
10*84492.52 
10*84402 51 



9*09606 

9*09707 
9*09807 
9*09907 
9*10006 
9*10106 
9*10205 
9*10304 
9-10402 
9*10501 



9*99659 
9*99658 
9*99656 
9*99655 
9*99653 
9*99651 
9-99650 
9-99648 
9*99647 
9-99645 



9*09947 
10049 
10150 
10252 
10353 
10454 
10555 
10656 
10756 
10856 



10*90053 
10*89951 
10-89850 
10-89748 
10-89647 
10*89546 
10*89445 
10*89344 
10*89244 
10*89144 



15245 
•15333 
•15421 

15506 
•15596 

15683 
•15770 
-15857 
•15944 
-160SO 



9*99557 
9*99556 
9-99554 
9-99552 
9-99550 
9-99548 
9*9954© 
9*99545 
9*99543 
9-99544 



9-15688 
9-15777 
9-15867 
9*15956 
9*16046 
916135 
9-16224 
9-16812 
9*16401 
9*16489 



10-84312 50 
10-84223 49 
10-84133: 48 
10*84044 47 
10-83954 ! 46 
10*83865 45 
10*88776 44 
10*88688 43 
10-83599 42 
10*83511 41 



9*10599 
9*10697 
9*10795 
9*10693 
9-10990 
9*11087 
9*11184 
9*11281 
9*11377 
9*11474 



9*99643 
9-99642 
9*99640 
9*99638 
9-99637 
9*99635 
9*99633 



9*99632 9 



9*99630 
9-99629 



10956 
11056 
11155 
11254 
11355 
11452 
11551 
11649 
11747 
11845 



10*89044 
10*88944 
10*88845 
10*88746 
10-88647 
10*88548 
10*88449 
10*88351 
10*88253 
10*88155 



9*99539 
9*99537 
9-99585 
9*99533 
9*99532 
9-99530 
9*99528 
9*99526 
9-99524 
9*99522 



9-16577 
9-16665 
9-16753 
9*16841 
9*16928 
9*17016 
9-17103 
9*171 90 
9-17277 
9-17363 



10-83423 40 
10*83335 39 
10*83247 38 
10-83159 37 
10-83072 36 
10*82984 35 
10*82897 34 
10*82810 33 
10*82723 32 
10-82637 31 



9-J1570 
9-11666 
9-11761 
9-11857 
9-11952 
9-12047 
9-12142 
9*12236 
9*12331 
9*12425 



9*99627 
9-99625 
9-99624 
9*99622 
9-99620 
9*99618 
9-99617 
9-99615 
9*99613 
9*99612 



11943 
12040 
12138 
12235 
12332 
12428 
12525 
12621 
12717 
12813 



10*88057 
10*87960 
10*87862 
10-87765 
10*87668 
10*87572 
10*87475 
10-87379 
10*87283 
10*87187 



9*99520 
9*99518 
9-99517 
9*99515 
9-99513 
9*99511 
9*99509 
9*99507 
9*99505 
9*99503 



917450 ,10*82550 SO 
9 



17536 
17622 
17708 
17794 
17880 
17965 
18051 
18136 
18221 



10-82464 29 
10*82378 28 
10*82292 27 
10*82206-26 
10*82120 25 
10*82035 24 
10-8194923 
10*81864,22 
10*81779 21! 



40 

41 

42 

43 

44 

45 9 

46 

47 

48 

49 



9*12519 
9-12612 
9*12706 
9-12799 
9-12892 
12985 
9*13078 
9-13171 
9*13263 
9-13355 



9*99610 
9*99608 
9*99607 
9-99605 
9-99603 
9-99601 
9-99600 
9*99598 
9-99596 
9*99595 



12909 
13004 
13099 
13194 
13289 
13384 
13478 
13573 
13667 
13761 



10*87091 
10*86996 
10*86901 
10*86806 
10-8671 1 
10-86616 
10*86522 
10*86427 
10*86333 
10*86239 



17807 
•17890 
•17973 

18055 
•18137 
•18220 

18302 
•18383 

18465 

18547 



9-99501 
9*99499 
9*99497 
9*99495 
9*99494 
9*99492 
9*99490 
9-99488 
9*99486 

Q.QQ4JK4 

«7 Sr*7 1U I 



918306 
9-18391 
9-18475 
9*18560 
9*18644 
9 18728 
9-18812 
9*18896 
9-18979 
9*19063 



10*81694 
10*81609 
10*81525 
10*81440 
10*81356 
10*81272 
10*81188 
10*81104 
10*81021 
10*80987 



9*13447 
9-13539 
9*13630 
9*13722 
9*13813 
9*13904 
9*13994 
9*14085 
9*14175 
9*14266 
9*14356 



9*99593 
9*99591 
9*99589 
9*99588 
9*99586 
9*99584 
9*99582 
9*99581 
9*99579 
9*99577 
9*99575 



13854 
13948 
14041 
14134 
14227 
14320 
14412 
14504 
14597 
14688 
9'14780 



10-86146 
10-86052 
10-85959 
10*85866 
10*85773 
10*85680 
10*85588 
10*85496 
10*85403 
10*85312 
10-85220 



18628 
18709 
18790 
•18871 
•18952 
•19033 
•19113 
•19193 
•19273 
-19353 
-19483 



9*99482 
9*99480 
9*99478 
9*99476 
9*99474 
9-99472 
9-99470 
9-99468 
9*99466 
9*99464 
9*99462 



Cosine 



919146 
9-19229 
9-19312 
9*19395 
9*19478 
9*19561 
9*19643 
9*19725 
9*19807 
9*19889 
9-19971 



10-80854 
10*80771 
10*80688 
10*80605 
10*80522 
10*80439 
10-80357 
10-80275 
10*80193 
10*80111 
10*80029 



Sine 



Cotang. 



Tang. Cosine Sine 



Cotang. 
~5P 



Tang, 



Digitized oy vjv/V/ 
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TABLE III. LOO. SINKS AND TANCLNT8. 
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9° 





1 

2 

3 

4 

5 

6 

7 

8 

_9 

10 

11 

12 

13 

14 

15 

16 

i 17 
18 

(1£ 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



Sine 



9-19433 
9-19513 
9-19592 
9-19672 
9-19751 
9 19830 
919909 
9 19988 
9-20067 
9-20145 



9-99462 
9-99460 
9-99458 
9-99456 
9*99454 
9-99452 
9-99450 
9-99448 
9-99446 
9-99444 



9-20223 
9-20302 
9-20380 
9-20458 
9-20535 
9-20613 
9-20691 
9*20768 
9-20845 
9*20922 



9-20999 
9-21076 
9-21153 
9-21229 
9-21306 
9-21382 
9-21458 
9-21534 
9-21610 
9-21685 



9-21761 
9-21836 
9-21912 
9-21987 
9*22062 
9-22137 
9-22211 
9-22286 
9-22361 
9-22435 



9-22509 
9-22583 
9-22657 
9-22731 
9-22805 
9-22878 
9-22952 
9-23025 
9-23098 
9-23171 



9-23244 
9-23317 
9-23390 
9-23462 
9-23535 
9-23607 
9-23679 
9-23752 
9-238&S 
9-23895 
9-23967 



Cosine 



Cosine. 



919971 
9*20053 
9-20134 
9-20216 
9*20297 
9-20378 
9-20459 
9-20540 
9-20621 
9-20701 



9-99442 
9-99440 
9-99438 
9-99436 
9*99434 
9*99432 
9-99429 
9*99427 
9-99425 
9*99423 



9*99421 
9-99419 
9-99417 
9-99415 
9-99413 
9-99411 
9-99409 
9-99407 
9-99404 
9-99402 



9-99400 
9*99398 
9*99396 
9-99394 
9*99392 
9-99390 
9-99388 
9*99885 
9-99383 
9-99381 



9-99379 
9-99377 
9-99375 
9-99372 
9-99370 
9*99368 
9-99366 
9-99364 
9*99362 
9 99359 



9-99357 
9-99355 
9-99353 
9-99351 
9-99348 
9-99346 
9-99344 
9-99342 
9-99340 
9-99337 
9-99335 



l«mg- 



9-20782 
9-20862 
9-20942 
9-21022 
9-21102 
9*21182 
9-21261 
9*21341 
9-21420 
9-21499 



9-21578 
9-21657 
9-21736 
9-21814 
9*21893 
9-21971 
9^22049 
9-22127 
9-22205 
9*22283 



9-22361 
9*22438 
9-22516 
9-22598 
9-22670 
9-22747 
9-22824 
9*22901 
9*22977 
9*23054 



9*23130 
9*23206 
9*23283 
9*23359 
9-23435 
9*23510 
9*23586 
9*23661 
9-23737 
9*23812 



9*23887 
9*23962 
9*24037 
9*24112 
9*24186 
9*24261 
9*24335 
9*24410 
9*24464 
9*24558 
9*24632 



Sine Cotang. 
80° 



Cotang. 



10*80029 
10*79947 
10*79866 
10-79784 
10-79708 
10-79622 
10-79541 
10-79460 
10-79379 
10-79299 



10-79218 
10-79138 
10-79058 
10-78978 
10-78898 
10-78818 
10-78739 
10-78659 
10-78580 
10-78501 



10*78422 
10-78343 
10*78264 
10*78186 
10*78107 
10-78029 
10*77951 
10*77873 
10-77795 
10-77717 



10-77639 
10-77562 
10-77484 
10-77407 
10-77330 
10-77253 
10-77176 
10-77099 
10-77023 
10-76946 



10-76870 
10-76794 
10-76717 
10-76641 
10-76565 
10-76490 
10-76414 
10-76339 
10-76263 
10-76188 



10-76113 
10-76038 
10-75963 
10-75888 
10-75814 
10-75739 
10-75665 
10-75590 
10*75516 
10-75442 
10-75368 



Tang-. 



10° 



9*23967 
9*24039 
9*24110 
9*24181 
9-24253 
9-24324 
9-24395 
9*24466 
9*24536 
9*24607 



9*24677 
9*24748 
9*24818 
9*24888 
9-24958 
9*25028 
9*25098 
9*25168 
9*25237 
9*25307 



9-99335 
9-99333 
9*99331 
9*99328 
9-99326 
9*99324 
9-99322 
9*99319 
9*99317 
9*99315 



9*25376 
9-25445 
9*25514 
9*25583 
9*25652 
9*25721 
9-25790 
9-25858 
9*25927 
9-25995 



9*26063 
9*26131 
9*26199 
9*26267 
9*26335 
9*26403 
9*26470 
9*26538 
9*26605 
9*26672 



9-26789 
9*26806 
9*26873 
9*26940 
9*27007 
9*27073 
9*27140 
9-27206 
9-27273 
9*27339 



9-27405 
9-27471 
9-27537 
9*27602 
9-27668 
9*27734 
9-27799 
9*27864 
9 27930 
9*27995 
9*28060 



Cosine Sine 



Cosine 



9 99313 
9*99310 
9*99306 
9*99306 
9*99304 
9*99301 
9*99299 
9-99297 
9*99294 
9*99292 



9*99290 
9*99288 
9*99285 
9*99283 
9-99281 
9*99278 
9*99276 
9*99274 
9*99271 
9*99269 



9*99267 
9*99264 
9*99262 
9*99260 
9*99257 
9*99255 
9-99252 
9*99250 
9*99248 
9*99245 



9*99243 
9-99241 
9*99238 
9*99236 
9-99233 
9-99231 
9*99229 
9*99226 
9*99224 
9-99221 



9*99219 
0-99217 
9-99214 
9*99212 
9*99209 
9*98207 
9*99204 
9*99202 
9*99200 
9*99197 
9-99195 



Tang. | Cotang. 



9*24632 
9*24706 
9-24779 
9*24853 
9*24926 
9*25000 
9*25073 
9*25146 
9*25219 
9*25292 



10*75368 
10*75294 
10*75221 
10*75147 
10*75074 
10-75000 
10-74927 
10-74854 
10-74781 
10-74708 



9*25365 
9-25437 
9-25510 
9*25582 
9*25655 
9-25727 
9-25799 
9*25871 
9*25943 
9*26015 



9 

9*26158 

9*26229 

9*26301 

9*26872 

9*26443 

9*26514 

9*26585 

9*26655 

9*26726 



9*26797 
9*26867 
9*26937 
9*27008 
9*27078 
9*27148 
9-27218 
9*27288 
9-27357 
9*27427 



9-27496 
9-27566 
9*27635 
9*27704 
9*27773 
9-27342 
9*27911 
9*27980 
9*28049 
9-28117 



9*28186 
9*28254 
9*28323 
9*28391 
9*28459 
9*28527 
9-28595 
9*28662 
9*28730 
9*28798 
9*28865 



10*74635 
10*74563 
10*74490 
10*74418 
10*74345 
10-74273 
10*74201 
10*74129 
10*74057 
10*73985 



60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 



10*7^914 
10*73842 
10*73771 
10*78699 
10-73628 
10*73557 
10*73486 
10*78415 
10*73345 
10*73274 



10-73203 
10*73133 
10*73063 
10*72992 
10-72922 
10-72852 
10-72782 
10-72712 
10-72643 
10-72573 



10-72504 
10-72434 
10-72365 
10-72296 
10-72227 
10-72158 
10-72089 
10-72020 
10*71951 
10*71883 



10*71814 

10*71746 

10*71677 

10-71609 

10-71541 

10-7147* 

10-71405 

10-71838 

10-71270 

10-71202* 

1C-71135' 



40 
39 
38 
87 
36 
35 
34 
33 
32 
31 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



10 
9 
8 
7 
6 
5 
4 
3 
2 
1 
01 



Cotang. Tang. 



79° 



E E 4 



JgLK 
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425 



| is 


14° 


/ 


Sine 


Cosine 


Tang. 


Cotang 


Sine 


Cosine 


Tang. '•) Cotang 


i 


i ° 
1 

2 
3 
4 

5 
6 

7 
8 
9 


9 35209 
9-35263 
9 '3531 8 
9-35373 
9-35427 
9-35481 
9-35536 
9-35590 
9*35644 
9-35698 


9*98872 
9*98869 
9*98867 
9-98864 
9*98861 
9*98858 
9-98855 
9-98852 
998849 
9*98846 


9-36336 
9-36394 
9-36452 
9*36509 
936566 
9-36624 
9*36681 
9*36738 
9*36795 
9*36852 


10-63664 
10*63606 
10*63548 
10-63491 
10-63434 
10*63376 
10-63319 
1063262 
10*63205 
10*63148 


9-38368 
9 38418 
938469 
9*38519 
9-38570 
9-38620 
9*38670 
9*38721 
9*38771 
9*38821 


9*98690 
9*98687 
9-98684 
9-98681 
9*98678 
9*98675 
9*98671 
9*98668 
9-98665 
9*98662 


9*39677 
9*39731 
9-39785 
9 39838 
939892 
9-39945 
9-39999 
9*40052 
9*40106 
9*40159 


10-60323 
10*60269 
10*60215 
10*60162 
10*60108 
10-60055 
10*60001 
10*59948 
10*59894 
10*59841 


60 
59 
58 
57 
56 t 
55 
54 
53 
52 
51! 


;io 

111 

|1S 

i ls 

14 
15 
16 

18 
19 


9-35752 
9 35806 
9*35860 
9*35914 
9-35968 
9-36022 
9-36075 
9*36129 
9-36182 
9*36236 


9*98843 
9-98840 
9-98837 
9*98834 
9-98831 
9*98828 
9-98825 
9-98822 
9-98819 
9-98816 


9*36909 
9-36966 
9-37023 
9*37080 
9*37137 
9*37193 
9*37250 
9-37306 
9-37363 
9-37419 


10*63091 
10-63034 
10*62977 
10*62920 
10*62863 
10-62807 
10-62750 
10-62694 
10-62637 
10-62581 


9-38871 
9*38921 
9*38971 
9*39021 
9*39071 
9-39121 
9*39170 
9*39220 
939270 
9*39319 


9*98659 
9*98656 
9-98652 
9*98649 
9*98646 
9*98643 
9-98640 
9*98636 
9*98633 
9*98630 


9-40212 
9 40266 
9*40319 
9*40372 
9*40425 
9*40478 
9*40531 
9 40584 
9-40636 
9-40689 


10*59788 
10*59734 
10*59681 
10*59628 
10-59575 
10*59522 
10*59469 
10-59416 
10-59364 
10-59311 


50 
49 
48! 
47, 
46, 
45 
44; 

43 i 
42 

41 


20 
21 
22 
23 
24 
25 
26 
27 
28 
29 


9*36289 
9-36342 
9-36395 
9-36449 
9-36502 
9*36555 
9-36608 
9-36660 
936713 
936766 


9*98813 
9*98810 
9-98807 
9*98804 
9*98801 
9-98798 
9*98795 
9-98792 
9*98789 
9*98786 


9-37476 
9*37532 
9-37588 
9*37644 
9*37700 
9-37756 
9*37812 
9-37868 
9*37924 
9-37980 


10*62524! 
10*62468 
10*62412 
10*62356; 
10-62300 
10-62244 
10-62188) 
10-62132 
10-62076 
10-62020 


9*39369 
9-39418 
9-39467 
9-39517 
9-39566 
9-39615 
9-39664 
9-39713 
9 39762 
9-39811 


9*98627 
9*98623 
9*98620 
9-98617 
9*98614 
9*98610 
9*98607 
9*98604 
9*98601 
9*98597 


9*40742 
9*40795 
9 40847 
9*40900 
9*40952 
9-41005 
9*41057 
9*41109 
9*41161 
941214 


10-59258 
10*59205 
10*59153 
10*59100 
10*59048 
10-58995 
10-58943 
10-58891 
10-58839 
10-58786 


40 i 
39, 
38 
37, 
36 ( 
35, 
34 
33 
82 
31 


30 
31 
32 
33 
34 
35 
36 
37 
38 
39 


9-36819 
9-36871 
9-36924 
9-36976 
9-37028 
9-37081 
9-37133 
9-37185 
9-37237 
9-37289 


9*98783 
9-98780 
9*98777 
9*98774 
9*98771 
9-98768 
9*98765 
9-98762 
9*98759 
9-98756 


9-38035 
9-38091 
9-38147 
9-38202 
9-38257 
9-38313 
9*38368 
9*38423 
9-38479 
9-38534 


10*61965 
10*61909 
10-61853 
10-61798 
10*61743 
10*61687 
10-61632 
10-61577 
10-61521 
10*61466 


9 39860 
9*39909 
9-39958 
9-40006 
9-40055 
9*40103 
9*40152 
9*40200 
9-40249 
9*40297 


9*98594 
9-98591 
9*98588 
9*98584 
9*98581 
9*98578 
9 98574 
9*98571 
9*98568 
9*98565 


9-41266 
9*41318 
9*41370 
9-41422 
9-41474 
9*41526 
9-41578 
9-41629 
9*41681 
9*41733 


10-58734 
10*58682 
10-58630 
10-58578 
10-58526 
10*58474 
10*58422 
10*58371 
10-58319 
10-58267 


30 ( 
29, 
28, 
27, 
26 
25 
24 

23; 

22 
21 


40 

41 
42 
43 
44 
45 
46 
47 
48 
49 


9-37341 
9-37393 
9-37445 
9-37497 
9-37549 
9-37600 
9-37652 
9-37703 
9-37755 
9-37806 


9.98753 
9.98750 
9.98746 
9.98743 
9.98740 
9.98737 
9.98734 
9.98731 
9.98728 
9.98725 


9-38589 
9-38644 
9-38699 
9-38754 
9*38808 
9-38863 
9*38918 
9*38972 
9-39027 
9-39082 


10-61411 
10*61356 
10*61301 
10*61246 
10*61192 
10*61137 
10*61082 
10*61028 
10-60973 
10*60918 


9-40346 
9-40394 
9*40442 
9*40490 
9*40538 
9-40586 
9-40634 
9*40682 
940730 
9-40778 


9*98561 
9*98558 
9-98555 
9-98551 
9*98548 
9*98545 
9*98541 
9*98588 
9-98535 
9-98531 


9*41784 
9-41836 
9-41887 
9*41939 
9*41990 
9-42041 
9-42093 
9*42144 
9*42195 
9*42246 


10*58216 
10*58164 
10*58113 
10*58061 
10-58010 
10-57959 
10*57907 
10-57856 
10-57805 
10-57754 


20 
19 
18 
17 
16 
15 
14 
13 
12 
11 


50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9*37858 
9-37909 
9-37960 
9-38011 
9-38062 
9-38113 
9-38164 
9-38215 
9*38266 
9-38317 
9-38368 


9*98722 
9-98719 
9-98715 
9-98712 
9-98709 
9-98706 
9*98703 
9*98700 
9*98697 
9-98694 
9*98690 


9-39136 
9-39190 
9-39245 
9-39299 
9-39353 
9-39407 
9*39461 
9*39515 
9*39569 
9-39623 
9*39677 


10-60864 
10*60810 
10*60755 
10*60701 
10-60647 
10-60593 
10-60539 
10*60485 
10-60431 
10*60377! 
10*60323 


9*40825 
9-40873 
9-40921 
9*40968 
9*41016 
9*41063 
9*41111 
9-41158 
941205 
9*41252 
9*41300 


9*98528 
9*98525 
9*98521 
9*98518 
9*98515 
9-98511 
9*98508 
998505 
9-98501 
9-98498 
9*98494 


9*42297 
9*42348 
9-42399 
9-42450 
9*42501 
9*42552 
9*42603 
9-42653 
9*42704 
9*42755 
9*42805 


10*57703 
10*57652 
10*57601 
10*57550 
10*57499 
10-57448 
10-57397 
10-57347 
10-57296 
10*57245 
10*57195 


10 
9 
8 
7 
6 

\ 


•' ( 


Cosine 


Sine 


Cotang 


Tang. 


Cosine 


Sine 


Cotang 


Tang. 


76° 


75° 
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17° 



HP 

Tang. 



Sine | Cosine Tang. 



Cotang. 



Sine 



Cosine 



Cotang. 



9*46594 
9*46635 
9*46676 
9*46717 
9*46758 
9*46800 
9*46841 
9*46882 
9*46923 
9*46964 



9*98060 
9*98056 
9*98052 
9*98048 
9*98044 
9*98040 
9*98036 
9*98032 
9*98029 
9*98025 



9*48534 
9*48579 
9*48624 
9*48669 
9*48714 
9*48759 
9*48804 
9*48849 
9*48894 
9*48939 



10*51466 
10*51421 
10*51376 
10*51331 
10*51286 
10*51241 
10*51196 
10*51151 
10*51106 
10-51061 



9*48998 
9*49087 
9*49076 
9*49115 
9*49153 
9*49192 
9*49231 
9*49269 
9*49308 
9*49347 



9*97821 
9*97817 
9*97812 
9*97808 
9-97804 
9*97800 
9*97796 
9*97792 
9*97788 
9*97784 



9*51178 
9 51221 
9*51264, 
9*51306 
9*51349 
9*51392 
9*51435 
9*51478 
9*51520 
9*51563 



10*48822 
10*48779 
10*48736 
10*48694 
10*48651 
10*48608 
10*48565 
10*48522 
10*48480 
10*48437 



10 
11 

!l2 
IS 
14 

15 

16 
17 
18 
19 



47005 ^ 

■47045 

'47086 

•47127 

•47168 

•47209 

•47249 

•47290 

•47330 

•47371 



98021 
9*98017 
9*98013 
9*98009 
9*98005 
9*98001 
9*97997 
9*97993 
9*97989 
9*97986 



9*48984 
9*49029 
9*49073 
9*49118 
9*49163 
9*49207 
9*49252 
9*49296 
9*49341 
9*49385 



10*51016 
10*50971 
10*50927 
10*50882 
10*50837 
10*50793 
10*50748 
10*50704 
10*50659 
10*50615 



9 49385 
9*49424 
9*49462 
9*49500 
9*49539 
9*49577 
9*49615 
9*49654 
9*49692 
9*49730 



9*97779 
9*97775 
9*97771 
9*97767 
9*97763 
9*97759 
9*97754 
9*97750 
9*97746 
9*97742 



951606 
9*51648 
9*51691 
9*51734 
9*51776 
9*51819 
9*51861 
9*51903 
9*51946 
9*51988 



10*48394 
10*48352 
10*48309 
10*48266 
10*48224 
10*48181 
10*48139 
10*48097 
10*48054 
10*48012 



20 
21 
22 
23 
24 
<25 
1 26 
|*7 
28 
29 



9*47411 
9*47452 
9*47492 
9*47533 
9*47573 
9-47613 
9*47654 
9*47694 
9*47734 
9*47774 



9*97982 
9*97978 
9*97974 
9*97970 
9*97966 
9*97962 
9*97958 
9*97954 
9*97950 
9*97946 



9*49430 
9*49474 
9*49519 
9*49563 
9*49607 
9*49652 
9*49696 
9*49740 
9*49784 
9*49828 



10*50570 
10*50526 
10*50481 
10-50437 
10*50393 
10*50348 
10*50304 
10*50260 
10-50216 
10*50172 



9*49768 
9*49806 
9*49844 
9*49882 
9*49920 
9*49958 
9-49996 
9*50034 
9*50072 
9*50110 



9-97738 
9*97734 
9*97729 
9*97725 
9*97721 
9*97717 
9*97713 
9*97708 
9*97704 
9*97700 



9*52031 
9*52073 
9*52115 
9*52157 
9*52200 
9*52242 
9*52284 
9*52326 
9*52368 
9*52410 



10*47969.40 
10*47927 39 
10*47885 38 
10*4784337 
10*47800' 36 
10*47758 35 
10*4771 6. 34 
10*47674,33 
10*47632:32 
10*47590 31 



30 

i 31 
32 

,33 

I 34 

35 

36 

37 
'S8 
39 



9*47814 
9*47854 
9*47894 
9*47934 
9*47974 
9*48014 
9*48054 
9*48094 
9*48133 
9*48173 



9*97942 
9*97938 
9*97934 
9*97930 
9*97926 
9*97922 
9*97918 
9*97914 
9*97910 
9-97906 



9*49872 
9*49916 
9*49960 
9*50004 
9*50048 
9*50092 
9*50136 
9*50180 
9*50223 
9*50267 



10*50128 
10*50084 
10-5004O 
10*49996 
10*49952 
10*49908 
10*49864 
10*49820 
10*49777 
10*49733 



9*50148 
9*50185 
9*50223 
9*50261 
9*50298 
9*50336 
9*50374 
9*50411 
9*50449 
9*50486 



9*97696 
9*97691 
9*97687 
9*97683 
9*97679 
9*97674 
9*97670 
9*97666 
9*97662 
9*97657 



9*52452 
9*52494 
9*52536 
9*52578 
9*52620 
9*52661 
9*52703 
9*52745 
9*52787 
9*52829 



10*4754830 
10*47506 29 
10*47464 28 
10*47422 27 
10-47380J26 
10*47339 25 
10*47297 24 
10*47255 23 
10-47213 1 22 
10*47171 21 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



9*48213 
9*48252 
9*48292 
9*48332 
9*48371 
9*48411 
9*48450 
9-48490 
9*48529 
9*48568 



9*97902 
9*97898 
9*97894 
9*97890 
9*97886 
9*97882 
9*97878 
9*97874 
9*97870 
9*97866 



9*50311 
9*50355 
9*50398 
9*50442 
9*50485 
9*50529 
9*50572 
9*50616 
9*50659 
9*50708 



10-49689 
10*49645 
10*49602 
10*49558 
10*49515 
10*49471 
10*49428 
10*49384 
10*49341 
10*49297 



9*50523 
9*50561 
9*50598 
9*50635 
9*50673 
9*50710 
9*50747 
9*50784 
9*50821 
9*50858 



9*97653 
9*97649 
9*97645 
9*97640 
9*97636 
9*97632 
9*97628 
9*97623 
9*97619 
9*97615 



9*52870 
9*52912 
9*52953 
9*52995 
9*53037 
9*53078 
9*53120 
9*53161 
9*53202 
9*53244 



10*4713020 
10*47088 19 
10*47047 18 
10*47005 17 
10*46963 16 
10*46922 15 
10*46880 14 
10*46839; IS 
10-46798 12 
10-46756:11 



50 
51 
52 

'53 
54 
55 
56 
57 
58 

I 59 
60 



9*48607 
9*48647 
9*48686 
9-48725 
9*48764 
9*48803 
9*48842 
9*48881 
9*48920 
9*48959 
9*48998 



9*97861 
9*97857 
9*97853 
9*97849 
9*97845 
9*97841 
9*97837 
9*97833 
9*97829 
9*97825 
9*97.821 



9*50746 
9*50789 
9*50833 
9*50876 
9*50919 
9*50962 
9*51005 
9*51048 
9*51092 
9*51135 
9*51178 



10*49254 
10*49211 
10*49167 
10-49124 
10*49081 
10*49038 
10*48995 
10*48952 
10*48908 
10*48865 
10*48822 



9*50896 
9*50933 
9*50970 
9*51007 
9*51043 
9*51080 
9*51117 
9*51154 
9*51191 
9*51227 
9*51264 



9*97610 
9*97606 
9*97602 
9*97597 
9*97593 
9*97589 
9*97584 
9*97580 
9*97576 
9*97571 
9*97567 



9*53285 
9*53327 
9*53368 
9*53409 
9*53450 
9*53492 
9*53533 
9*53574 
9*53615 
9*53656 
9*53697 



10-46715 
10*46673 
10*46632 
10*46591 
10*46550 
10-46508 
10*46467 
10*46426 
10*46385 
10*46344 
10*46303 



Cosine Sine Cotang. Tang. 

72 s 



Cosine Sine Cotang. Tang. 



71° 



d 



Digitized oy " 



JgLK 
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TAliLB III. LOG. SINES AND TANG K NTS. 



1 19° j| 20° 


f 


Sine 


Cosine 


Tang. 


Cotang. 


| 8 ; ne 


Cosine j Tang. 1 Cotang. 


|1 





951264 


9 97567 


9*53697 


10*46303 


9-53405 


9*97299 ,9-56107 , 10-43893 


60 


I 


9-51301 


9-97563 


9-53738 


10*46262 


l" d9nv 


9 -97294 j 9 -561 46 10*43854 


59 


2 


9-51338 


9-97558 


9*53779 


10*46221 


9-53475 


9*97289 9-56185 


10-43815 


58 


3 


9-51374 


9-97554 


9-53820 


10*46180 


19*53509 


9*97285 9*56224 


10*43776 


57 


4 


9 51411 


9*97550 


9-53861 


10-46139 


19-53544 


9 -97280 j 9 -56264 


10*43736 


56 


5 


9-51447 


9*97545 


9*53902 


10*46098 


j9 -53578 


9*97276 


9*56303 


10-43697 


55 


6 


9*51484 


9-97541 


9-53943 


10-46057 


9-53613 


9*97271 


9*56342 


10-43658 


54. 


7 


9-51520 


9-97536 


9*53984 


10-46016 


9-53647 


9*97266 


9*56381 


10*43619 


53 j 


8 


9-51557 


9 97532 


9-54025 


10-45975 


9-53682 


9*97262 


9-56420 


10*43580 


52 


9 


9-51593 


9*97528 


9*54065 


10-45935 


9-53716 


9*97257 


9*56459 


10*43541 


51 


10 


9-51629 


9 97523 


9*54106 


10-45894 


9-53751 


9*97252 


9*56498 


10*43502 


50 


11 


9-51666 


9*97519 


9*54147 


10*45853 


9-53785 


9*97248 


9*56537 


10*43463 


49 


12 


9*51702 


9*97515 


954187 


10-45813 


9-53819 


9 97243 


9*56576 


10*43424 


48 


13 


9-51738 


9*97510 


9-54228 


10-45772 


9-53854 


9*97238 


9*56615 


10*43385 


47 


14 


9-51774 


9-97506 


9-54269 


10-45731 


9-53888 


9*97234 


9*56654 


10*43346 


46 


15 


9-51811 


9*97501 


9-54309 


10*45691 


9-53922 


9-97229 


9*56693 


10*43307 


45 


16 


9-51847 


9*97497 


9*54350 


10-45650 


9-53957 


9*97224 


9*56732 


10-43268 


44 


17 


9*51883 


9*97492 


9-54390 


10-45610 


9-53991 


9*97220 


9*56771 


10*43229 


43 


18 


9-51919 


9*97488 


9-54431 


10-45569 


9*54025 


9*97215 


9*56810 


10-43190 


42 


19 


9 51955 


9 97484 


9-54471 


10-45529 


9-54059 


9*97210 


9-56849 


10*43151 


41 


j20 


9-51991 


9-97479 


9*54512 


10-45488 


9-54093 


9-97206 


9*56887 


10*43113 


40 


i 21 


9-52027 


9-97475 


9-54552 


10-45448 


9-54127 


9*97201 


9*56926 


10-43074 


39 


22 


9-52063 


9-97470 


9*54593 


10-45407 


9*54161 


9*97196 


9*56965 


10*43035 


38 


23 


9-52099 


9-97466 


9*54633 


10-45367 


9-54195 


9*97192 


9*57004 


10*42996 


37 


i 24 


9-52135 


9*97461 


9-54673 


10-45327 


9*54229 


9*97187 


9*57042 


10*42958 


36 


25 9-52171 


9*97457 


9-54714 


10*45286 


9-54263 


9 97182 


9-57081 


10*42919 


35 


26 


9-52207 


9-97453 


9-54754 


10-45246 


9*54297 


9*97178 


9*57120 


10-42880 


34 


27 


952242 


9*97448 


9-54794 


10-45206 


9-54331 


9*97173 


9-57158 


10*42842 


S3 


,28 


9-52278 


9-97444 


9 54835 


10-45165 


9-54365 


9*97168 


9*57197 


10*42803 


32 


■29 


952314 


9*97439 


9 54875 


10-45125 


9-54399 


9*97163 


9*57235 


10*42765 


31 


30 


9-52350 


9-97435 


9-54915 


10-45085 


9-54433 


9-97159 


9*57274 


10*42726 


SO 


31 


9*52385 


9-97430 


9-54955 


10-45045 


9 54466 


9*97154 


9*57312 


10*42688 


29 


32 


9*52421 


9*97426 


9-54995 


10-45005 


9*54500 


9-97149 


9*57351 


10*42649 


28 


33 


9*52456 


9*97421 


9-55035 


10-44965 


9-54534 


9*97145 


9*57389 


10*42611 


27 


! 34 


9-52492 


9*97417 


9*55075 


10-44925 


9-54567 


9*97140 


9*57428 


10*42572 


26 


J35 


9-52527 


9*97412 


9-55115 


10-44885 


9*54601 


9*97135 


9*57466 


10 42534 


25 


36 


9-52563 


9*97408 


9*55155 


10-44845 


9-54635 


9*97130 


9*57504 


10*42496 


24 


37 


9-52598 


9-97403 


9-55195 


10-44805 


9*54668 


9*97126 


9*57543 


10*42457 


23 


38 
| 39 


9-52634 


9*97399 


9*55235 


10-44765 


9-54702 


9*97121 


9*57581 


10*42419 


22 


9-52669 


9-97394 


9-55275 


10-44725 


9-54735 


9-97116 


9*57619 


10*42381 


21 


40 


9-52705 


9*97390 


9-55315 


10-44685 


9 54769 


9-97111 


9*57658 


10*42342 


20 


41 


9-52740 


9*97385 


9-55355 


10-44645 


9-54802 


9*97107 


9*57696 


10*42304 


19 


42 


9-52775 


9*97381 


9-55395 


10*44605 


9-54836 


9*97102 


9*57734 


10*42266 


18 


'43 


9-52811 


9*97376 


9-55434 


10-44566 


9-54869 


9*97097 


9-57772 


10*48228 


17 


I 44 


9*52846 


9*97372 


9-55474 


10-44526 


9-54903 


9*97092 


9*57810 


10*42190 


16 


'45 


9-52881 


9-97367 


955514 


10*44486 


9-54936 


9*97067 


9*57849 


10*42151 


15 


I 46 


9-52916 


9*97363 


9 55554 


10-44446 


9*54969 


9*97083 


9*57887 


10*42113 


14 


47 


9-52951 


9*97358 


9-55593 


10-44407 


9*55003 


9*97078 


9*57925 


10*42075 


IS 


48 


9-52986 


9*97353 


9-55633 


10-44367 


9*55036 


9*97073 


9-57963 


10*42037 


12 


49 


9-53021 


9-97349 


9-55673 


10-44327 


9-55069 


9*97068 


9*58001 


10*41999 


11 


50 


9*53056 


9*97344 


9-55712 


10*44288 


9-55102 


9*97063 


9-58039 


10*41961 


10 


51 


9-53092 


9*97340 


9-55752 


10*44248 


9-55136 


9*97059 9 58077 


10*41923 


9 


52 


9-53126 


9*97335 


9-55791 


10*44209 


955169 


9*97054 9*58115 


10*41885 


-8 


53 


9-53161 


9*97331 


9-55831 


10-44169 


9 55202 


9-97049 9-58153 


10*41847 


7 


54 


9-53196 


9*97326 


9-55870 


10-44130 


9*55235 


9*97044|9-58191 


10*41809 


6 


55 


9-53231 


9-97322 


955910 


10-44090 


9*55268 


9*97039,9*58229 


10*41771 


5 


56 


9*53266 


9*97317 


9-55949 


10-44051 


9-55301 


9-97035J9-58267 


10*41733 


4 


57 


9*53301 


9-97312 


9-55989 


10-44011 


9*55334 


9*97030 9-58304 


10*41696 


3 


J58 


9-53336 


9-97308 


9-56028 


10-43972 


9 55367 


9-97025 9-58342 10*41658 


2 


59 


9*53370 


9-97303 


9-56067 


10-43933 


9-55400 


9 97020 9*58380 


10*41620 


1 


60 


9-53405 


9*97299 


9*56107 


10-43893 


9-55433 


9 97015 9*58418 


10*41582 





1 


Cosine 


Sine 


Cotang. 


Tang. || Cosine 


Sine 1 Cotang. 1 Tang. 


"T 


! 70° !| 69 o 



Digitized oy "■ 



JgLK 



TABLE 111. LOCi. SIXES AND TANGRNT& 



429 



21° 



Sine i Cosine , Tang, i Cotang. 



22° 



Sine I Cosine | Tang. 



Cotang. 



9-55433 

1 9-55466 

2 955499 
S 9-55532 

4 J 9-55564 

5 9-55597 

6 9-55630 

7 9-55663 

8 J 9-55695 
9,9-55728 



9-97015 
9*97010 
9*97005 
9 97001 
9-96996 
9*96991 
9-96986 
9*96981 
9-96976 
9-96971 



9-58418 
9 58455 
9-58493 
958531 
9*58569 
9-58606 
9-58644 
9*58681 
9-58719 
9-58757 



10-41582 
10-41545 
10-41507 
10-41469 
10-41431 
10-41394 
10-41356 
10-41319 
10-41281 
10-41243 



■57358 
•57389 
•57420 
•57451 
•57482 
•57514 
•57545 
•57576 
•57607 
•57638 



9-96717 
9-96711 
9-96706 
9-96701 
9*96696 
9-96691 
9-96686 
9-96681 
9-96676! 
9*96670 



9*60641 
9 60677 
9*60714 
9-60750 
9-60786 
9*60823 
9-60859 
9-60895 
9-60931 
9 60967 



10-39359 
10-39323 
10-39286 
10-39250 
10-39214 
10-39177 
10-39141 
10-39105 
10-39069 
10-39033 



60, 
59 
58 
57 
56 
55 
54 
53 
52 
51 



10 9-55761 
11 19-55793 
12 9-55826 
13J9-55858 
149-55891 

15 9*55923 

16 9*55956 
17 '9-55988 
18 9-56021 
199-56053 



9-96966 
9-96962 
9-96957 
9*96952 
9*96947 
9*96942 
9-96937 
9-96932 
9-96927 
9-96922 



9*58794 
9-58832 
9*58869 
9-58907 
9-58944 
9-58981 
9-59019 
9-59056 
9 59094 
9-59131 



10-41206 
10-41168 
10-41131 
10-41093 
10-41056 
10-41019 
10-40981 
10-40944 
10-40906 
; 10-40869 



•57669 
•57700 
•57731 
•57762 
•57793 
'57824 
'57855 
•57885 
•57916 
•57947 



9-96665 
9-96660 
9-96655 
9-96650 
9-96645 
9*96640 
9-96634 
9-96629 
9*96624 
9-96619 



,9-61004 
'9-61040 
9-61076 
9*61112 
9*61148 
9-61184 
9*61220 
9-61256 
9*61292 
9*61328 



10-38996 
10-38960 
10-38924 
10-38888 
10-38852 
10*38816 
10-38780 
10-38744 
10-38708 
10-38672 



50 
49 
48 
47 
46 
45 
44 
43 
42 
41 



20 9-56085 

21 9*56118 
22 '9-56150 

23 9*56182 

24 9-56215 
25 : 9*56247 
26 9-56279 
27 19 -56311 

28 9*56343 

29 9-56375 



9-96917 
9*96912 
9*96907 
9*96903 
9*96898 
9*96893 
9*96888 
9*96883 
9-96878 
9*96873 



1 9*59168 
9*59205 
9*59243 
9*59280 
9*59317 
9*59354 
9*59391 
9*59429 
9*59466 
9*59503 



9-56408 
9*56440 
9*56472 
9*56504 
9*56536 
9*56568 
9*56599 
9*56631 
9*56663 
9*56695 



9*96868 
9*96863 
9*96858 
9-96853 
9*96848 
9*96843 
9-96838 
9*96833 
9*96828 
1 9*96823 



9*59540 
19*59577 
9*59614 
i9*59651 
9-59688 
,9 59725 
J 9 -59762 
.9-59799 
J 9 59835 
9-59872 



10-40832 

10-40795 

10-40757 

10*40720 ]9 

10*40683 

10*40646 

10*40609 

10*40571 

10*40534 

10*40497 



9-57978 
9-58008 
9-58039 
•58070 
9-58101 
9-58131 
9-58162 
9-58192 
9-58223 
9-58253 



9-96614 
9-96608 
9*96603 
9-96598 
9-96593 
9*96588 
9*96582 
9*96577 
9*96572 
9-96567 



9*61364 
9-61400 
9*61436 
9*61472 
9-61508 
9-61544 
9*61579 
9-61615 
9*61651 
9-61687 



10*38636 
10*38600 
10-38564 
10*38528 
10-38492 
10-38456 
10-38421 
10-38385 
1038349 
10-38313 



40 
39 
38 
37 
36 
35 
34 
S3 
32 
31 



10-40460 
10-40423 
10-40386 
10-40349 
10-40312 
10-40275 
10-40238 
10*40201 
10-40165 
10-40128 



9*58284 
9-58314 
9-58345 
9-58375 
9-58406 
9-58436 
9.58467 
9-58497 
9-58527 
9-58557 



9-96562 
9*96556 
9-96551 
9*96546 
9*96541 
9-96535 
9-96530 
9-96525 
9-96520 
9-96514 



9-61722 
9-61758 
9 61794 
9*61830 
9*61865 
9*61901 
9*61936 
9-61972 
9*62008 
9 62043 



10-38278 
10-38242 
10-38206 
10-38170 
10-38135 
10-38099 
10-38064 
10-38028 
10-37992 
10*37957 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 



9*56727 i 
9*56759 
9*56790 
9*56822 
9-56854 
9-56886 
9*56917 
9*56949 
9*56980 
9-57012 



9*96818 
9-96813 
9*96808 
9-96803 
9-96798 
9-96793 
9*96788 
9*96783 
9-96778 
9-96772 



9-59909 
9-59946 
j 9 -59983 
9*60019 
9-60056 
9*60093 
9-60130 
9*60166 
9*60203 
9-60240 



9-57044 1 

9-57075 

9-57107. 

9-57138 1 

9-57169 

9-57201 

9*57232 

9-57264 

9*57295 

9*57326' 

9-57858 



10-40091 
10-40054 
10-40017 
10-39981 
10*39944 
10-39907 
10*39870 
10*39834 
10*39797 
10*39760 



9-58588 
9-58618 
9-58648 
9-58678 
9-58709 
9-58739 
9-58769 
9-58799 
9-58829 
9-58859 



9-96509 
9-96504 
9*96498 
9-96493 
9-96488 
9-96483 
9-96477 
9-96472 
9 -96467 1 
9*96461 



9*62079 
9*62114 
9 62150 
9*62185 
9*62221 
9 62256 
9*62292 
9-62327 
9-62362 
9*62398 



10*37921 
10*37886 
10-37850 
10-37815 
10-37779 
10-37744 
10-37708 
10-37673 
10-37638 
10-37602 



9-96767 
9-96762 
9-96757 
9-96752 
9-96747 
9-96742 
9-96737 
9-96732 
9*96727 
9*96722 
9-96717 



9-60276 
9-60313 
9*60349 
9*60386 
9-60422 
9*60459 
9*604951 
9*60532 
9*60568, 
9*60605 
9-60641 



10*39724 
10-39687 
10-39651 
10-39614 
10-39578 
10-39541 
10-39505 
10*39468 
10*39132 
10*39395 
10*39359 



9-58889 
9-58919 
9-58949 
9-58979 
9-59009 
9-59039 
9-59069 
9-59098 
9-591,28 
9-59158 
9-5!) 188 



9-96456 
9 96451 
9 96445 
9*96440 
9 96435 
9-96429 
9-96424 
9-96419 
9-96413 
9-96408 
9 96403 



9*62433 
9*62468 
9*62504 
9*62539 
9*62574 
9*62609 
9-62645 
9*62680 
9 62715 
9-62750 
9-62785 



10-37567 
10-37532 
10-37496 
10-37461 
10*37426 
10*37391 
10-37355 
10*37320 
10-37285 
10-37250 
10-37215 



20 

19 

18 

17 

16 

15 

14 

13 

12 

111 

10 

9 

8 ( 

7 

6 

5. 

4 

3 

2 

1 





Cosine Sine Cotang. Tan", i Cosine Sine Cotang. 



Tang. 



63° 



67° 
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Google 
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Digitized by 



Google 
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TAJSI K III. LOG. SIM'S AND TANGENTS. 



Sine 



971184 
9-71205 
9-71226 
9-71247 
971268 
9-71289 
9*71310 
9-7133! 
9-71352 
9-71373 



Cosine | Tang. CoUng. 



9-93307 
9 93299 
9-93291 
9*93284 
9-93276 
9-93269 
9-93261 
9*93253 
9*93246 
9*93238 



9-77877 
9-77906 
9-77935 
9*77963 
9-77992 
9-78020 
9-78049 
9-78077 
9-78106 
9-78135 



10-22123 
10-22094 
10*22065 
10-22037 
10*22008 
10-21980 
10*21951 
10-21923 
10-21894 
10-21865 



32° 



Sine Cosine 



9-72421 
9-72441 
9-72461 
9-72482 
9-72502 
9-72522 
9 72542 
9*72562 
9-72582 
9-72602 



9-92842 
9-92834 
9*92826 
9*92818 
9-92810 
9-92803 
9*92795 
9*92787 
9-92779 
9*92771 



Tang. 



9*79579 
9-79607 
9-79635 
9-79663 
9-79691 
9-79719 
9-79747 
9-79776 
9*79804 
9*79832 



Cotang. | 



10-20421 
10-20393 
10-20365 
10-20337 
10-20309 
10*20281 
10-20253 
10-20224 
10-20196 
10*20168 



60 
59 
58 
57 
56 
55 
54 
53 

52 
51 

.so; 

49« 
48! 
47] 
46 
45 
44 
43 
42 
41 



!10 

11 
|12 
13 

i" 

115 

16 

17 
18 

19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



9-71393 
9*71414 
9-71435 
9-71456 
9-71477 
9*71498 
9-71519 
9*71539 
9-71560 
9-71581 



9-93230 9 
9*93223 9 
9*93215 9 
993207 9 
9-932009 
993192 9 
9-93184 9 
993177'9 
9*93169 9 
9-93161 9 



78163 
78192 
78220 
78249 
78277 
78306 
78334 
78363 
'78391 
•78419 



10*2183 

10*21808 

10*21780 

10*21751 

10*21723 

10*21694 

10*21666 

10-21637 

10*21609 

10-21581 



9*72622 
9-72643 
9*72663 
9*72683 
9*72703 
9*72723 
9-72743 
9-72763 
9-72783 
9-72803 



9*92763 
9-92755 
9*92747 
9*92739 
9*92731 
9-92723 
9*92715 
9*92707 
9*92699 
9*92691 



9-79860 
9*79888 
9*79916 
9*79944 
9*79972 
9*80000 
9*80028 
9*80056 
9*80084 
9*80112 



10*20140 
10-20112 
10-20084 
10-20056 
10*20028 
10-20000 
1019972 
1019944 
1019916 
1019888 



971602 
9*71622 
9*71643 
9*71664 
9*71685 
9*71705 
9*71726 
9*71747 
9-71767 
9-71788 



9*93154 
9*93146 
9*93138 
9*93131 
9*93123 
9*93115 
9*93108 
9*93100 
9*93092: 
9*93084 



J- 



9*78448 
9*78476 
9*78505 
9*78533 
9*78562 
9*78590 
9-78618 
9-78647 
9-78675 
9-78704 



10*21552 
10*21524 
10*21495 
10*21467 
10-21438 
10*21410 
10*21382 
10*21353 
10*21325 
10*21296 



9*72823 
9*72843 
9-72863 
9*72883 
9*72902 
9*72922 
9*72942 
9-72962 
9-72982 
9-73002 



9*92683 
9*92675 
9*92667 
9*92659 
9*92651 1 
9*92643 
9*92635! 
9*92627 
9*92619 
9*92611 



9*80140 
9*80168 
9*80195 
9*80223 
9*80251 
9*80279 
9*80307 
9-80335 
9*80363 
9*80391 



10* 19860 
1019832 
1019805 
1019777 
1019749 
1019721 
10-19693 
1019665 
10*19637 
1019609 



40 
39 
38 
37 
36 
35 
34 
33 
32 
31 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



9*71809 
9*71829 
9*71850 
9*71870 
9*71891 
9*71911 
9*71932 
9*71952 
9*71973 
9*71994 



9*93077 
9*93069 
9*93061 
9*93053 
9*93046 
9*93038 
9*93030 
9*93022 
9*93014 
9-93007 



978732 
9*78760 
9*78789 
9-78817 
9*78845 
9*78874 
9-78902 
9*78930 
9*78959 
9*78987 



10-21268 
1021240 
10*21211 
10*21183 
10*21155 
10*21126 
10*21098 
10*21070 
10*21041 
10*21013 



9*73022 
9*73041 
9-73061 
9*73081 
9*73101 
9*73121 
9*73140 
9-73160 
9*73180 
9-73200 



9-92603 
9*92595 
9*92587 
9*92579 
9-92571 
9 92563 
9*92555 
9*92546 
9 92538 
9*92530 



9*80419 
9*80447 
9*80474 
9*80502 
9*80530 
9*80558 
9*80586 
9*80614 
9*80642 
9-80669 



1019581 
10-19553 
10-19526 
1019498 
1019470 
1019442 
1019414 
1019386 
1019358 
1019331 



SO 
29 
28 
27 
26 

»! 

24 
23 
22 
21 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



9*72014 
9*72034 
9*72055 
9*72075 ; 
9-72096: 
9*72116 
9-72137 1 
9*72157 
9-72177 
9*72198 



9*92999(9 
9*92991! 9 
9*92983 '9 
9*92976; 9 
9*92968 j 9 
9*92960 9 
9*92952 9 
9-92944 9 
9*92936 9 
9*92929 ! 9 



79015 
79043 
79072 
79100 
79128 
79156 
79185 
79213 
79241 
79269 



10*20985 
10*20957 
10*20928 
10*20900 
10*20872 
10*20844 
10*20815 
10*20787 
10*20759 
10*20731 



9*73219 
9*73239 
19*73259 
|9*73278 
9*73298 
9-73318 
9-73337 
9-73357 
9*73377 
9 73396 



9*92522 
9*92514 
9*96506 
9*92498 
9*92490 
9*92482 
9*92473 
9*92465! 
9*92457 
9*92449 



9*80697 
9-80725 
9*80753 
9*80781 
9*80606 
9-40636 
9-80664 
9*80892 
9*80919 
9*80947 



10*19303 
10-19275 
10-19247 
10-19219 
10*19192 
1019164 
1019136 
10*19108 
10*19081 
10*19053 



20 
19 
18 
17 
16 
15 
14 
IS 
12 
11 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



9*72218 
9*72238 
9*72259 
9*72279 
9*72299 
9-72320 
9*72840 
9-72360 
9-72381 
9-72401 
9-72421 



9*92921 
9*92913 
9*92905 
9*92897 
9*92889 
9-92881 
9*92874 
9*92866 
9*92858 
9*92850 
9-92S42 



9*79297 
9*79326 
9*79354 
9*79382 
9*79410 
9*79438 
9*79466 
9*79495 
9*79523 
9*79551 
9*79579 



10*20703 
10-20674 
10-20646 
10*20618 
10-20590 
10-20562! 
10*20534! 
10*20505 
10*20477 
10*20449 
10*20421 



9*73416 
9*73435 
9*73455 
9*73474 
9*73494 
9*73513 
9-73533 
9-73552 
9*73572 
|9*73591 
9*73611 



Cosine Sine Cotang.i Tang. 



9*92441 1 
9*92433 
9*92425 
9*92416 
9*92408 
9-92400 
9*92392 
9*92384 
9*92376 
9*92367 
9*92359 



9*80975 

9*81003 

9-81030 

9*81058 

9-81086 

9-81113 

9*81141 

9*81169 

9*81196j 

9*81224 

9*81252! 



1019025 
10-18997 
10 18970 
10-18942 
10*18914 
1018887 
10*18859 
10-18831 
10188O4 
10-18776 
10-18748 



10 
9 
8 

I 

5 
4 
S 
2 
1 




Cosine ) Sine I Coiang.j T—g. 



57° 



JgLK 



TABLE III. LOG. SINES AND TANGENTS. 



135 



33° 


34° i 


' 


Sine 


Cosine 


Tang. 


Cotang. 


Sine Cosine i Tang. 


Cotang. 


1 





9 73611 


9 92359 


9 81252 


10-18748 


9 74756 9 91857 9 82899 


1017101 


60! 


1 


9 73630 


9-92351 


9*81279 


10-18721 


9-7477519-91849 9*82926 


1017074 


59 


2 


9-73650 


9*92343 


9-81307 


10 18693 


9*74794 9 91840 9-82953 


1017047 


58 


3 


9-73669 


9-92334 


9*81335 


1 01 8665 


9*74812 9 -91 832 '9-82980 


10 17020 


57| 


4 


9-73689 


9 92326 


9*81362 


1018638 


19-7483 119-91 823 9 '83008 


10-16992 


561 


5 


9*73708 


9*92318 


981390 


1018610 


974850 991815 9-83035 


10-16965 


55 


6 


9*73727 


9*92310 


9-81418 


10-18582 


9*74868 j 9-91 806 9*83062 


10-16938 


54 


7 


9-73747 


9-92302 


9-81445 


1018555 


9-74887 9*91798 


9*83089 


10*16911 


53 


8 


9 7S766 


9-92293 


9-81473 


1018527 


9 74906 9-91789 


9*83117 


10-16883 


52 


9 


9-73785 


9-92285 


981500 


10-18500 


974924 9*91781 


9 83144 


10-16856 


51 


10 


9-73805 


9-92277 


9*81528 


1018472 


9*74943 9*91772 9*83171 


10*16829 


50 


11 


9-73824 


9-92269 


9-81556 


1018444 


J9-74961 


9-91763 


9 83198 


10*16802 


49 


12 


9*73843 


9-92260 


9*81583 


1018417 


9 74980 


9-91755 


9*83225 


1016775 


48 


13 


9-7S863 


9 92252 


9-81611 


10-18389 


9 74999 


9*91746 


9 83252 


10-16748 


47 


14 


9-73882 


9 92244 


9-81638 


1018362 


9*75017 


9-91738 


9*83280 


10-16720 


46 


15 


9-73901 


9-92235 


9-81666 


10-18334 


9-75036 


9-91729 


9*83307 


10*16693 


45 


16 


9*73921 


9-92227 


9-81693 


1018307 


9 75054 


9-91720 


9*83334 


10*16666 


44 


17 


9-73940 


9*92219 


9*81721 


10*18279 


9*75073 


9*91712 


9*83361 


10 16639 


43 


18 


9*73959 


9-92211 


9-81748 


10-18252 


9-75091 


9-91703 


9 83388 


10*16612 


42 


19 


9-73978 


9*92202 


9-81776 


10 18224 


9*75110 


9-91695 


9-83415 


1016585 


41 


20 


9*73997 


9*92194 


9*81803 


10-18197 


9*75128 


9 91686 


9 83442 


10-16558 


40 


21 


9-74017 


9-92186 


9*81831 


10-18169 


9*75147 


991677 


9*83470 


1016530 


39 


22 


9-74036 


9-92177 


9*81858 


1018142 


9*75165 


9*91669 


9-83497 


10*16503 


38 


23 


9-74055 


9-92169 


9*81886 


1018114 


9*75184 


9 91660 


9-83524 


10*16476 


37 


24 


9-74074 


9-92161 


9*81913 


1018087 


9*75202 


9*91651 


9*83551 


1016449 


36 


25 


9-74093 


9*92152 


9 81941 


10-18059 


9-75221 


9*91643 


9*83578 


1016422 


35 


26 


9-74113 


992144 


9*81968 


1018032 


9*75239 


9 91634 


9-83605 


1016395 


34 


27 


9-74132 


9-92136 


9*81996 


10-18004 


9*75258 


9 91625 


9 83632 


10*16368 


33 


28 


9-74151 


9-92127 


9*82023 


1017977 


9 75276 


9*91617 


9-83659 


10*16341 


32 


29 


9-74170 


9-92119 


9-82051 


1017949 


9-75294 


9 91608 


9*83686 


1016314 


31 


30 


9-74189 


9-92111 


9*82078 


10-17922 


975313 


9*91599 


9*83713 


10-16287 


30 


31 


9-74208 


9-92102 


9*82106 


10*17894 


9-75331 


9-91591 


983740 


10-16260 


29 


32 


9-74227 


9-92094 


9-82133 


1017867 


9 75350 


991582 


9 83768 


1016232 


28 


33 


9-74246 


9*92086 


9-82161 


1017839 


9-75368 


9-91573 


9*83795 


10-16205 


27 


34 


9-74265 


9-92077 


9*82188 


1017812 


9-75386 


9 91565 


9*83822 


10*16178 


26 


35 


9*74284 


9 92069 


9-82215 


10*17785 


9*75405 


9 91556 


9*83849 


10-16151 


25 


36 


9-74303 


9-92060 


9-82243 


1 01 7757 


9-75423 


9-91547 


9 83876 


1016124 


24 


37 


9-74322 


9*92052 


9-82270 


1017730 


9-75441 


9*91538 


9-83903 


1016097 


23 


38 


9-74341 


9-92044 


9-82298 


10*17702 


9*75459 


9 91530 


9-83930 


10*16070 


22 


39 


9-74360 


9 92035 


9-82325 


1017675 


9*75478 


9-91521 


9 83957 


1 01 6043 


21 
20 


40 


9-74379 


9*92027 


9*82352 


10*17648 


9-75496 


9*91512 


9-83984 


1016016 


41 


9-74398 


9-92018 


9-82380 


10*17620 


9*75514 


9-91504 


9*84011 


1015989 


19 


42 


9-74417 


9-92010 


9*82407 


10-17593 


9*75533 


9-91495 


9-84038 


1015962 


18 


43 


9-74436 


9-92002 


9-82435 


10-17565 


9*75551 


9*91486 


9-84065 


1015935 


17 


44 


9-74455 


9-91993 


9*82462 


10-17538 


9-75569 


9-91477 


9 84092 


1015908 


16 


45 


9*74474 


9*91985 


5-82489 


10-17511 


9 75587 


9-91469 


9*84119 


10*15881 


15 


46 


9-74498 


9*91976 


9-82517 


10*17483 


9-75605 


9-91460 


9*84146 


10*15854 


14 


47 


9-74512 


9-91968 


9-82544 


10*17456 


9*75624 


9-91451 


9 84173 


1015827 


13 


48 


9-74531 


9*91959 


9*82571 


10*17429 


975642 


9-91442 


9 84200 


10*15800 


12 


49 
50 


9-74549 


9-91951 


9-82599 


10*17401 


9*75660 


9-91433 


9*84227 


10*15773 


11 


9-74568 


9*91942 


9*82626 


10*17374 


9-75678 


991425 


9*84254 


10-15746 


10 


51 


9-74587 


9-91934 


9 82653 


1017347 


9-75696 


991416 


9-84280 


10-15720 


9 


52 


9-74606 


9-91925 


9*82681 


1017319 


9-75714 


9 91407 


9-84307 


10-15693 


8 


!53 


9 74625 


9*91917 


9*82708 


10-17292 


9 75733 


9 91398 


9 84334 


1015666 


7 


54 


9-74644 


9-91908 


9*82735 


1017265 


9*75751 


9-91389 


9-84361 


10*15639 


6 


\55 


9-74662 


9*91900 


9-82762 


1017238 


9*75769 


9*91381 


9*84388 


10-15612 


5 


56 


9*74681 


9-91891 


9*82790 


1017210 


9-75787 


991372 


9*84415 


10-15585 


4 


51 


9-74700 


9-91883 


9-82817 


10-17183 


9-75805 


9*91363 


9*84442 


10*15558 


3 


58 


9-74719 


9-91874 


9*82844 


1017156 


9*75823 9-91354 


9-84469 


10-15531 


2 


.59 


9-74737 


9*91866 


9*82871 


1017129 


9-75841 9-91345 


9-84496 


10*15504 


1 


60 


9 74756 


9-91857 


9-82899 


1017101 


9-75859 9-91336 


9*84523 


10*15477 


o\ 


' 


Cosine 


Sine 


Cotang. 


Ta«g. 


Cosine ! Sine 


Cotang. 


Tang. 


' 


56° 


55° 



F F 2 
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TABLE III. LOO. SINES AND TANGENTS. 



4S7 





37° 


38° 




' 


Sine 


Cosine 


Twig. 


Cotang. 


Sine 


Cosine 


Tang. 


Cotang. ) ' 







9 77946 


9-90235 


9*87711 


1012289 


9 78934 


9-89653 


9-80281 


101071960 






9 77963 


9*90225 


9*87738 


1012262 


9*78950 


9*89643 


9*89807 


10-10693 59 




2 


9-77980 


9*90216 


9-87764 


1012236 


9*78967 


9-89633 


9*89333 


10-10667 '58 




3 


977997 


9-90206 


9-87790 


1012210 


9-78983 


9-89624 


9-89359 


1010641 57 




4 


9*78013 


9-90197 


9*87817 


1012183 


9*78999 


9-89614 


9*89385 


10-10615 56 




5 


9-78030 


9-90187 


9*87843 


1012157 


9-79015 


9*89604 


9*89411 


10-10589 55 




6 


9-78047 


9*90178 


9*87869 


1012131 


9*79031 


9-89594 


9*89437 


1010563 


54 




7 


9*78063 


9*90168 


9-87895 


1012105 


9-79047 


9*89584 


9*89463 


10-10537 


53 




8 


9-78080 


9*90159 


9-87922 


1012078 


9-79063 


9-89574 


9-89489 


10-10511 


52 




9 

!io 


9-78097 


9*90149 


9-87948 


1012052 


9-79079 


9-89564 


9 89515 


10*10485 


51 ! 




978113 


9-90139 


9*87974 


1012026 


9-79095 


0*89554 


9*89541 


1010459 


50: 




ill 


9*78130 


9-90130 


9*88000 


1012000 


9-79111 


9-89544 


9*89567 


1010433 


49* 




12 


9-78147 


9-90120 


9*88027 


1011973 


9-79128 


9-89534 


9*89593 


10-10407 


48 1 




13 


978163 


9-90111 


9-88053 


1011947 


9-79144 


9-89524 


9*89619 


10*10381 


47 




14 


9*78180 


9-90101 


9-88079 


1011921 


9-79160 


9-89514 


9*89645 


1010355 


46 




15 


9-78197 


9-90091 


9-88105 


1011895 


9-79176 


9-89504 


9*89671 


10*10329 


4$\ 




16 


9-78213 


9-90082 


9 88131 


10-11869. 


9-79192 


9*89495 


9*89697 


1010303 


44 f 




17 


9-78230 


9-90072 


9*88158 


1011842 


9-79208 


9*89485 


9*89723 


1010277 


43* 




18 


9-78246 


9-90063 


9*88184 


10-11816 


9*79224 


9-89475 


9*89749 


1010251 


42 1 




19 


9-78263 


9-90053 


9*88210 


10-11790 


9*79240 


9-89465 


9*89775 


1010225 


41 1 




20 


9-78280 


9-90043 


9*88236 


1011764 


9*79256 


9-89455 


9*89801 


10-10199 


40 




21 


9-78296 


9*90034 


9*88262 


10-11738' 


9-79272 


9*89445 


9*89827 


1010173 


39' 




22 


9-78313 


9-90024 


9-88289 


10-11711 1 


9*79288 


9*89435 


9*89853 


1010147 


38 r 




23 


9-78329 


9-90014 


9*88315 


1011685 


9*79304 


9*89425 


9 89879 


10*10121 


37 




24 


9*78346 


9-90005 


9-88341 


1011659 


9*79319 


9*89415 


9*89905 


1010095 


36 




25 


9*78362 


9-89995 


9-88367 


1011633 


9*79335 


9*89405 


9*89931 


1010069 


35, 




26 


9-78379 


9-89985 


9*88393 


1011607, 


9*79351 


9*89395 


9-89957 


10-10043 


34 




27 


9-78395 


9-89976 


9*88420 


10*11580, 


9-79367 


"9-89385 


9-89983 


10-10017 


33 : 




28 


9 78412 


9-89966 


988446 


10-11554 


9*79383 


9-89375 


9*90009 


10*09991 


32| 




29 


9-78428 


9-89956 


9-88472 


1011528 


9*79399 


9*89364 


9*90035 


10*09965 


3 1\ 
30 




30 


9-78445 


9-89947 


9*88498 


10-11502 


9-79415 


9*89354 


9*90061 


10*09939 




31 


9*78461 


9-89937 


9*88524 


10-11476 


9*79431 


9-89344 


9*90086 


1009914 


29| 




32 


9-78478 


9-89927 


9-88550 


1011450 


9*79447 


9-89334 


9*90112 


10*09888 


28' 




33 


9*78494 


9-89918 


9-88577 


1011424 


9-79463 


9-89324 


9*90138 


10*09862 


27 




34 


9-78510 


9 89908 


9-88603 


10-11397 


9-79478 


9*89314 


9*90164 


10*09836 


26 




35 


9 78527 


9 89898 


9 88629 


10-11371 


9-79494 


9*89304 


990190 


10*09810 


25| 




36 


9-78543 


9*89888 


9-88655 


1011345 


9-79510 


9-89294 


9-90216 


10*09784 


24 




37 


9-78560 


9-89879 9*88681 


1011319 


9-79526 


9-89284 


9*90242 


10*09758 


23 




38 


9-78576 


9-89869 9 88707 


10*11293 


9-79542 


9*89274 


9*90268 


10*09732 


22 




39 


9-78592 


9-89859 


9-88733 


1011267 


9*79558 


9-89264 


9*90294 


10*09706 


21 1 




40 


9-78609 


9*89849 


9*88759 


10*11241 


9-79573 


9-89254 


9*90320 


10*09680 


20 




41 


9-78625 


9*89840 


9 88786 


10*11214 


9-79589 


9*89244 


9*90346 


10*09654 


* 




42 


9 78642 


9*89830 


9-88812 


1011188 


9-79605 


9-89233 


9*90371 


10*09629 


18, 




43 


9-78658 


9-89820 


9-88838 


10*11162 


9*79621 


9 89223 


9-90897 


10*09603 


! 7 




44 


9-78674 


9-89810 


9*88864 


10-11136 


9-79636 


9-89213 


9*90423 


10*09577 


16| 




45 


9-78691 


9-89801 


9*88890 


10-11110 


9-79652 


9-89203 


9*90449 


10*09551 


15 




46 


9^78707 


9-89791 


9-88916 


10-11084 


9-79668 


9-89193 


9*90475 


10*09525 


14 




47 


9-78723 


9-89781 


9*88942 


10-11058 


9*79684 


9*89183 


9-90501 


1009499 


is! 




48 


9-78739 


9*89771 


9-88968 


1011032 


9*79699 


9-89173 


9*90527 


10*09473 


12 




49 


9-78756 


9-89761 


9*88994 


1011006 


9*79715 


9*89162 


9*90553 


10*09447 


11 

To, 




50 


9-78772 


9*89752 


9-89020 


10- 10980 


9-79731 


989152 


9-90578 


10*09422 




51 


9-78788 


9-89742 


9 89046 


10-10954 


9*79746 


9*89142 


9-90604 


10*09396 


9: 




52 


9-78805 


9-89782 


9-89073 


1010927 


9-79762 


9-89132 


9 90630 


10 09370 


Si 




53 


9*78821 


9*89722 


9-89099 1010901 


9*79778 


9*89122 


9 90656 


10*09344 


I 




54 


9-78837 


9-89712 


9*89125)10*10875 


9-79793 


9*89112 


9*90682 


10*09318 


6 




55 


9-78853 


9*89702 


9*89151 11010849 


9*79809 


9*89101 


9*90708 


10*09292 


5 




'56 


9*78869 


9 89693 


9*89177! 10-10823 


9-79825 


9 89091 


990734 


10-09266 


i 




57 


9*78886 


9*89683 


9 '89203: 10- 10797 


9*79840 


9*89081 


9 90759 


10-09241 




58 


9-78902 


9-89673 


9-89229'l010771 


9*79856 


9-89071 


9 90785 


10*09215 


?| 




J59 


9*78918 


9 89663 


9-89255J1010745 


9*79872 


9-89060 


9 90811 


1009189 


M 




60 


9*78934 


9 89653 


989281 '10-10719 


9*79887 


<) -89050 


990837 


1009163 







' 


Cosine 


Siue ' ! Cotang. I Tang. 


' Cosine 1 Sine 1 Cotang. ! Tang. 1 * 




52" 


51° 



JgLK 



438 
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39° 


40° 


1' 


Sine 


Cosine 


Tang. , Cotang. 


Sine 


Cosine 


Tung. 


Cotang. 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 J 


I 

1 

2 
3 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 


9*79887 
9*79903 
9*79918 
9*79934 
9*79950 
9*79965 
9*79981 
9*79996 
9*80012 
9*80027 


9*89050 
9 §9040 
9*89030 
9*89020 
9*89009 
9*88999 
9*88989 
9-88978 
9*88968 
9*88958 


9*90837 10*09163 
9*90868' 10*09137 
9*90689! 10*091 11 
9*90914 10*09086 
9*90940 10*09060 
9*90966 10*09034 
9*90992' 10*09008 
9*91018 10*08982 
9*91043 10*08957 
9*91069; 10*08931 


9*80807 
9*80822 
9*80637 
9*80852 
9*80867 
9*80882 
9*80897 
,9*80912 
9*80927 
.9*80942 


9*88425 
9*88415 
9*88404 
9*88394 
9*88383 
9*88372 
9*88362 
9*88351 
9*88340 
9*88330 


9*92381 
9*92407 
9*92433 
9*92458 
9*92484 
9*92510 
9*92535 
9*92561 
9*92587 
9-92612 


1007619 
10*07593 
1007567 
10*07542 
10*07516 
10*07490 
10*07465 
10*07439 
10*07413 
10*07388 


9*80043 
9*80058 
9*80074 
9*80089 
9*80105 
9*80120 
9*80136 
9*80151 
9*80166 
9*80182 


9*88948 
9*88937 
9*88927 
9*88917 
9*88906 
9-88896 
9*88886 
9*88875 
9*88865 
9*88855 


9*91095 10*08905 
9*91 121 110*08879 
9*91147 10-08853 
9*91172 10*08828 
9*91 1981 10*08802 
9*91224 10*08776 
9*91250 10*08750 
9*91276 10*08724 
9*91301; 10*06699 
9*91327 1 10*08673 


19*80957 
19*80972 
19*81987 
19*81002 
9*81017 
9*81032 
9*81047 
9*81061 
9*81076 
9*81091 


9*88319 
9*88308 
9-88298 
9*88287 
9*88276 
9*88266 
9*88255 
9*88244 
9*88234 
9*88223 


9*92638 
9*92663 
9*92689 
9*92715 
9*92740 
9*92766 
9*92792 
9*92817 
9*92843 
9*92868 


10*07362 
10*07337 
10*07311 
10*07285 
10*07260 
10O72S4 
10*07208 
10O718S 
10*07157 
1007132 


50; 

49j 
48 1 
471 

45 

43 ' 
42 
41 


20 
21 
22 
23 
24 
25 
26 
27 
28 
29 


9*80197 
9*80213 
9*80228 
9*80244 
9*80259 
9*80274 
9*80290 
9*80305 
9*80320 
9*80336 


9*88844 
9*88834 
9*88824 
9*88813 
9*88803 
9*88793 
9*88782 
9*88772 
9*88761 
9*88751 


9*91353 
9*91379 
9*91404 
9*91430 
9*91456 
9*91482 
9*91507 
9*91533 
9*91559 
9*91585 


10*08647 
10*08621 
10*08596 
10*08570 
10*08544 
10*08518 
10*08493 
10*08467 
10*06441 
10*08415 


9*81106 
9*81121 
9*81136 
9*81151 
9*81166 
9*81180 
9*81195 
9*81210 
9*81225 
9*81240 


9*88212 
9*88201 
9 88191 
9*88180 
9*88169 
9*88158 
9*88148 
9*88137 
9*88126 
9*88115 


9*92894 
9*92920 
9*92945 
9*92971 
9*92996 
9*93022 
9*93048 
9*93073 
9*93099 
9*93124 


10*07106 
10*07080 
10*07055 
10*07029 
10*07004 
10*06978 
10*06952 
10*06927 
10*06901 
10*06876 


40 
39 
38 
37 
36 J 
35. 
34| 
33; 
32 
31 
SO 
29 
28' 
27 
26 
25 
24, 
23 
22[ 
21 1 


30 
31 
32 
33 
34 
35 
36 
37 
38 
39 


9*80351 
9*80366 
9*80382 
9*80397 
9*80412 
9*80428 
9*80443 
9*80458 
9*80473 
9*80489 


9-88741 
9*88730 
9*88720 
9*88709 
9*88699 
9*88688 
9*88678 
9*88668 
9-88657 
9-88647 


9*91610 
9*91636 
9*91662 
9-91688 
9*91713 
9*91739 
9*91765 
9*91791 
9*91816 
9*91842 


10*08390 
10*08364 
10*08338 
10*08312 
10*08287 
10*08261 
10-08235 
10*08209 
10*08184 
10*08158 


9*81254 
,9*81269 
9*81284 
|9*81299 
[9*81314 
,9*81328 
9*81343 
9*81358 
9*81372 
|9*81387 


9*88105 
9*88094 
9*88083 
9*88072 
9*88061 
9*88051 
9*88040 
9*88029 
9*88018 
9*88007 


9-93150 
9*93175 
9*93201 
9*93227 
9*93252 
9*93278 
9-93303 
9*93329 
9*93354 
9*93380 


10*06850 
10*06825 
10*06799 
10*06773 
10*06748 
10*06722 
10*06697 
10*06671 
10O6646 
10*06620 


40 
41 
42 
43 
44 
45 
46 
47 
48 
49 


9 80504 
9*80519 
9*80534 
9*80550 
9*80565 
9*80580 
9*80595 
9*80610 
9*80625 
9*80641 


9-88636 
9-88626 
9-88615 
9*88605 
9*88594 
9*88584 
9*88573 
9*88563 
9*88552 
9*88542 


9*91868 
9*91893 
9*91919 
9*91945 
9*91971 
9*91996 
9*92022 
9*92048 
9*92073 
9*92099 


10*08132 
10*08107 
10*08081 
10*08055 
10*08029 
10*08004 
10*07978 
10*07952 
10*07927 
10*07901 


19-81402 
9*81417 
9*81431 
9*81446 
9*81461 
9*81475 
9*81490 
9*81505 
9*81519 
9*81534 


9*87996 
9-87985 
9*87975 
9*87964 
9*87953 
9*87942 
9*87931 
9*87920 
9*87909 
9*87898 


9*93406 
9*93431 
9*93457 
9*93482 
9*93508 
9*93533 
9*93559 
9*93584 
9*93610 
9*93636 


10*06594 
10*06569 
10*06543 
10*06518 
10*06492 
10*06467 
10*06441 
10*06416 
10*06390 
1006364 


20 
19 
16 
17 
16 
15 
14 
IS 
12 
11 


50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9*80656 
9*80671 
9*80686 
9*80701 
9*80716 
9*80731 
9*80746 
9*80762 
9*80777 
9*80792 
9*80807 


9*88531 
9*88521 
9*88510 
9*88499 
9*88489 
9*88478 
9*88468 
9-88457 
9*88447 
9*88436 
9*88425 


9*92125 
9*92150 
9*92176 
9*92202 
9*92227 
9*92253 
9*92279 
9*92304 
9*92330 
9*92356 
9*92381 


10*07875 
10*07850 
10-07824 
10*07798 
10*07773 
10*07747 
10*07721 
10*07696 
10*07670 
10*07644 
10*07619 


9*81549 
9*81563 
9*81578 
9*81592 
9*81607 
9*81622 
9*81636 
9*81651 
9-81665 
9*81680 
9-81694 


9*87887 
9-87877 
9*87866 
9*87855 
9*87844 
9*87833 
9-87822 
9-87811 
9*87800 
9*87789 
9*87778 


9*93661 
9*93687 
9*93712 
9*93738 
9*93763 
9*93789 
9*93814 
9*93840 
9*93865 
9*93891 
9*93916 


10*06339 
10*06313 
10*06288 
10-06262 
10*06237 
1006211 
10*06186 
1006160 
1006135 
10*06109 
10*06064 


10 

n 

Ji 

4; 

3 
2 

1! 
0, 


' 


Cosine 


Sine 


Cotang. 


Tang. 


Cosine 


Sine 


Cotang. 


Tang. 


' 


50° 1 


49° 
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41° 


42° 


' 


Sine 


Cosine 


Tang. 


Cotang. 


Sine 


Cosine 


Tang. 


Cotang. 


' 




1 
2 
S 
4 
5 
6 
7 
8 
9 


9*81694 
981709 
981723 
9-81738 
9-81752 
9*81767 
9*81781 
9*81796 
9-81810 
9-81825 


9-87778 
9-87767 
9-87756 
9*87745 
9-87734 
9*87723 
987712 
9-87701 
9-87690 
9*87679 


9 93916 
9-93942 
9-93967 
9-93993 
9 94018 
9-94044 
9 94069 
9-94095 
9 94120 
9*94146 


10-06084 
10*06058 
10-06033 
10*06007 
10*05982 
10*05956 
10*05931 
10-05905 
10*05880 
10*05854 


9*82551 
9*82565 
9-82579 
9*82593 
9-82607 
9*82621 
9*82635 
9*82649 
9*82663 
9*82677 


9*87107 
9-87096 
9-87085 
9 87073 
9-87062 
9-87050 
9*87039 
9*87028 
9*87016 
9-87005 


9*95444 
9*95469 
9*95495 
9-95520 
9-95545 
9-95571 
9-95596 
9-95622 
9-95647 
9*95672 


10*04556 
10-04531 
10-04505 
10-04480 
10 04455 
10*04429 
10*04404 
10*04378 
10*04353 
10*04328 


60' 

59 

58; 

57 
56 
55 
54 
53 
52 
51 


10 
11 
12 
IS 
14 
15 
16 
17 
18 
19 


9*81839 
9-81854 
981868 
9-81882 
9-81897 
9*81911 
9*81926 
9*81940 
9*81955 
9-81969 


9-87668 
9-87657 
9*87646 
9-87635 
9*87624 
9 87613 
9 87601 
9*87590 
9-87579 
9-87568 


9*94171 
9*94197 
9-94222 
9*94248 
9*94273 
9*94299 
9*94324 
9*94350 
9 94375 
9*94401 


10-05829 
10*05803 
10*05778 
10*05752 
10*05727 
10*05701 
10*05676 
10*05650 
10*05625 
10*05599 


9*82691 
9*82705 
9*82719 
9*82733 
9*82747 
9*82761 
9*82775 
9*82788 
9*82802 
9*82816 


9*86993 
9*86982 
9*86970 
9*86959 
9 86947 
9*86936 
9*86924 
9*86913 
9*86902 
9-86890 


9*95698 
9*95723 
9*95748 
9*95774 
9*95799 
9*95825 
9*95850 
9*95875 
9*95901 
9-95926 


10*04302 
10*04277 
10*04252 
10*04226 
10*04201 
10*04175 
10*04150 
10*04125 
10*04099 
10*04074 


50 
49 
48 
47 
46 
45 
44 
43 
42 
41 


20 
21 
22 
23 
24 
25 
26 
27 
28 
29 


9-81983 
9*81998 
9*82012 
9*8*2026 
9-82041 
9 82055 
9*82069 
9*82084 
9*82098 
9*82112 


9*87557 
9-87546 
9 87535 
9 87524 
9*87513 
9 87501 
9 87490 
9-87479 
9*87468 
9 87457 


9 94426 
9 94452 
9*94477 
9-94503 
9-94528 
9-94554 
9*94579 
9-94604 
9-94630 
9*94655 


10*05574 
10*05548 
1005523 
10*05497 
10*05472 
10*05446 
10-05421 
10-05396 
10*05370 
10*05345 


9*82830 
9*82844 
9-82858 
9-82872 
9-82885 
9*82899 
9*82913 
9-82927 
9*82941 
9-82955 


9*86879 
9*86867 
9*86855 
9*86844 
9*86832 
9*86821 
9*86809 
9*86798 
9-86786 
986775 


9-95952 
9*95977 
9*96002 
9*96028 
9*96053 
9*96078 
9*96104 
9*96129 
9*96155 
9-96180 


10*04048 
10-04023 
10*03998 
10*03972 
10*03947 
10*03922 
10*03896 
10*03871 
10*03845 
10*03820 


40 
39 
38 
37 
36 
35 
34 
33 
32 
31 


90 
31 
32 
33 
34 
35 
36 
37 
38 
39 


9*82126 
9-82141 
9-82155 
9*82169 
9-82184 
9*82198 
9*82212 
9 82226 
9-82240 
9*82255 


9 87446 
9*87434 
9-87423 
9 87412 
9-87401 
9*87390 
9-87378 
9-87367 
9-87356 
9-87345 


9-94681 
9*94706 
9*94732 
9*94757 
9*94783 
9-94808 
9*94834 
9*94859 
9*94884 
9*94910 


10-05319 
10-05294 
10*05268 
10*05243 
10*052)7 
10-05192 
10-05166 
10*05141 
10*05116 
10-05090 


9*82968 
9-82982 
9 82996 
9*83010 
9 83023 
9-83037 
9-830.1 
9*83065 
9*83078 
'9*83092 


9*86763 
9*86752 
9-86740 
9-86728 
9-86717 
9-86705 
9-86694 
9*86682 
9-86670 
9-86659 


9-96205 
9*96231 
9*96256 
9*96281 
9*96307 
9-96332 
9*96357 
9*96383 
9*96408 
9*96433 


10*03795 
10-03769 
10*03744 
10*03719 
10-03693 
1003668 
10-03643 
10*03617 
10*03592 
10*03567 


30 
29 
28 
27 
26 
25 
24 
23 
22 
21 


40 
41 
42 
43 
44 
45 
46 
47 
48 
49 


9-82269 
9-82283 
9 82297 
9*82311 
9*82326 
9*82340 
9*82354 
9*82368 
9*82382 
9-82396 


9-87334 
9*87322 
9*87311 
9*87300 
9*87288 
9*87277 
9-87266 
9*87255 
9 87243 
9-87232 


9*94935 
9*94961 
9*94986 
9*95012 
9*95037 
9*95062 
9*95088 
9*95113 
9*95139 
9-95164 


10-05065 
10-05039 
10*05014 
10*04988 
10*04963 
10*04938 
10*04912 
10*04887 
10*04861 
10-04836 


•9*83106 
9-83120 
9-83133 
9-83147 
9-83161 
19 -83 174 
'9*83188 
!9 -83202 
J9 83215 
9-83229 


9-86647 
9-86635 
9 86624 
9-86612 
9*86600 
9*86589 
9-86577 
9-86565 
9-86554 
9-86542 


9*96459 
9*96484 
9*96510 
9*96535 
9*96560 
9*96586 
9-96611 
9-96636 
9*96662 
9*96687 


10*03541 
10*03516 
10-03490 
10*03465 
10-03440 
10-03414 
10-03389 
10*03364 
10*03338 
10*03313 


20 
19 
18 
17 
16 
15 
14 
13 
12 
11 


50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9*82410 
9*82424 
9*82439 
9*82453 
9-82467 
9*82481 
9*82495 
9*82509 
9*82523 
9-82537 
9*82551 


9-87221 
9-87209 
9-87198 
9-87187 
9-87175 
9-87164 
9-87153 
9*87141 
9*87130 
9*87119 
9-87107 


9*95190 
9*95215 
9*95240 
9*95266 
9*95291 
9-95317 
9-95342 
9-95368 
9*95393 
9*95418 
9-95444 


10-04810 
10*04785 
10-04760 
10*04734 
10-04709 
10-04683 
10*04658 
10*04632 
10*04607 
10*04582 
10*04556 


|9 -83242 
;9 -83256 
9*83270 
19*83283 
J9 -83297 
9*83310 
9*83324 
9*83338 
9*83351 
9*83365 
9*83378" 


9-86530 
9-86518 
9*86507 
9*86495 
9*86483 
9*86472 
9*86460 
9*86448 
9*86436 
9*86425 
9*86413 


9-96712 
9-96738 
9*96763 
9*96788 
9*96814 
9*96839 
9*96864 
9*96890 
9*96915 
9*96940 
9*96966 


10 03288 
10*03262 
10*03237 
10*03212 
10*03186 
10-03161 
10*03136 
10*03110 
10*03085 
10*03060 
10*03034 


10 
9 

8 
7 
6 
5 

4 
3 
2 

1 



' 


Cosine 


Sine 


Cotang. 


Tang. 


Cosine 


Sine 


Cotang. 1 Tang. 


/ 


48° 


47° 



:ea oy vjvv 



3 lv 
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TABLE III. LOO. SINES AND TANGENTS. 



43° 



44° 



Sine | Cosine 



Tang. 



Cotang. 



| Sine , Cosine 



Tang. | Cotang. 



983378 
9*83392 



9-86413 
986401 
9-83405 9 86389 



Jr, 



9 86366 



9*83419 9*86377 
9-83432 
9*83446 
6|**SS459 
9*88473 

9-83500 



9-86354 
9*86342 
9*86330 
9-86318 
9-86306 



9-96966 
9-96991 
9*97016 
9*97042 
9-97067 
9-97092 
9-97118 
9-97143 
9-97168 
9-97193 



10-03034 
10-03009 
10-02984 
10-02958 
10-02933 
10-02908 
10-02882 
10-02857 
10-02832 
10-02807 



9-84177 
9*84190 
9*84203 
9*84216 
9*84229 
9*84242 
9*84255 
9 -84269 
9-84282 
9-84295 



9*85693 
9*85681 
9*85669 
9*85657 
9-85645 
9-85632 
9*85620 
9*85608 
9*85596 
9-85583 



9*98484 
9*98509 
9*98534 
9*98560 
9*98585 
9*98610 
9*98635 
9*98661 
9*98686 
9*9871 1 



I0O1516 60 
10*01491 59 
10*01466 58 



10-01440 
10-01415 
10-01390 
10-01365 
10-01339 
10-01314 
10-01289 



10 
U 
12 
IS 
14 
15 
16 
17 
18 
19 



9*83513 
9-83527 
9*83540 
9-83554 
9-83567 
9*83581 
9*83594 
9*83608 
9-83621 
9*83634 



9-86295 
9*86283 
9-86271 
9-86259 
9*86247 
9*86235 
9*86223 
9-86211 
9-86200 
9*86188 



9*97219 
9*97244 
9*97269 
9*97295 
9*97320 
9*97345 
9*97371 
9*97396 
9*97421 
9*97447 



10*02781 
10*02756 
1002731 
1002705 
10*02680 
10*02655 
10*02629 
10O2604 
10*02579 
1002553 



9*84308 
9-84321 
9-84334 
9-84347 
9*84360 
9*84373 
9*84385 
;9 -84398 
9*84411 
9*84424 



9*85571 
9*85559 
9*85547 
9*85534 
9*85522 
9*85510 
9*85497 
9-85485 
9-85473 
9-85460 



9*98737 
9-98762 
9*98787 
9-98812 
9*98838 
9-98863 
9-98888 
9-98913 
9*98939 
9-98964 



10O126S 
1001238 
10O121S 
1001188 
1001162 
1001137 
1001112 
1001087 
1001061 
1001036 



*> 

(21 
22 

23 

24 

;25 
\96 
|27 
28 
29 



9*83648 
9*83661 
9*83674 
9*83688 
9*83701 
9-83715 
9*83728 
9-83741 
983755 
9*83768 



9*86176 
9*86164 
9-86152 
9*86140 
9-86128 
9*86116 
9*86104 
9*86092 
9-86080 
9*86068 



9*97472 
9*97497 
9-97523 
9-97548 
9*97573 
9-97598 
9*97624 
9*97649 
9*97674 
9-97700 



10*02528 
10*02503 
1002477 
1002452 
1002427 
1002402 
10*02376 
1002351 
10O2S26 
1002300 



9*84437 
9*84450 
9*84463 
9*84476 
9*84489 
9-84502 
9*84515 
9*84528 
9*84540 
9-84553 



9*85448 
9*85436 
9-85423 
9*85411 
9*85399 
9*85386 
9*85374 
9*85361 
9*85349 
9*85337 



9-98989 
9*99015 
9*99040 
9*99065 
9*99090 
9*99116 
9-99141 
9*99166 
9-99191 
9-99217 



10O1011 
10*00985 
1000960 
10*00935 
10*00910 
10*00884 
10*00859 
10O08S4 
10*00809 
10*00783 



80 
SI 

82 
S3 
34 
35 

r 

87 
38 
39 



9*83781 
9*83795 
9*88808 
9*83821 
9-83834 
9*83848 
9*83861 
9*83874 
9*83887 
9*83901 



9-86056 
9-86044 
9*86032 
9*86020 
9*86008 
9*85996 
9*85984 
9*85972 
9*85960 
9*85948 



9-97725 
9*97750 
9-97776 
9-97801 
9-97826 
9-97851 
9-97877 
9-97902 
9-97927 
9*97953 



10O2275 
1002250 
1002224 
1002199 
1002174 
1002149 
1002123 
10*02098 
10*02073 
10*02047 



84566 
84579 
•84592 
•84605 
84618 
84630 
84643 
84656 
84669 
84682 



9*85324 
9*85312 
9*85299 
9*85287 
9-85274 
9*85262 
9*85250 
9*85237 
9*85225 
9*85212 



9-99242 
9*99267 
9*99293 
9*99318 
9*99343 
9*99368 
9*99394 
9*99419 
9*99444 
9-99469 



10*00758 
10*00733 
10*00707 
10*00682 
1000657 
10*00632 
10*00606 
1000581 
10*00556 
10*00531 



9*83914 
9*83927 
9*83940 
9*83954 
9*83967 
9-83980 
9*83993 
9-84006 
9 84020 
9-84033 



9-85936 
9-85924 
9*85912 
9-85900 
9*85888 
9-85876 
9*85864 
9*85851 
9*85839 
9-85827 



9*97978 
9*98003 
9*98029 
9*98054 
9*98079 
9*98104 
9*98130 
9-98155 
9*98180 
9*98206 



1002022 
1001997 
1001971 
1001946 
1001921 
1001896 
1001870 
1001845 
10O1820 
1001794 



84694 
•84707 
84720 
84733 
■84745 
•84758 
•84771 
•84784 
•84796 
•84809 



9-85200 
9*85187 
9-85175 
9*85162 
9*85150 
9*85137 
9*85125 
9*85112 
9*85100 
9*85087 



9*99495 
9*99520 
9*99545 
9*99570 
9-99596 
9*99621 
9*99646 
9*99672 
9*99697 
9*99722 



10*00505 
10*00480 
10*00455 
10.00430 
10O0404 
1000379 
10*00354 
10*00328 
10*00303 
1000278 



9*84046 
9-84059 
9*84072 
9*84085 
9*84098 
9*84112 
9-84125 
9*84138 
9*84151 
9*84164 
9*84177 



9*85815 
9*85803 
9-85791 
9*85779 
9*85766 
9*85754 
9*85742 
9*85730 
9*85718 
9*85706 
9*85693 



9 98231 
9*98256 
9-98281 
9 98307 
9*98332 
9 98357 
9-98383 
9*98408 
9*98433 
9*98458 
9*98484 



10O1769 
1001744 
1001719 
1001693 
1001668 
1001643 
1001617 
1001592 
1001567 
1001542 
1001516 



9*84822 
9*84835 
9-84847 
9*84860 
9*84873 
9*84885 
9*84898 
9*84911 
;9 -84923 
9*84936 
9*84949 



9-85074 
9*85062 
9*85049 
9*85037 
9*85024 
9*85012 
9*84999 
9*84986 
9 84974 
9*84961 
9*84949 



9*99747 
9*99773 
999798 
9*99823 
9*99848 
9*99874 
9*99899 
9*99924 
9*99949 
9*99975 
10*00000 



10*00253 
10O0227 
1000202 
1000177 
10*00152 
10*00126 
10*00101 
10*00076 
1000051 
10*00025 
10*00000 



i Conine | Sine 'Cotang.' Tang. 
46° 



Cosine 



Sine Cotang. 
45 s 



Digitized oy " 



Tang. 



JgLK 
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TABLE IV. 








TABLE V. 


Refraction in altitude, of the heavenly bodies. 




Depression of the 
horizon, at sea. 


Alt. 


Refr.l 


Alt. 


Refr. 


Alt 


Refr. 


|ATt. 


Refr.j 


Alt. 


Refr. 


Height 
of the 
eye. 


Dip. 


0. 


33. 


O ' 

4. 


/ H 

11.51 


O ' 

12.20 


/ if 
4.16 


o 
SO 


1.38 


• 
60 


/ h 
0.33 


Feet. 


/ u 


0. 5 


32.10 


4.10 


11.29 


12.40 


4. 9 


31 


1.35 


61 


0.32 


1 


0.57 


0.10 


31.22 


4.20 


11. 8 


13. 


4. 3 


32 


1.81 


62 


0.30 


2 


1.21 


0.15 


30.35 


4.30 


10.48 


13.20 


3.57 


33 


1.28 


63 


0.29 


3 


1.39 


0.20 


29.50 


4.40 


10.29 


13.40 


3.51 


34 


1.24 


64 


0.28 


4 


1.55 


0.25 


29. 6 


4.50 


10.11 


14. 


3.45 


35 


1.21 


65 


0.26 


5 


2. 8 


0.30 


28.23 


5. 


9.54 


14.20 


3.40 


36 


1.18 


66 


0.25 


6 


2.20 


0.35 


27.41 


5.10 


9.38 


14.40 


3.35 


37 


1.16 


67 


0.24 


7 


2.31 


0.40 


27. 


5.20 


9.23 


15. 


3.30 


38 


1.13 


68 


0.23 


8 


2.42 


0.45 


26.20 


5.30 


9. 8 


15.30 


3.24 


39 


1.10 


69 


0.22 


9 


2.52 


0.50 


25.42 


5.40 


8.54 


16. 


3.17 


40 


1. 8 


70 


0.21 


10 


3. 1 


0.55 


25. 5 


5.50 


8.41 


16.30 


3.10 


41 


1. 5 


71 


0.19 


11 


S.10 


1 1. 


24.29 


6. 


8.28 


17. 


3. 4 


42 


1. 3 


72 


0.18 


12 


S.18 


1. 5 


23.54 


6.10 


8.15 


17.30 


2.59 


43 


1. 1 


73 


0.17 


13 


S.26 


1.10 


23.20 


6.20 


8. 3 


18. 


2.54 


44 


0.59 


74 


0.16 


14 


3.34 


1.15 


22.47 


6.30 


7.51 


18.30 


2.49 


45 


0.57 


75 


0.15 


15 


3,42 


1.20 


22.15 


6.40 


7.40 


19. 


2.44 


46 


0.55 


76 


0.14 


16 


3.49 


1.25 


21.44 


6.50 


7.30 


19.30 


2.39 


47 


0.53 


77 


0.13 


17 


S.56 


1.30 


21.15 


7. 


7.20 


20. 


2.35 


48 


0.51 


78 


0.12 


• 18 


4. S 


1.35 


20.46 


7.10 


7.U 


20.30 


2.31 


49 


0.49 


79 


0.11 


19 


4.10 


1.40 


20.18 


7.20 


7. 2 


21. 


2.27 


50 


0.48 


80 


0.10 


20 


4.16 


1.45 


19.51 


7.30 


6.53 


21.30 


2.24 


51 


0.46 


81 


0. 9 


21 


4.22 


1.50 


19.25 


7.40 


6.45 


22. 


2.20 


52 


0.44 


82 


0. 8 


22 


4.28 


1.55 


19. 


7.50 


6.37 


23. 


2.14 


53 


0.43 


83 


0. 7 


28 


4.34 


2. 


18.35 


8. 


6.29 


24. 


2. 7 


54 


0.41 


84 


0. 6 


24 


4.40 


2. 5 


18.11 


8.10 


6.22 


25. 


2. 2 


55 


0.40 


85 


Q. 5 


2$ 


4,52 


2.10 


17.48 


8.20 


6.15 


26. 


1.56 


56 


0.38 


86 


0. 4 


28 


5. 3 


2.15 


17.26 


8.30 


6. 8 


27. 


1.51 


57 


0.37 


87 


0. 3 


SO 


5.14 


2.20 


17. 4 


8.40 


6. 1 


28. 


1.47 


58 


0.35 


88 


0. 2 


35 


5.39 


2.25 


16.44 


8.50 


5.55 


29. 


1.42 


59 


0.34 


89 


a 1 


40 


6. 2 


2.S0 
2.35 
2.40 


16.24 
16. 4 
15.45 


9. 
9.10 
9.20 


5.48 
5.42 
5.36 


TAB 


LE 1 


71. 




TABLE \ 


r II. 


2.45 
2.50 


15.27 
15. 9 


9.30 
9.40 


5.31 
5.25 


The Sun's 
alti 


para 
tude. 


llax in 




Augmentation 
moon's semidia 


of the 
meter. 


2.55 
3. 
3. 5 


14.52 
14.36 
14.20 


9.50 
10. 
10.15 


5.20 
5.15 
5. 7 


Alt. 


Aug. 


Alt. 


Aug. 


Alt. | 


ParaL 


Alt. 


ParaL 


< 


3 

3 


u 



o 
40 


u 
10 


o 





o 


u 


3.10 


14. 4 


10.30 


5. 





9 


60 


4 




5 


1 


45 


11 


3.15 


13.49 


10.45 


4.58 


10 

20 


9 
8 


65 
70 


4 
3 


II 
1 



5 


s 

4 


50 

55 


12 
13 


3.20 


13.34 


11. 


4.47 


3.25 


13.20 


11.15 


4.40 


30 


8 


75 


2 


21 


d 


6 


60 


14 


3.30 


13. 6 


11.30 


4.34 


40 


7 


80 


2 


2 


5 


7 


70 


15 


3.40 


12.40 


11.45 


4.29 


50 


6 


85 


1 


3 


J 


8 


80 


16 


3.50 


12.15 


12. 


4.26 


55 


5 


90 





3 


5 


9 
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"TABLE VIII. 





TABLE VIII. 




Thx mean right ascensions and declinations of 40 principal fixed Stars, from 




the Nautical Almanacs corrected 


to January 1. 1840. The Stars marked 




with an asterisk (•] 


are used to find the longitude at sea. (See page 339.) 




Cha- 
racters. 


Constellations. 


Proper 
Names. 


Mag. 


. Right 
Ascension. 


An- 
nual 
Vari 
ation 


■ Declinations. 


Annual 
Variation 




a 


Andromeda 


Alpherats 


1 


h m • 

7-7 


• 
3-07 


O / // 

N. 28 12 27 


+ 20-06 




y 


Pegasi 


Algenib 


2.3 


5 0-2 


3-08 


14 17 39 


20-05 




a 


Arietis 


A aims 


3 


1 58 9*9 


3-35 


22 42 9 


17-45 




a 


Ceti 


Menkar 


2.3 


2 53 55 3 


313 


3 27 28 


14-55 




a 


Tauri 


Aldebaran 


1 


4 26 44-8 3-43 


16 10 54 


7-94 




a 


Aurigas 


Capella 


1 


5 4 52-8 


4-41 


N. 45 49 39 


+ 4-77 







Orionis 


Rigel 


1 


5 6 511 


2-88 


S. 8 23 29 


4-61 







Tauri 


... 


2 


5 16 11-03-78 


N. 28 27 55 


3-81 




a 


Orionis 


Betilguese 


1 


5 46 30-73-24 


N. 7 22 17 


+ 1-18 




a 


Canis Majoris 


Sirius 


1 


6 38 5 -9J2 -65 


S. 16 30 7 


— 4-46 




a* 


Gerainorum 


Castor 


3 


7 24 23-0 3-86 


N. 32 13 56 


- 7-22 




a 


Canis Minoris 


Procyon 


1.2 


7 30 55-33-14 


5 37 47 


8-73 







Geminorum 


Pollux 


2 


7 35 31-13-68 


N. 28 24 23 


812 




a 


Hydra? 


Alphard 


2 


9 19 43-62-95 


S. 7 58 5 


15-35 




a 


Leonis 


Rkoulus 


1 


9 59 50-8j3-22 


N. 12 44 46 


-17-36 




a 


Ursa? Majoris 


Dubhe 


1.2 


10 53 47-8|3-81 


N. 62 36 48 


— 19*23 







Leonis 


Deneb 


2.3 


11 40 53-7 


3-07 


15 27 58 


19 99 




y 


Ursa? Majoris 


... 


2 


11 45 23-1 


3-19 


N. 54 35 3 


20-02 




a 


Virginis 


Spica 


1 


13 16 46-4 


315 


a 10 19 26 


18-94 




* 


Ursae Majoris 


Benetnasch 


2.3 


13 41 13-7 


2 35 


N. 50 6 50 


18-13 




a 


Bootis 


A returns 


1 


14 8 22-0J2-73 


N. 20 1 5 


18-95 




a* 


Librae 


Zubenesch 


3 


14 42 2'SS-S1 


S. 15 22 18 


15-25 




e 


Libra; 


Zubenelg 


2.3 


15 8 24-3 3-22 


S. 8 47 15 


13-65 




a 


Coronas Borealis 


Alphacca 


2 


15 27 54-9 2-53 


N. 27 15 25 


12-35 




a 


Serpentis 


... 


2.3 


15 36 23-4 


2-94 


N. 6 56 3 


11-76 




a 


Scorpii 


A NT ARKS 


1 


16 19 365 


3-66 


S. 26 4 13 


- 8-51 




a 


Herculis 


Ras Algethi 


3.4 


17 7 21-3 


2-73 


N. 14 34 41 


4-57 




a 


Ophiuchi 


Ras Alhagus 


2 


17 27 30-6 


2-77 


12 40 59 


2-83 




y 


Draconis 


Rastaban 


2 


17 52 53-6 


1-39 


51 30 37 


0-62 




a 


Lyrae 


Vega 


1 


18 31 31-32-01 


38 38 17 


2-75 




y 


Aquilae 


... 


3 


19 38 39*1 12 85 


N. 10 13 43 


8-37 




a 


Aquila? 


Alt air 


1.2 


19 42 58-62-93 


8 27 


8-71 




e 


Aquilat 


• . . 


3.4 


19 47 27-2,2-94 


N. 6 44 


8-52 




as 


Capricoroi 


. . • 


3 


20 9 10*33-33 


S. 13 2 6 


10-72 




a 


Cygni 


Deneb 


1 


20 35 58-8 2-04 


N. 44 42 40 


12-62 




a 


Cephei 


Alderamin 


3 


21 14 45-3.1-42 


N. 61 54 S3 


15-07 







Aquarii 


. . *. 


3 


21 23 7-9'3-16 


S. 6 16 16 


15-54 




a 


Aquarii 


- »- . 


3 


21 57 33-9 3-08 


S. 1 5 38 


17-26 




a 


Piscis. Aust, 


FoMALHAUT 


1 


22 48 47-6J3-31 


S. 30 28 5 


1910 




a 


Pegasi 


Marcab 


2 


22 56 47-8 2-98 


NT. 14 20 47 


19-30 





THE END. 
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